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Abstract

We present the R package MSTest, which implements hypothesis testing procedures to
determine the number of regimes in Markov switching models. These models have wide-
ranging applications in economics, finance, and many other fields. MSTest provides several
testing frameworks, including Monte Carlo likelihood ratio tests (Rodriguez-Rondon and Du-
four (2025)), moment-based tests (Dufour and Luger (2017)), parameter stability tests (Carrasco
et al. (2014)), and classical likelihood ratio procedures (Hansen (1992)). In addition, the pack-
age offers tools for simulating and estimating univariate and multivariate Markov switching and
hidden Markov models using either the expectation–maximization algorithm or maximum like-
lihood estimation. The functionality of the package is demonstrated through simulation-based
examples.
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Résumé

Nous présentons le package R MSTest, qui implémente des procédures de tests d’hypothèses
visant à déterminer le nombre de régimes dans les modèles à changements de régime de type
Markovien. Ces modèles trouvent de nombreuses applications en économie, en finance et dans
plusieurs autres domaines. MSTest inclus plusieurs cadres de test, notamment des tests du rap-
port de vraisemblance par Monte Carlo (Rodriguez-Rondon and Dufour (2025)), des tests fondés
sur les moments (Dufour and Luger (2017)), des tests de stabilité des paramètres (Carrasco et al.
(2014)) ainsi que des procédures classiques de rapport de vraisemblance (Hansen (1992)). De
plus, le package fournit des outils permettant de simuler et d’estimer des modèles à changements
de régime et des modèles de Markov cachés, univariés et multivariés, en utilisant soit l’algorithme
d’espérance–maximisation, soit l’estimation par maximum de vraisemblance. Le fonctionnement
du package est illustré à l’aide d’exemples fondés sur des simulations.



1 Introduction

Markov switching models were first introduced by Goldfeld and Quandt (1973), but were later

popularized and became an active area of research in economics after Hamilton (1989) proposed

modeling the first difference of U.S. GNP as a nonlinear stationary process rather than the linear

stationary process that was typically used. The nonlinearity arises from discrete shifts in the

process.

These models have since been applied in a wide range of macroeconomic and financial settings.

For example, they have been used to identify business cycles and provide probabilistic statements

about the state of the economy (Chauvet, 1998; Chauvet and Hamilton, 2006; Chauvet et al., 2002;

Diebold and Rudebusch, 1996; Hamilton, 1989; Kim and Nelson, 1999; Qin and Qu, 2021), to model

stock market volatility using Markov switching ARCH, GARCH, and stochastic volatility models

(Hamilton, 1994; Gray, 1996; Klaassen, 2002; Haas et al., 2004; Pelletier, 2006; So et al., 1998),

to model interest rate dynamics (Cai, 1994; Garcia and Perron, 1996), to study state-dependent

impulse response functions (Sims and Zha, 2006; Caggiano et al., 2017), to identify structural

shocks in SVAR models (Lanne et al., 2010; Herwartz and Lütkepohl, 2014; Lütkepohl et al., 2021),

and more recently to improve measures of core inflation by allowing for multiple inflation regimes

(Rodriguez-Rondon, 2024; Ahn and Luciani, 2024; Le Bihan et al., 2024). Hamilton (2016) provides

a detailed survey of regime switching models in macroeconomics.

Outside of macroeconomic and financial applications, these models have also been applied in

climate change research (Golosov et al., 2014; Dietz and Stern, 2015), environmental and energy

economics (Cevik et al., 2021; Charfeddine, 2017), industrial organization(Aguirregabiria and Mira,

2007; Sweeting, 2013), and health economics (Hernández and Ochoa, 2016; Anser et al., 2021).

Additionally, there is a related class of models–the Hidden Markov model–which has been widely

used in computational molecular biology (Krogh et al., 1994; Baldi et al., 1994), handwriting

and speech recognition (Rabiner and Juang, 1986; Nag et al., 1986; Rabiner and Juang, 1993;

Jelinek, 1997), computer vision and pattern recognition (Bunke and Caelli, 2001), and other machine

learning applications.

Given their empirical relevance, it is important to determine the number of regimes required to

properly capture the nonlinearities present in the data, as this is not determined endogenously when

estimating Markov switching models. However, the asymptotic results underlying conventional

hypothesis testing procedures do not apply in this setting, because the regularity conditions required
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for such results are violated. Consequently, alternative hypothesis testing procedures have been

proposed in the literature.

Notable contributions to testing the null hypothesis of a linear model against a model with two

regimes include Hansen (1992), Hansen (1996a), Garcia (1998), Cho and White (2007), Marmer

(2008), Carrasco et al. (2014), Kasahara et al. (2014), Dufour and Luger (2017), and Qu and Zhuo

(2021). Testing the null of anM -regime model against the alternative of anM+m-regime model for

M ≥ 1 and m = 1 has been considered by Kasahara and Shimotsu (2018), where the authors show

that the parametric bootstrap test can be asymptotically valid when imposing certain restrictions

on the parameter space and focusing on univariate models with fixed or predetermined regressors.

Qu and Zhuo (2021) present similar results regarding the parametric bootstrap for M = m = 1,

but for a broader class of univariate models, albeit still under constrained parameter spaces. More

recently, Rodriguez-Rondon and Dufour (2025) propose Monte Carlo likelihood ratio tests that

accommodate cases with both M ≥ 1 and m ≥ 1 and also consider multivariate settings, which

had not been addressed previously. Their testing procedures are the most general available and

deal transparently with issues arising from violations of regularity conditions. Importantly, they do

not require parametric restrictions, normality of errors, or stationarity of the underlying process,

as the existence of an asymptotic distribution is unnecessary. This makes the tests applicable in

a wider range of settings than the parametric bootstrap and allows their use in cases where the

asymptotic validity of the parametric bootstrap has not been established. The maximized Monte

Carlo version of their test even controls test size in finite samples, which is particularly relevant

for many macroeconomic applications using quarterly data. In addition, this version of the test is

robust to identification problems, which are common when working with Markov switching models.

Testing the number of regimes that a Markov switching model should include is an important

step when determining the model’s specification. However, carrying out these tests is not necessarily

trivial, and conducting more than one test can quickly become tedious. As a result, we introduce

MSTest, an R package designed to test the null hypothesis of M regimes against the alternative

hypothesis of M +m regimes for both univariate and multivariate models. The purpose of this R

package is to enable users to determine the appropriate number of regimes for a given process by

making hypothesis testing procedures readily available to a broad audience. It aims to facilitate

the comparison of different testing procedures and the determination of the number of regimes in

a model for economic research and policy relevant applications.

The package also allows users to simulate and estimate univariate and multivariate Markov
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switching models, as well as hidden Markov models. Estimation is provided through the use of

the expectation–maximization (EM) algorithm or maximum likelihood estimation (MLE). MSTest

utilizes Rcpp (Eddelbuettel and Balamuta (2018)), RcppArmadillo (Eddelbuettel et al. (2024)), and

in some cases includes parallel computing options for computational efficiency. This is especially

important given the computational burden associated with testing in the presence of nuisance

parameters, as is the case here. The MSTest package includes the methodologies presented in

Rodriguez-Rondon and Dufour (2025), Dufour and Luger (2017), Carrasco et al. (2014), and Hansen

(1992). The parametric bootstrap discussed by Qu and Zhuo (2021) and Kasahara and Shimotsu

(2018) is not explicitly implemented, but it can be performed using specific settings in combination

with the local Monte Carlo likelihood ratio test of Rodriguez-Rondon and Dufour (2025).

The paper first describes the Markov switching and hidden Markov models for which the hy-

pothesis tests are implemented. It then discusses the testing procedures included in the package

and how they fit within the broader literature on hypothesis testing for Markov switching models,

with particular attention to how they address violations of regularity conditions and identification

challenges. This is followed by an overview of the main package functions and practical guidance

intended to complement the documentation available on CRAN. The paper concludes with a brief

summary.

2 Markov switching models

The MSTest package considers Markov switching models in which only the mean and variance are

governed by the Markov process St, and we therefore describe such models here. We also consider a

specific case of the Markov switching model–the hidden Markov model–in which no autoregressive

coefficients are included as explanatory variables. In both cases, other exogenous explanatory

variables may be included.

2.1 First-order Markov process

We begin by describing the first-order Markov process St that governs changes in the parameters of

the Markov switching model. We assume that the process St is unobserved and evolves according
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to a first-order ergodic Markov chain with an (M ×M) transition probability matrix given by

P =


p11 . . . pM1

...
. . .

...

p1M . . . pMM


Here, pij = P (St = j | St−1 = i) denotes the probability that state i is followed by state j, and

M is the total number of regimes. When considering M regimes, the process takes integer values

St ∈ {1, . . . ,M}. Additionally, the columns of the transition matrix P must sum to one in order

for P to be a well-defined transition matrix (i.e.,
∑M

j=1 pij = 1 for all i).

Considering the example in Hamilton (1994), where the Markov process has only two regimes,

we require only a (2× 2) transition matrix to summarize the transition probabilities P as follows:

P =

p11 p21

p12 p22


We can also obtain the ergodic probabilities, π = (π1, π2)

′, which are given by

π1 =
1− p22

2− p11 − p22
π2 = 1− π1

in a setting with two regimes. More generally, for any number of M regimes we could use

πππ = (A′A)−1A′eN+1 & A =

IM − P

111′


where eM+1 is the (M + 1)th column of IM+1. These ergodic probabilities tell us on average, in

the long-run, the proportion of time the process St spends in each regime.

2.2 Markov switching autoregressive models

A Markov switching model can be expressed as

yt = µSt +

p∑
k=1

ϕk(yt−1 − µSt−1) + Ztβz + σStϵt (1)

4



where, in a univariate setting, yt is a scalar, Zt is a (1 × qz) vector of exogenous variables whose

coefficients do not depend on the latent Markov process St, and ϵt represents the error process,

which, for example, may be distributed as a N (0, 1). The error term is multiplied by the standard

deviation σSt , which may either depend on the Markov process or remain constant throughout (i.e.,

σ).

This Markov switching autoregressive model is labeled MSARmdl in MSTest when exogenous

regressors Zt are excluded, and MSARXmdl when they are included. These are the versions most

commonly used in economic and financial applications, as well as in other time series-related set-

tings. Other error distributions, such as the Student-t distribution, may be considered in future

versions of the package. Currently, MSTest only considers Markov switching autoregressive models

with normally distributed errors when simulating processes, and we therefore focus on this setup

in the present paper.

Continuing with the example where a Markov switching model given by equation (1) has M = 2

regimes, such that St = {1, 2}, the sample log likelihood conditional on the first p observations of

yt is given by

LT (θ) = logf(yT1 |y0−p+1; θ) =
T∑
t=1

logf(yt|Yt−1; θ) (2)

where Yt−1 = σ-field{. . . , Zt−1, yt−2, Zt, yt−1} and θ = (µ1, µ2, β, σ1, σ2, vec(P)) and vec(·) is the

vectorization operator which stacks the columns of a matrix to form a column vector. Here,

f(yt|Yt−1; θ) =

2∑
st=1

2∑
st−1=1

· · ·
2∑

st−p=1

f(yt, St = st, St−1 = st−1, . . . , St−p = st−p|Yt−1; θ) (3)

and more specifically

f(yt, St = st, . . . , St−p = st−p|Yt−1; θ) =
Pr(S∗

t = s∗t |Yt−1; θ)√
2πσ2

st

× exp

{
−[(yt − µst)−

∑p
k=1 ϕk(yt−1 − µst−1)− Ztβz]

2

2σ2
st

}
(4)

where we set

S∗
t = s∗t if St = st, St−1 = st−1, . . . , St−p = st−p
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and Pr(S∗
t = s∗t |Yt−1; θ) is the probability that this occurs. Note that as in, Rodriguez-Rondon and

Dufour (2025), here we denote the latent variable that determines the regimes at time t as St and

let st denote the (observed) realization of St.

2.3 Markov switching VAR model

Krolzig (1997) generalized the univariate Markov switching autoregressive model to the multivariate

setting and thus introduced the Markov switching vector autoregressive (MS-VAR) model. The

MS-VAR model considered in the MSTest package can be expressed as

yyyt = µµµSt +ΦΦΦ1(yyyt−1 −µµµSt−1) + · · ·+ΦΦΦp(yyyt−p −µµµSt−p) + Ztβββ +ΣΣΣ
1/2
St

ϵϵϵt (5)

where yyyt = [y1,t, . . . , yq,t]
′, µµµSt = [µ1,St , . . . , µq,St ]

′, ϵϵϵt = [ϵ1,t, . . . , ϵq,t]
′, ΦΦΦk is a (q × q) matrix

containing the autoregressive parameters at lag k, βββ is now a (qz×q) matrix, and ΣΣΣSt = ΣΣΣ
1/2
St

(ΣΣΣ
1/2
St

)′

is the (q×q) regime dependent covariance matrix. As in the univariate setting, the MSTest package

also includes a version without exogenous regressors Zt, namely MSVARmdl, and a version that allows

for the inclusion of exogenous regressors, MSVARXmdl. More sophisticated versions of the MS-VAR

model, as well as their likelihood functions, are described in Krolzig (1997), and we direct the

interested reader to that reference for further details on these models and their components.

2.4 Hidden Markov model

Hidden Markov models (HMMs) can be shown to be a special case of the more general Markov

switching model defined above. In particular, hidden Markov models do not necessarily have to be

applied to time series data, and for this reason they typically do not include lags of the endogenous

variable yt.

For example, we can recover a Hidden Markov model from (5) by simply excluding lags of yt as

explanatory variables, yielding

yyyt = µµµSt + Ztβββ + σStϵt (6)

When q = 1, we recover a univariate HMM from (1). This version and its multivariate counterpart

are the HMMs considered in the package MSTest and are labeled as HMmdl.

As described by An et al. (2013), dependence on past observations allows for more general
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interactions between yt and St, which can be used to model more complex causal relationships

between economic or financial variables of interest. Including past observations is a very common

practice in economic time series applications as a way to control for stochastic trends, which may

help explain why Markov switching models are more popular than basic HMMs in this literature.

2.5 Model estimation

Typically, Markov switching models are estimated using the Expectation-Maximization (EM) al-

gorithm (see Dempster et al. (1977)), Bayesian methods, or the Kalman filter when employing a

state-space representation of the model. In very simple cases, Markov switching models can also

be estimated using maximum likelihood estimation (MLE). However, since the Markov process St

is latent and, more importantly, because the likelihood function may exhibit several modes of equal

height along with other unusual features that complicate MLE, this approach is less commonly

used.

The MSTest package enables estimation of the models described above via the EM algorithm

by setting control = list(method = "EM") or via MLE by setting control = list(method =

"MLE") in the estimation functions, which are described below. In practice, empirical estimates

can sometimes be improved by using the EM algorithm results as initial values in a Newton-type

optimization algorithm (i.e., MLE method). This two-step estimation procedure is used to obtain

the results presented in the empirical section of Rodriguez-Rondon and Dufour (2025), as well as

in some other related works.

We omit a detailed explanation of the EM algorithm and MLE, as our focus is on describing

the MSTest package. For interested readers, the estimation of Markov switching models via the

EM algorithm and MLE is described in detail in Hamilton (1990) and Hamilton (1994), and, for

Markov switching VAR models, in Krolzig (1997).

3 Hypothesis testing for number of regimes

When estimating a Markov switching model, the number of regimes must be specified by the

researcher, as it is not determined endogenously during the estimation process. However, when

considering testing for the number of regimes in a Markov switching model, conventional hypothesis

testing procedures are no longer valid as the regularity conditions needed for asymptotic validity

are not met. To address these challenges, various studies have proposed alternative methods that
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yield valid testing procedures.

The general hypothesis of interest is

H0 : M = M0

H1 : M = M0 +m

where, in principal, both M0,m ≥ 1, though most classical procedures only handle the simplest

case,

H0 : M = 1, H1 : M = 2,

In this section, we describe some key procedures, focusing on those included in MSTest. We

will see that the Monte Carlo LR procedures introduced in Rodriguez-Rondon and Dufour (2025)

and implemented in this package are the most general procedures, allowing for testing in much

more general settings, including M0 ≥ 1, m ≥ 1, non-Gaussian errors, non-stationary data, and

multivariate models. Their generality may sometimes come at the cost of increased computational

burden, making other methods attractive in the very simple cases for which they are well suited.

Here, we explain how these procedures fit within the existing literature and briefly review how they

address identification failures and violations of regularity conditions.

3.1 Likelihood ratio–type tests

Hansen (1992) was the first to propose a testing procedure for Markov switching models when

M0 = m = 1, and we therefore begin with a review of this procedure, which is available in MSTest.

The author provides a thorough discussion of the issues that complicate the likelihood ratio approach

for testing the number of regimes in a Markov switching model. First, it is typically assumed that the

likelihood function is locally quadratic in the region containing the null hypothesis and the globally

optimal parameter estimates. However, as noted by the author, because some parameters are not

identified under the null, this region is likely to be flat with respect to those unidentified parameters

rather than quadratic. Issues related to unidentified nuisance parameters under the null hypothesis

have been studied in Davies (1977), Davies (1987), Andrews and Ploberger (1994), and Dufour

(2006). Second, it is commonly assumed that the score is positive; however, as described, it can be

identically 0 under the restricted maximum likelihood estimator of a linear model, corresponding to

the null hypothesis. Third, some parameters, such as the transition probabilities, may take values

of 0 or 1, leading to the parameter boundary problem discussed in Andrews (1999) and Andrews
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(2001). In addition, the likelihood surface may exhibit multiple local optima, implying that the

null hypothesis need not lie in the same region as the global optimum.

Hansen (1992) introduces a new approach that does not require the conventional assumptions

associated with likelihood ratio tests. Instead, the author models the likelihood function as an

empirical process of the unknown parameters and uses empirical process theory to establish a

bound for the asymptotic distribution of the standardized likelihood ratio test. Hansen (1992)

formulates the hypothesis as follows:

H0 : α = α0

H1 : α ̸= α0

(7)

where α0 represents the parameter values under the null and α the parameter values under the

alternative. They begin by decomposing the likelihood ratio as such:

LRn(α) = Ln(α)− Ln(α0)

= Σn
i=0[li(α)− li(α0)]

= Rn(α) +Qn(α)

(8)

where Rn(α) = E[LRn(α)] is the expectation of the likelihood ratio function and Qn(α) =

Σn
i=1qi(α) = [li(α)− li(α0)]− E[li(α)− li(α0)] is the deviations from the mean. Fluctuations in Q

play an important role in identifying an optimum as:

1√
n
LRn(α) =

1√
n
Rn(α) +

1√
n
Qn(α)

=
1√
n
Rn(α) +Q(α) + op(1)

(9)

and by using the fact that Rn(α) ≤ 0 for all α when the null hypothesis is true, we can see that

1√
n
LRn(α) ≤ 1√

n
Qn(α) and so it follows that,

P [
1√
n
LRn ≥ x] ≤ P [sup

α

1√
n
Qn(α) ≥ x] −→ P [sup

α
Q(α) ≥ x] (10)

Thus, the distribution of the empirical process Q can provide a bound for the asymptotic distribu-

tion of the LR statistic. The test statistic is further standardized:

LR∗
n = sup

α
LR∗

n(α) (11)
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where

LR∗
n(α) =

LRn(α)

Vn(α)1/2
(12)

As suggested by equation ((11)), the issue of nuisance parameters is addressed by evaluating the

standardized likelihood ratio statistic for different values of the parameter vector α. Specifically,

the test statistic is evaluated over a grid of parameter values and optimized with respect to these

nuisance parameters. To be precise, Hansen (1992) defines α = (µ2, σ2, p11, p22) as the vector of

nuisance parameters, which includes the parameters of the second regime as well as the transition

probabilities. The first-regime parameters θ = (µ1, σ1, ϕ1, . . . , ϕp) are fully identified. The vector

α is further decomposed into β = (µ2, σ2) and γ = (p11, p22), where β is treated as a parameter of

interest and is set equal to (µ1, σ1) under the null hypothesis.

However, the process Q may be serially correlated for some values of α. To address this issue,

Hansen (1996a) proposes a correction that should be applied when computing the asymptotic

distribution of the test statistic. This correction is also incorporated in the implementation of this

testing procedure in MSTest.

There are two main drawbacks to consider when using this likelihood ratio procedure for testing

Markov switching models. First, the test provides only a bound for the standardized likelihood ratio

statistic, which can be conservative. As a result, it is important to note that the critical values

reported by this test in the MSTest package are not those of the standardized likelihood ratio

statistic itself, but rather those of the process Q, which provides a bound for the standardized

likelihood ratio statistic. Second, the procedure requires optimizing over the nuisance parameters

via a grid search. While this approach is manageable when analyzing models with only a few

switching parameters—such as the regime-specific parameters and the transition probabilities p11

and p22; it can quickly become computationally intensive as the number of parameters allowed to

switch across regimes increases. Despite these drawbacks, we include this test in MSTest because

its properties are well understood and it has frequently been used as a benchmark for comparison

in the literature.

Several likelihood ratio–based procedures have been proposed for testing the number of regimes

in Markov switching models following the work of Hansen (1992). Garcia (1998) extend the ap-

proach of Hansen (1992) by reducing the dimensionality of the nuisance parameter space, thereby

lowering computational burden. However, their procedure relies on asymptotic assumptions that

are known to be problematic in Markov switching settings (Hansen, 1996b; Andrews and Ploberger,
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1994).

Cho and White (2007) develop a quasi-likelihood ratio test that explicitly accounts for pa-

rameters lying on the boundary of the parameter space. While their framework highlights the

importance of boundary issues for the asymptotic distribution of the test statistic, subsequent work

has shown that it may fail to properly account for time dependence induced by autoregressive

dynamics when parameters switch across regimes (Carter and Steigerwald, 2012; Cho and White,

2011). For this reason, and given the importance of autoregressive structures in economic and

financial applications, this test is also not included in MSTest.

More recently, Qu and Zhuo (2021) provide a refined asymptotic characterization of likelihood

ratio–based tests by modeling the likelihood ratio as an empirical process over a restricted param-

eter space. Their results establish the asymptotic validity of parametric bootstrap procedures for

a broad class of Markov switching models, while also clarifying how nuisance parameters affect

the limiting distribution and explaining why certain bootstrap implementations and standard in-

formation criteria may be unreliable in specific settings. Although this procedure is not currently

implemented in MSTest, it represents an important contribution and may be incorporated in future

versions of the package.

Kasahara and Shimotsu (2018) propose a likelihood ratio testing framework based on higher-

order expansions and difference-in-quadratic-mean approximations (seeLiu and Shao (2003)), al-

lowing for tests of M0 ≥ 1 regimes against M0 + 1 regimes. They establish asymptotic validity of

the parametric bootstrap under fixed or predetermined regressors. While the parametric bootstrap

is not implemented directly in MSTest, it can be replicated using appropriate settings within the

local Monte Carlo likelihood ratio test of Rodriguez-Rondon and Dufour (2025), which is included

and applies in even more general settings.

In Rodriguez-Rondon and Dufour (2025), the authors propose the maximized Monte Carlo

likelihood ratio test (MMC-LRT) and the local Monte Carlo likelihood ratio test (LMC-LRT),

which can be used to compare very general Markov switching models. These procedures represent

the most general class of testing methods currently available, as they are applicable in settings when

both M0 ≥ 1 and m ≥ 1. Further, as described in Rodriguez-Rondon and Dufour (2025), these

Monte Carlo likelihood ratio tests remain valid when the process yt is non-stationary, when the

model exhibits non-Gaussian errors, when parameters lie on the boundary of the parameter space,

and in multivariate settings, including the Markov switching VAR and multivariate hidden Markov

models discussed above. More precisely, the MMC-LRT and LMC-LRT are the only test procedures
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available in the literature–and available in MSTest–that can be used to test multivariate Markov

switching models. In addition, the MMC-LRT controls test size in finite samples and is robust

to identification issues, properties that are particularly relevant for macroeconomic applications of

Markov switching models, as emphasized in Rodriguez-Rondon and Dufour (2025).

Here, we provide a brief overview of the MMC-LRT and LMC-LRT procedures. Readers in-

terested in further details are referred to the formal treatment in Rodriguez-Rondon and Dufour

(2025) and to Dufour (2006) for additional discussion of the Monte Carlo techniques underlying

these procedures. For simplicity of exposition, we consider the case of a null hypothesis correspond-

ing to a linear model (i.e., M0 = 1) against an alternative hypothesis with M0 + m = 2 regimes,

and focus on an autoregressive model in which only the mean and variance are allowed to switch

across regimes.

Since these are likelihood ratio–based procedures, the log-likelihood values under both the null

and alternative hypotheses are required. The log-likelihood for the model under the alternative

hypothesis (and under the null hypothesis when M0 > 1) is given by (2)–(4):

LT (θ1) = log f(yT1 | y0−p+1; θ1) =

T∑
t=1

log f(yt | yt−1
−p+1; θ1) (13)

where

θ1 = (µ1, µ2, σ1, σ2, ϕ1, . . . , ϕp, p11, p22)
′ ∈ Ω . (14)

Here, the subscript of 1 underscores the fact that θ1 is the parameter vector under the alternative

hypothesis. The set Ω satisfies any theoretical restrictions we may wish to impose on θ1 [such as

σ1 > 0 and σ2 > 0]. On the other hand, the log-likelihood under the null hypothesis (M0 = 1) is

given by

L0
T (θ0) = log f(yT1 | y0−p+1; θ0) =

T∑
t=1

log f(yt | yt−1
−p+1; θ0) (15)

where

f(yt | yt−1
−p+1; θ0) =

1√
2πσ2

exp

{
−[yt − µ−

∑p
k=1 ϕk(yt−k − µ)]2

2σ2

}
, (16)

θ0 = (µ, σ2, ϕ1, . . . , ϕp)
′ ∈ Ω̄0. (17)

Note that Ω̄0 has lower dimension than Ω. The null and alternative hypotheses can be written as:

H0 : δ1 = δ2 = δ for some unknownδ = (µ, σ) , (18)
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H1 : (δ1, δ2) = (δ∗1 , δ
∗
2) for some unknownδ∗1 ̸= δ∗2 , (19)

where δ1 = (µ1, σ1) and δ2 = (µ2, σ2). Clearly, H0 is a restricted version of H1: for each θ0 ∈ Ω̄0,

we can find θ1 such that

L0
T (θ0) = LT (θ1) , θ1 ∈ Ω0, (20)

where Ω0 is the subset of vectors θ1 ∈ Ω such that θ1 satisfies H0. Under H0, the vector θ0 ∈ Ω̄0 is a

vector of nuisance parameters: the null distribution of any test statistic for H0 depends on θ0 ∈ Ω̄0.

In this problem, the null distribution of the test statistic, LRT , is in fact completely determined

by θ0 ∈ Ω̄0. As in Garcia (1998) and the parametric bootstrap procedure describe in Qu and Zhuo

(2021) and Kasahara and Shimotsu (2018), it is assumed that the null hypothesis depends only

on the mean, variance, and autoregressive coefficients. The likelihood ratio statistic for testing H0

against H1 can then written as

LRT = 2[L̄T (H1)− L̄T (H0)] (21)

where

L̄T (H1) = sup{LT (θ1) : θ1 ∈ Ω} , (22)

L̄T (H0) = sup{L0
T (θ0) : θ0 ∈ Ω̄0} = sup{LT (θ1) : θ1 ∈ Ω0} . (23)

Since the model is parametric, we can generate a vector N i.i.d replications of LRT for any given

value of θ0 ∈ Ω̄0:

LR(N, θ0) := [LR
(1)
T (θ0), . . . , LR

(N)
T (θ0)]

′, θ0 ∈ Ω̄0 . (24)

As discussed in Rodriguez-Rondon and Dufour (2025), the main assumptions required are that

the random variables LR
(0)
T , LR

(1)
T (θ0), . . . , LR

(N)
T (θ0) are exchangeable for some θ0 ∈ Ω̄0 each with

distribution function F [x | θ0] (i.e., they are i.i.d). From here, we can compute the Monte Carlo

p-value which is given by

p̂N [x | θ0] =
N + 1−RLR[LR

(0)
T ; N ]

N + 1
(25)
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where

RLR[LR
(0)
T ; N ] =

N∑
i=1

I[LR0
T ≥ LRi

T (θ0)] (26)

and I(C) := 1 if condition C holds, and I(C) = 0 otherwise. As can be seen from (26), RLR[LR
(0)
T ;

N ] simply computes the rank of the test statistic from the observed data within the generated series

LR(N, θ0). Then, as shown in Rodriguez-Rondon and Dufour (2025), a critical region for this test

statistic with level α is then given by

sup
θ0∈Ω̄0

p̂N [LR
(0)
T | θ0] ≤ α (27)

More precisely, if (N + 1)α is an integer, then

P
[
sup{p̂N [LR

(0)
T | θ0] : θ0 ∈ Ω̄0} ≤ α

]
≤ α (28)

under the null hypothesis and so it is a valid test with level α for H0 and this result does not depend

on the sample size T and so it is also valid in finite samples.

This is the maximized Monte Carlo likelihood ratio test, which requires searching for the max-

imum Monte Carlo p-value over the nuisance parameter space Ω̄0. Since this space can be very

large–and grows rapidly with the number of autoregressive components and the number of regimes–

the authors propose a more efficient alternative based on searching over a consistent set CT , as

originally proposed in Dufour (2006). A consistent set can be constructed using a consistent point

estimate. For example, let θ̂0 denote a consistent point estimate of θ0. Then, we can define

CT = {θ0 ∈ Ω̄0 : ∥ θ̂0 − θ0 ∥ < c} (29)

where c is a fixed positive constant that does not depend on T and ∥·∥ is the Euclidean norm in

Rk. A consistent set of interest may also be C∗
T = CCI

T ∪ Cϵ
T where

CCI
T = {θ0 ∈ Ω̄0 : ∥ θ̂0 − θ0 ∥ < 2× S.E.(θ̂0)} (30)

Cϵ
T = {θ0 ∈ Ω̄0 : ∥ θ̂0 − θ0 ∥ < ϵ} (31)

Hence, CCI
T is defined by a confidence interval based on consistent point estimates, while Cϵ

T is
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determined using a fixed constant ϵ that is independent of T . The union of these two sets allows

for values that may lie outside the confidence interval for some parameters and within it for others,

depending on the choice of ϵ. MSTest enables users to define the consistent set CT by specifying

only a fixed positive constant ϵ, only the confidence interval, or the union of both.

As discussed in Dufour (2006) and Rodriguez-Rondon and Dufour (2025), the solution to this

optimization problem need not be unique, meaning that the maximum Monte Carlo p-value may

correspond to multiple parameter vectors. For this reason, derivative-free numerical optimization

methods are recommended to locate the maximumMonte Carlo p-value over the nuisance parameter

space. MSTest allows users to employ the generalized simulated annealing algorithm (GenSA), the

genetic algorithm (GA), and particle swarm optimization (pso); see Yang Xiang et al. (2013),

Zambrano-Bigiarini et al. (2013), Scrucca et al. (2013), Dufour (2006), and Dufour and Neves

(2019).

Finally, as described in Rodriguez-Rondon and Dufour (2025), the consistent set CT can be

chosen as the singleton CT = {θ̂0}, which yields the local Monte Carlo likelihood ratio test (LMC-

LRT). In this case, the consistent set contains only the consistent point estimate θ̂0, and so the

Monte Carlo p-value depends solely on this estimate. The LMC-LRT can be interpreted as a finite-

sample analogue of the parametric bootstrap. Here, asymptotic validity refers to the convergence

of θ̂0 to the true parameter value θ0 as the sample size T increases, rather than to the existence of

an asymptotic distribution for the test statistic or its critical values, as emphasized in studies such

as Hansen (1992), Garcia (1998), Cho and White (2007), Qu and Zhuo (2021), and Kasahara and

Shimotsu (2018).

Specifically, as with the parametric bootstrap, the LMC-LRT is valid only asymptotically as T →

∞. However, unlike the parametric bootstrap, it does not require a large number of Monte Carlo

replications (i.e., N → ∞), since the procedure does not aim to approximate asymptotic critical

values or rely on convergence of the test statistic to a limiting distribution. Instead, it uses critical

values obtained directly from the simulated sample distribution. This design leads to substantial

computational gains, as it avoids the need for extensive simulations to recover asymptotically

valid critical values. Moreover, as shown in Rodriguez-Rondon and Dufour (2025), the LMC-LRT

remains valid even in settings where an asymptotic distribution does not exist. This property

further highlights why both the MMC-LRT and LMC-LRT procedures are more general than the

parametric bootstrap.

That said, the parametric bootstrap procedures discussed in Qu and Zhuo (2021) and Kasahara
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and Shimotsu (2018) can be implemented by appropriately constraining the parameter space of the

transition probabilities and (or) variance, in line with the assumptions of those studies. In such

cases, using a sufficiently large number of simulations allows one to approximate asymptotic critical

values when prior work has established the validity of the parametric bootstrap. Nevertheless, as

emphasized in Rodriguez-Rondon and Dufour (2025), the MMC-LRT and LMC-LRT remain the

most general likelihood ratio–based testing procedures currently available for Markov switching

models.

3.2 Moment-based tests

Dufour and Luger (2017) propose an alternative approach to testing Markov switching models that

avoids the statistical issues associated with likelihood ratio–type tests discussed above. In addition,

their procedure is computationally less demanding than the likelihood ratio–based tests described

previously, the parameter stability test discussed next, and it also allows the econometrician to

perfectly control the test level through the Monte Carlo testing methods developed in Dufour

(2006). However, their method is restricted to the case where M0 = m = 1.

The moment-based test of Dufour and Luger (2017) is based on computing moments of the least

squares residuals from autoregressive models estimated under the null hypothesis of M0 = 1. More

specifically, they focus on the mean, variance, skewness, and excess kurtosis of the least squares

residuals. These moments are calculated as

M(ϵ̂) =
|m2 −m1|√

s21 + s22
(32)

where, m1 =
ΣT

t=1ϵ̂t1[ϵ̂t<0]

ΣT
t=11[ϵ̂t<0]

, m2 =
ΣT

t=1ϵ̂t1[ϵ̂t>0]

ΣT
t=11[ϵ̂t>0]

, s21 =
ΣT

t=1(ϵ̂t−m1)21[ϵ̂t<0]

ΣT
t=11[ϵ̂t<0]

and s22 =
ΣT

t=1(ϵ̂t−m2)21[ϵ̂t>0]

ΣT
t=11[ϵ̂t>0]

V (ϵ̂) =
ϑ2(ϵ̂)

ϑ1(ϵ̂)
(33)

where, ϑ1 =
ΣT

t=1ϵ̂
2
t1[ϵ̂

2
t<σ̂2]

ΣT
t=11[ϵ̂

2
t<σ̂2]

, ϑ2 =
ΣT

t=1ϵ̂
2
t1[ϵ̂

2
t>σ̂2]

ΣT
t=11[ϵ̂t

2>σ̂2]
and σ̂2 = T−1ΣT

t=1ϵ̂
2
t

S(ϵ̂) = | ΣT
t=1ϵ̂

3
t

T (σ̂2)3/2
| (34)

and

K(ϵ̂) = |Σ
T
t=1ϵ̂

4
t

T (σ̂2)2
− 3| (35)
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The testing procedure involves computing a test statistic for each moment, obtaining the corre-

sponding individual p-values, and then combining these statistics using one of two different methods

for aggregating independent tests. The first method is based on the minimum of the p-values and

was originally proposed by Tippett et al. (1931) and Wilkinson (1951). In this case, the test statistic

is given by

Fmin(ϵ̂) = 1−min{ĜM [M(ϵ̂)], ĜV [V (ϵ̂)], ĜS [S(ϵ̂)], ĜK [K(ϵ̂)]} (36)

where for example, ĜM [M(ϵ̂)] = 1 − F̂M [M(ϵ̂)] is the Monte Carlo p-value of M(ϵ̂). The second

method of combining the test statistics involves taking the product of them. This method of

combining test statistics was suggested by Fisher (1932) and Pearson (1933). In this case the the

test statistic becomes,

F×(ϵ̂) = 1− {ĜM [M(ϵ̂)]× ĜV [V (ϵ̂)]× ĜS [S(ϵ̂)]× ĜK [K(ϵ̂)]} (37)

Interested readers are referred to Dufour et al. (2004) and Dufour et al. (2014) for further discussion

of these methods for combining test statistics.

Finally, the Monte Carlo p-value of the combined test statistic is given by

GFmin [Fmin(ϵ̂);N ] =
N + 1−RFmin [Fmin(ϵ̂);N ]

N
(38)

and

GF× [F×(ϵ̂);N ] =
N + 1−RF× [F×(ϵ̂);N ]

N
(39)

where RFmin and RF× are the ranks of Fmin(ϵ̂) and F×(ϵ̂) in Fmin(η̂1), . . . , Fmin(η̂N−1) and F×(η̂1),

. . . ,F×(η̂N−1) respectively, when ordered. Also, η̂ = η − η̄ and η ∼ N(0, IT ).

The computational efficiency of this test makes it easily extendable to a maximized Monte Carlo

framework when nuisance parameters are present. Moreover, it is not subject to the same degree of

statistical difficulties–such as unidentified parameters under the null hypothesis–that arise in Hansen

(1992), Garcia (1998), and Carrasco et al. (2014). This is because the transition probabilities, as

well as the mean and variance, do not need to be treated as nuisance parameters. Instead, only

the parameters associated with explanatory variables may be unidentified under the null and are

therefore treated as nuisance parameters.

While Garcia (1998) also reduce the nuisance parameter space by treating only the transition

probabilities p11 and p22 as nuisance parameters, the reduction achieved by the moment-based test
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is even more substantial, making it particularly tractable for autoregressive models with multiple

lags. Although this moment-based test is limited to comparing linear models against two-regime

Markov switching alternatives, it is the least computationally intensive procedure available and can

be computed in a matter of seconds, even when using the maximized Monte Carlo version of the

test.

3.3 Optimal test for regime switching

Carrasco et al. (2014) propose a test for parameter constancy in random coefficient and Markov

switching models that can be viewed as an extension of the information matrix test of White (1982).

A key advantage of this procedure is that it requires estimation only under the null hypothesis,

a feature it shares with the moment-based test of Dufour and Luger (2017). This is particularly

attractive in Markov switching settings, where estimating models under the alternative can be

computationally demanding due to nonlinearity and the presence of multiple local optima. In

contrast, likelihood ratio–based procedures such as those of Hansen (1992), Garcia (1998), Cho and

White (2007), Qu and Zhuo (2021), Kasahara and Shimotsu (2018), and Rodriguez-Rondon and

Dufour (2025) require estimation under both the null and alternative hypotheses.

Using the Neyman–Pearson lemma, Carrasco et al. (2014) show that their test is asymptotically

locally equivalent to the likelihood ratio test. However, simulation evidence in Rodriguez-Rondon

and Dufour (2025) and discussion in Qu and Zhuo (2021) suggest that likelihood ratio–based ap-

proaches may exhibit higher power in certain settings, such as when only the mean switches and

regime persistence is high. Moreover, the procedure of Carrasco et al. (2014) involves bootstrap

methods and optimization over nuisance parameters, which can make it more computationally in-

tensive than simpler alternatives such as the moment-based test of Dufour and Luger (2017) and

even the MMC-LRT and LMC-LRT of Rodriguez-Rondon and Dufour (2025) (e.g., when variance

is allowed to switch).

The authors formulate the hypothesis in the following way:

H0 : θt = θ0

H1 : θt = θ0 + ηt

(40)

where the switching variable ηt is unobservable, stationary, and may depend on nuisance parameters

β. Their test makes use of the second derivatives of the log-likelihood and the outer products of
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the scores, as in the information matrix test, with the addition of an extra term that captures the

serial dependence of the time-varying coefficients. This means that the form of the test depends

on the latent process ηt only through its second-order properties. Additionally, the distribution of

ηt is assumed to exist even under the null, but it does not play a role in the distribution of the

data (yT , yT−1, yT−2, . . . , y1) under the null. That is, under the null hypothesis, they are mutually

exclusive.

The authors first propose a Sup-type test as in Davies (1987) to combat the presence of nuisance

parameters. They set ηt = chSt, where c is a scalar specifying the amplitude of the change, h a vector

specifying the direction of the alternative and St is a Markov-chain, which follows an autoregressive

process such as St = ρSt−1 + et, where et is i.i.d. U[-1,1] and −1 < ρ < 1 so that St is bounded

by support (−1/(1 − |ρ|), 1/(1 − |ρ|) and has zero mean. Letting β = (c2, h′, ρ′) be the vector of

nuisance parameters, we can write

µ2,t(β, θ) =
1

2
c2h′[(

∂lt
∂θ∂θ′

+ (
∂lt
∂θ

)(
∂lt
∂θ

)′) + 2
∑
s<t

ρ(t−s)(
∂lt
∂θ

)(
∂lt
∂θ

)′]h (41)

which allows us to get the expression

supTS = sup
{h,p:||h||=1,ρ<ρ<ρ̄}

=
1

2
(max(0,

Γ∗
T√
ϵ̂∗′ ϵ̂∗

))2 (42)

as in Carrasco et al. (2014), where µ∗
2,t(β, θ) = µ2,t(β, θ)/c

2, Γ∗
T = Γ∗

T (β, θ) =
∑
t
µ∗
2,t(β, θ)/

√
T and

ϵ̂∗ are the residuals from regressing µ∗
2,t(β, θ) on l

(1)
t (θ̂) so that Γ∗

T and ϵ̂∗ are not dependent on

c2. As previously mentioned, this methodology involves bootstrapping over the distributions of the

nuisance parameters. As a result, one must choose a prior distribution for the nuisance parameters.

The most commonly used distribution in this case is the uniform distribution, and this is what is

implemented in the MSTest package. However, since the parameter c2 is not necessarily bounded

from above, a uniform distribution may not always be appropriate. As a result, Carrasco et al.

(2014) also suggest using an Exponential-type test as in Andrews and Ploberger (1994). They

propose the following statistic:

expTS =

∫
{ρ≤ρ≤ρ̄,||h||<1}

Ψ(h, ρ)dρdh (43)
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where

Ψ(h, ρ) =


√
2πexp[12(

Γ∗
T√
ˆϵ∗′ ϵ̂∗

− 1)2]Φ(
Γ∗
T√
ˆϵ∗′ ϵ̂∗

− 1) if ϵ̂∗′ ϵ̂∗ ̸= 0.

1 otherwise.

(44)

The tests proposed by Carrasco et al. (2014) have been widely used in empirical applications,

including Hamilton (2005), Warne and Vredin (2006), Kahn and Rich (2007), Morley and Piger

(2012), and Dufrénot et al. (2011), in testing MS-GARCH models by Hu and Shin (2008), and as

benchmark procedures in Dufour and Luger (2017), Qu and Zhuo (2021), and Rodriguez-Rondon

and Dufour (2025). Owing to their broad use and optimality properties, these tests are also included

in the MSTest package.

4 The R package MSTest

The MSTest package is designed to conduct hypothesis tests for the number of regimes in Markov

switching models. Because many of the testing procedures implemented in the package require

estimation of restricted and unrestricted models, as well as simulation under the null hypothesis,

MSTest also provides tools for simulating and estimating Markov switching models. These features,

however, are intended primarily to support the hypothesis testing procedures and are not the main

focus of the package. In particular, they are implemented to ensure full compatibility with the

testing framework.

For these reasons, MSTest distinguishes itself through its implementation of testing procedures

that remain valid under violations of standard regularity conditions. In addition, the use of Rcpp

and parallel computing options enhances computational efficiency, making it feasible to handle

nuisance parameters and Monte Carlo–based procedures in practice. While alternative software may

exist for simulating and estimating Markov switching models, MSTest offers a unique combination

of generality, computational efficiency, and access to modern hypothesis testing procedures, which

sets it apart from existing tools.

4.1 Data sets

The MSTest package includes three samples of U.S. real GNP and one sample of U.S. real GDP,

all of which are readily accessible once the package is loaded. Specifically, it provides the original

sample used in Hamilton (1989), the sample ending in 2010 first considered in Carrasco et al.

(2014), and an extended sample spanning from the second quarter of 1947 to the second quarter
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Label Description

hamilton84GNP Sample originally considered in Hamilton (1989), spanning
1951Q2 to 1984Q4.

chp10GNP U.S. real GNP sample used in Carrasco et al. (2014) and Dufour
and Luger (2017), spanning 1951Q2 to 2010Q4.

USGNP U.S. real GNP sample used in Rodriguez-Rondon and Dufour
(2025), spanning 1947Q2 to 2024Q2.

USRGDP U.S. real GDP sample used in Rodriguez-Rondon and Dufour
(2025), spanning 1947Q2 to 2024Q2.

Table 1: U.S. real GNP and GDP data sets included in MSTest

of 2024. The U.S. real GDP series also covers this extended period. These data sets have been

used in Hansen (1992), Carrasco et al. (2014), Dufour and Luger (2017), and Rodriguez-Rondon

and Dufour (2025), among others, to test for the number of regimes in Markov switching models

and to illustrate the performance of various testing procedures. Table 1 reports the labels used to

identify each data set in MSTest and summarizes their sample spans.

These data sets can be loaded using the following commands once MSTest has been attached:

data("hamilton84GNP", package = "MSTest")

data("chp10GNP", package = "MSTest")

data("USGNP", package = "MSTest")

data("USRGDP", package = "MSTest")

Each data set contains three columns: (1) Date, (2) GNP or RGDP, and (3) GNP_gr or RGDP_gr.

The Date column is of class Date, constructed using as.Date(). The second column reports the

level of U.S. real GNP or GDP, while the third column contains the corresponding growth rate.

4.2 Simulation

This section describes the simulation functions available in MSTest. Simulation plays a central

role in MSTest, as many of the testing procedures rely on Monte Carlo methods to obtain valid

critical values in the presence of nuisance parameters and identification failures. These functions

are primarily used internally by the hypothesis testing procedures; particularly those that rely

on simulation to obtain sample or asymptotic null distributions, such as LMCLRTest, MMCLRTest,

DLMCTest, DLMMCTest, and CHPTest. They may also be useful to users developing new estimation or

testing procedures for Markov switching models who wish to assess performance through controlled

experiments.
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Function Description

simuNorm Simulates a normally distributed process, with optional exogenous regres-
sors.

simuAR Simulates an autoregressive process with p lags (AR(p)).
simuARX Simulates an AR(p) process with exogenous regressors.
simuVAR Simulates a vector autoregressive process with p lags (VAR(p)).
simuVARX Simulates a VAR(p) process with exogenous regressors.
simuMSAR Simulates a Markov switching AR(p) process.
simuMSARX Simulates a Markov switching AR(p) process with exogenous regressors.
simuMSVAR Simulates a Markov switching VAR(p) process.
simuMSVARX Simulates a Markov switching VAR(p) process with exogenous regressors.
simuHMM Simulates a hidden Markov model (HMM), with optional exogenous re-

gressors.

Table 2: Simulation functions available in MSTest

Table 2 lists the simulation functions provided by MSTest and the classes of processes they

generate. Each function takes as input a List specifying the data-generating process (DGP).

While we present illustrative examples below, a complete description of each function’s arguments

is available in the package documentation on CRAN.

As an illustration, consider the simuNorm function, which generates a univariate or multivariate

Gaussian process. The required input is a List containing: the sample size (n), the number of series

(q) (where q=1 indicates a univariate process and q>1 indicates a multivariate process), a (q × 1)

vector of means, and a (q × q) covariance matrix. Users may optionally specify a burnin period

to discard initial observations; for simuNorm, the default is zero, whereas autoregressive processes

use a larger default burn-in to reduce sensitivity to initialization. Alternatively, users may supply

a custom matrix of innovations via the eps argument.

The code below illustrates how to simulate several linear and regime-switching processes using

the functions in MSTest, including multivariate normal, AR, VAR, Markov switching AR and VAR,

and Hidden Markov models.

mdl_norm <- list(n = 500,

q = 2,

mu = c(5, -2),

sigma = rbind(c(5.0, 1.5),

c(1.5, 1.0)))

simu_norm <- simuNorm(mdl_norm)
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mdl_ar <- list(n = 500,

mu = 5,

sigma = 1,

phi = c(0.75))

simu_ar <- simuAR(mdl_ar)

mdl_var <- list(n = 500,

p = 1,

q = 2,

mu = c(5, -2),

sigma = rbind(c(5.0, 1.5),

c(1.5, 1.0)),

phi = rbind(c(0.50, 0.30),

c(0.20, 0.70)))

simu_var <- simuVAR(mdl_var)

mdl_hmm <- list(n = 500,

q = 2,

mu = rbind(c(5, -2),

c(10, 2)),

sigma = list(rbind(c(5.0, 1.5),

c(1.5, 1.0)),

rbind(c(7.0, 3.0),

c(3.0, 2.0))),

k = 2,

P = rbind(c(0.95, 0.10),

c(0.05, 0.90)))

simu_hmm <- simuHMM(mdl_hmm)

mdl_ms <- list(n = 500,

mu = c(5,10),

sigma = c(1,1),
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phi = c(0.75),

k = 2,

P = rbind(c(0.95, 0.10),

c(0.05, 0.90)))

simu_msar <- simuMSAR(mdl_ms)

mdl_msvar <- list(n = 500,

p = 1,

q = 2,

mu = rbind(c(5, -2),

c(10, 2)),

sigma = list(rbind(c(5.0, 1.5),

c(1.5, 1.0)),

rbind(c(7.0, 3.0),

c(3.0, 2.0))),

phi = rbind(c(0.50, 0.30),

c(0.20, 0.70)),

k = 2,

P = rbind(c(0.95, 0.10),

c(0.05, 0.90)))

simu_msvar <- simuMSVAR(mdl_msvar)

The simulated processes are shown in Figure 1. Regime switching is clearly visible in the

Markov switching specifications, particularly when comparing the autoregressive process (middle

left) with the Markov switching autoregressive process (middle right). Similar differences arise in

the multivariate setting when comparing the VAR and MS-VAR processes.

4.3 Model estimation

Here, we briefly describe the functions available in MSTest for estimating linear and Markov switch-

ing models. In total, ten model classes can be estimated, which are listed in Table @ref(tab:models}

along with their labels in MSTest and corresponding model specifications. Although Nmdl and HM-

mdl are written using multivariate notation, the functions automatically detect a univariate setting
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Figure 1: Simulated linear (left column) and Markov switching (right column) processes..
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Model Label Equation

N(µµµ+ xxxtβββ,ΣΣΣ) Nmdl yyyt = µµµ+ xxxtβββ +ΣΣΣ1/2ϵϵϵt
AR(p) ARmdl yt = µ+

∑p
k=1 ϕk(yt−k − µ) + σϵt

ARX(p) ARXmdl yt = µ+
∑p

k=1 ϕk(yt−k − µ) + xxxtβββ + σϵt
VAR(p) VARmdl yyyt = µµµ+

∑p
k=1(yyyt−k −µµµ)ΦΦΦk +ΣΣΣ1/2ϵϵϵt

VARX(p) VARXmdl yyyt = µµµ+
∑p

k=1(yyyt−k −µµµ)ΦΦΦk + xxxtβββ +ΣΣΣ1/2ϵϵϵt
MS-AR(p) MSARmdl yt = µst +

∑p
k=1 ϕk(yt−k − µst) + σstϵt

MS-ARX(p) MSARXmdl yt = µst +
∑p

k=1 ϕk(yt−k − µst) + xxxtβββ + σstϵt

MS-VAR(p) MSVARmdl yyyt = µµµst +
∑p

k=1ΦΦΦk(yyyt−k −µµµst−k
) +ΣΣΣ

1/2
st ϵϵϵt

MS-VARX(p) MSVARXmdl yyyt = µµµst +
∑p

k=1ΦΦΦk(yyyt−k −µµµst−k
) + xxxtβββ +ΣΣΣ

1/2
st ϵϵϵt

HMM HMmdl yyyt = µµµst + xxxtβββ +ΣΣΣ
1/2
st ϵϵϵt

Table 3: Models and their specifications available in MSTest.

when a (T × 1) vector is provided as input. Models whose labels include an “X’ ’ allow for the

inclusion of exogenous regressors. While Nmdl and HMmdl do not follow this naming convention,

exogenous regressors can always be included in these models as well.

The simulation functions introduced in the previous subsection were used to generate a multi-

variate hidden Markov process with q = 2 series, a Markov switching autoregressive process with

p = 1 lag, and a Markov switching vector autoregressive process with p = 1 lag and q = 2 series.

The output of each simulation function is a list containing the simulated data, the true latent state

variable St, and other elements of the data-generating process (DGP). These simulated series are

now used as inputs to the corresponding estimation functions, as illustrated below for the hidden

Markov model and the two Markov switching models.

control <- list(msmu = TRUE,

msvar = TRUE,

method = "EM",

use_diff_init = 30)

mdl_est_hmm <- HMmdl(simu_hmm[["y"]], k = 2, control = control)

summary(mdl_est_hmm)

#>

#> Hidden Markov Model

#> coef s.e.

#> mu_1,1 9.927900 0.194200

#> mu_2,1 1.910400 0.108350
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#> mu_1,2 5.065500 0.132740

#> mu_2,2 -1.971900 0.062588

#> sig_11,1 7.194500 0.738910

#> sig_12,1 3.083600 0.369440

#> sig_22,1 2.110100 0.231420

#> sig_11,2 5.028700 0.421850

#> sig_12,2 1.625900 0.170000

#> sig_22,2 1.059200 0.094782

#> p_11 0.918020 0.069019

#> p_12 0.081976 0.021094

#> p_21 0.056677 0.014690

#> p_22 0.943320 0.057771

#>

#> log-likelihood = -1850.738

#> AIC = 3729.476

#> BIC = 3788.481

#>

#> Residuals:

#> Min 1Q Median 3Q Max

#> Y1 -7.0846 -1.53990 -0.048561 1.59840 6.4115

#> Y2 -2.9423 -0.85197 0.010227 0.73751 3.8617

control <- list(msmu = TRUE,

msvar = FALSE,

method = "EM",

use_diff_init = 30)

mdl_est_msar <- MSARmdl(simu_msar[["y"]], p = 1, k = 2, control = control)

summary(mdl_est_msar)

#>

#> Markov Switching Autoregressive Model

#> coef s.e.

#> mu_1 10.075000 0.2365200
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#> mu_2 4.902400 0.1774800

#> phi_1 0.746200 0.0296370

#> sig 0.952880 0.0605680

#> p_11 0.881820 0.0933220

#> p_12 0.118180 0.0341480

#> p_21 0.029999 0.0086569

#> p_22 0.970000 0.0489730

#>

#> log-likelihood = -786.1795

#> AIC = 1588.359

#> BIC = 1622.06

#>

#> Residuals:

#> Min 1Q Median 3Q Max

#> Y1 -2.5877 -0.66312 0.00085905 0.70483 2.43

control <- list(msmu = TRUE,

msvar = TRUE,

method = "EM",

use_diff_init = 30)

mdl_est_msvar <- MSVARmdl(simu_msvar[["y"]], p = 1, k = 2, control = control)

summary(mdl_est_msvar)

#>

#> Markov Switching Vector Autoregressive Model

#> coef s.e.

#> mu_1,1 10.713000 0.407430

#> mu_2,1 2.753400 0.381970

#> mu_1,2 4.486100 0.434060

#> mu_2,2 -2.367900 0.395930

#> phi_1,11 0.460710 0.058102

#> phi_1,12 0.225140 0.084482

#> phi_1,21 0.170420 0.030609
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#> phi_1,22 0.657350 0.041134

#> sig_11,1 8.246400 0.764890

#> sig_12,1 3.714500 0.396390

#> sig_22,1 2.465400 0.249870

#> sig_11,2 4.907800 0.459810

#> sig_12,2 1.417900 0.190820

#> sig_22,2 1.075300 0.109260

#> p_11 0.960050 0.080117

#> p_12 0.039947 0.015131

#> p_21 0.040533 0.015296

#> p_22 0.959470 0.077868

#>

#> log-likelihood = -1878.007

#> AIC = 3792.014

#> BIC = 3867.841

#>

#> Residuals:

#> Min 1Q Median 3Q Max

#> Y1 -7.8858 -1.7021 -0.040940 1.70520 7.0405

#> Y2 -3.9873 -0.7955 0.047291 0.83282 3.6043

In all three examples, we set method = "EM" in the control list to estimate the models using

the expectation–maximization (EM) algorithm. As discussed previously and detailed in the pack-

age documentation, users may alternatively specify method = "MLE" to employ direct maximum

likelihood estimation. The arguments msmu and msvar determine whether the mean and variance

are allowed to switch across regimes. Setting either option to FALSE imposes regime invariance on

the corresponding parameter.

The option use_diff_init = 30 instructs the estimation routine to run the optimizer thirty

times using different initial values. The solution associated with the highest log-likelihood is retained

as the primary output, while results from all optimization runs are stored in the trace element of the

output list. All estimation functions return S3 objects, for which dedicated print() and summary()

methods are provided. The summary() method reports parameter estimates, log-likelihood values,

information criteria (AIC and BIC), and diagnostic measures such as residual quantiles. In this
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Figure 2: Simulated processes (black and blue), true regime states (red - dashed), and model
estimated smoothed probabilities (green - dashed).

controlled setting, the estimated parameters can also be directly compared with their true DGP

values.

Figure 2 displays the simulated series (black and blue), the true latent regime states St used

in the data-generating process (red, dashed), and the estimated smoothed regime probabilities

obtained from the fitted models (green, dashed). Overall, the estimated smoothed probabilities

track the true regime changes closely across all three models.

For the hidden Markov and Markov switching autoregressive models, regime transitions are

captured particularly well. In the Markov switching VAR case, regime classification is somewhat

less precise over certain intervals, reflecting the increased complexity of multivariate models. This

behavior is expected and can often be mitigated by increasing the sample size or by using a larger

number of initial values in the estimation procedure.
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Function Description

LMCLRTest Local Monte Carlo likelihood ratio test proposed in Rodriguez-Rondon and
Dufour (2025).

MMCLRTest Maximized Monte Carlo likelihood ratio test proposed in Rodriguez-
Rondon and Dufour (2025).

DLMCTest Local Monte Carlo moment-based test for Markov switching autoregressive
models proposed in Dufour and Luger (2017).

DLMMCTest Maximized Monte Carlo moment-based test for Markov switching autore-
gressive models proposed in Dufour and Luger (2017).

CHPTest Optimal test for parameter constancy in Markov switching models pro-
posed in Carrasco et al. (2014).

HLRTest Likelihood ratio–based test of Hansen (1992), using empirical process the-
ory to obtain the asymptotic distribution of a bound for the LR statistic.

Table 4: Hypothesis tests available in MSTest.

4.4 Hypothesis testing

This section describes the hypothesis testing functions available inMSTest. The package is designed

with ease of use in mind and, in most cases, requires the user to provide only the series yt (and Zt

when applicable) along with the number of regimes to be tested.

Table 4 summarizes the hypothesis testing functions currently implemented in MSTest. All

testing functions return the value of the test statistic, the associated p-value, and, when applicable,

critical values and parameter estimates under the null and alternative hypotheses.

It is important to clarify the interpretation of the reported critical values. In the case of

HLRTest(), the values labeled as critical values correspond to those of the process Q introduced in

Hansen (1992), which provide an upper bound for the likelihood ratio statistic rather than critical

values for the LR statistic itself. Similarly, the values returned by LMCLRTest(), MMCLRTest(),

DLMCTest(), and DLMMCTest and referred to as critical values correspond to empirical quantiles of

the simulated null distribution. Throughout the package, the term“critical values’ ’ is therefore used

in a generic sense to denote rejection thresholds derived from the relevant reference distribution.

4.4.1 Monte Carlo likelihood ratio test

We begin by reviewing the local Monte Carlo likelihood ratio test (LMC-LRT). As indicated in

Table 4, this test is implemented in MSTest via the function LMCLRTest(). Because the LMC-

LRT requires estimating both the restricted and unrestricted models in order to simulate the null

distribution, the same estimation options that are passed to the model estimation functions can also

be supplied to the testing procedure through the arguments mdl_h0_control and mdl_h1_control.
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The same structure applies to the maximized Monte Carlo likelihood ratio test discussed below.

Through these control lists, users can specify whether the mean and variance are allowed to

switch across regimes, the estimation method, the number of initial values used in optimization,

and related options. The LMCLRTest() function also allows users to specify a different number of

initial values for model estimation during null distribution simulation via the use_diff_init_sim

argument. By default, this option is set equal to the value used when estimating the model on

the observed data, as specified in mdl_h0_control and mdl_h1_control, which is generally rec-

ommended.

In addition to estimation controls, the LMCLRTest() function requires the user to specify the

number of lags p, the number of regimes under the null hypothesis k0, and the number of regimes

under the alternative hypothesis k1. Below, we illustrate the LMC-LRT using the Markov switching

vector autoregressive model with p = 1 lag simulated in the previous subsection. We test the null

hypothesis H0 : M = 1 against the alternative H1 : M = 2. Since the data were generated from a

two-regime model, rejection of the null hypothesis is expected.

lmc_control = list(N = 19,

mdl_h0_control = list(const = TRUE,

getSE = FALSE),

mdl_h1_control = list(msmu = TRUE,

msvar = TRUE,

getSE = FALSE,

method = "EM",

use_diff_init = 1))

lmclrt <- LMCLRTest(simu_msvar[["y"]], p = 1, k0 = 1 , k1 = 2, control = lmc_control)

summary(lmclrt)

#>

#> Restricted Model

#> coef

#> mu_1 7.77650

#> mu_2 0.33925

#> phi_1,11 0.52276

#> phi_1,12 0.33784
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#> phi_1,21 0.19297

#> phi_1,22 0.67143

#> sig_11 8.03740

#> sig_12 3.48390

#> sig_22 2.44520

#>

#> log-likelihood = -1919.314

#> AIC = 3856.629

#> BIC = 3894.542

#>

#> Unrestricted Model

#> coef

#> mu_1,1 4.486100

#> mu_2,1 -2.367900

#> mu_1,2 10.713000

#> mu_2,2 2.753400

#> phi_1,11 0.460710

#> phi_1,12 0.225140

#> phi_1,21 0.170420

#> phi_1,22 0.657350

#> sig_11,1 4.907800

#> sig_12,1 1.417900

#> sig_22,1 1.075300

#> sig_11,2 8.246400

#> sig_12,2 3.714500

#> sig_22,2 2.465400

#> p_11 0.959470

#> p_12 0.040533

#> p_21 0.039947

#> p_22 0.960050

#>

#> log-likelihood = -1878.007
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#> AIC = 3792.014

#> BIC = 3867.841

#>

#> Rodriguez-Rondon & Dufour (2025) Local Monte Carlo Likelihood Ratio Test

#> LRT_0 0.90% 0.95% 0.99% p-value

#> LMC_LRT 82.615 11.682 11.75 15.763 0.05

The test output reports the likelihood ratio statistic, Monte Carlo critical values, and the

corresponding Monte Carlo p-value. In this example, the null hypothesis of a single regime is

rejected. It is important to note that the Monte Carlo p-value is computed using a finite number of

simulations, set here to N = 19. As a result, the Monte Carlo p-value is discrete and can only take

values on the grid {1/(N +1), 2/(N +1), . . . , N/(N +1)}. Consequently, with N = 19, the smallest

attainable p-value is 1/(19 + 1) = 0.05. The reported p-value of 0.05 therefore corresponds to the

strongest possible evidence against the null hypothesis given this simulation size. As discussed

in (Dufour, 2006; Rodriguez-Rondon and Dufour, 2025), larger values of N may be desirable to

improve test power, but very large values are not required, since these methods do not attempt to

approximate asymptotic critical values (N = 99 is typically recommended). Here, we use N = 19

purely for illustrative purposes.

As discussed previously, the LMCLRTest() function can also be used to replicate the parametric

bootstrap procedures studied in Qu and Zhuo (2021) and Kasahara and Shimotsu (2018). To do

so, the user can set mdl_h1_control = list(method = "MLE"), which allows for direct maximum

likelihood estimation and facilitates the imposition of parameter constraints. Such constraints

can be specified through the arguments mle_theta_low and mle_theta_upp in mdl_h1_control.

In addition to restricting the transition probabilities, Kasahara and Shimotsu (2018) also impose

constraints on the variance parameters, which can be implemented within the same framework.

When using the LMC-LRT as a parametric bootstrap, it is typically desirable to increase the

number of Monte Carlo simulations to better approximate asymptotic critical values. For instance,

Qu and Zhuo (2021) use N = 199, while Kasahara and Shimotsu (2018) use N = 299. In practice,

lower values of N may still be reasonable given the computational cost of repeatedly estimating

Markov switching models.

The maximized Monte Carlo likelihood ratio test (MMC-LRT) is implemented via the MM-

CLRTest() function. This procedure shares the same estimation controls as the LMC-LRT for

fitting the restricted and unrestricted models and similarly requires the user to specify p, k0, and
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k1. In addition, the MMC-LRT includes several options specific to the maximization step over the

nuisance parameter space.

In particular, users may specify the constant eps used to define the consistent set over which

the maximization is performed. Setting CI_union = TRUE constructs the set C∗
T = CCI

T ∪Cϵ
T , while

setting eps = 0 and CI_union = TRUE restricts the search to CCI
T . The numerical optimization

algorithm used in this search can be selected via the type argument. By default, the algorithm

stops when a Monte Carlo p-value of 1 is reached, corresponding to the maximum possible value.

Alternatively, the search can be terminated once the test fails to reject, that is, when the p-value

exceeds the chosen significance level α, by setting threshold_stop.

Below, we illustrate the MMC-LRT by testing a linear univariate model with M = 1 regime,

simulated using a simple normal distribution in the previous subsection. We set eps = 0.3 and

CI_union = FALSE and use the simulated annealing algorithm via type = "GenSA". To avoid

searching for long, we set threshold_stop = 0.05 + 1e-6, so that the algorithm stops once the

null fails to be rejected. Though not shown here, parallel computation can be enabled by setting

workers = 8, which distributes the null distribution simulation across multiple cores. To use this

option, the user must first register a parallel backend and close the cluster after completion.

mmc_control = list(N = 19,

eps = 0.3,

threshold_stop = 0.05 + 1e-6,

type = "GenSA",

CI_union = FALSE,

mdl_h0_control = list(const = TRUE,

getSE = FALSE),

mdl_h1_control = list(msmu = TRUE,

msvar = TRUE,

getSE = FALSE,

method = "EM"),

maxit = 100)

mmclrt <- MMCLRTest(simu_norm[["y"]], p = 0, k0 = 1 , k1 = 2, control = mmc_control)

#> Have got accurate energy -0.25 <= -0.050001 in smooth search

#> Emini is: -0.25
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#> xmini are:

#> 4.998107919 -2.046390673 4.370604258 1.204649505 0.8673397858

#> Totally it used 0.000118 secs

#> No. of function call is: 1

summary(mmclrt)

#>

#> Restricted Model

#> coef

#> mu_1 4.99810

#> mu_2 -2.04640

#> sig_11 4.37060

#> sig_12 1.20460

#> sig_22 0.86734

#>

#> log-likelihood = -1631.436

#> AIC = 3272.871

#> BIC = 3293.944

#>

#> Unrestricted Model

#> coef

#> mu_1,1 4.5675e+00

#> mu_2,1 -2.1688e+00

#> mu_1,2 5.8802e+00

#> mu_2,2 -1.7956e+00

#> sig_11,1 4.5928e+00

#> sig_12,1 1.0072e+00

#> sig_22,1 7.2573e-01

#> sig_11,2 2.7574e+00

#> sig_12,2 1.2798e+00

#> sig_22,2 1.0638e+00

#> p_11 5.1200e-01
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#> p_12 4.8800e-01

#> p_21 1.0000e+00

#> p_22 2.1791e-08

#>

#> log-likelihood = -1625.303

#> AIC = 3278.605

#> BIC = 3337.61

#>

#> Rodriguez-Rondon & Dufour (2025) Maximized Monte Carlo Likelihood Ratio Test

#> LRT_0 p-value

#> MMC_LRT 12.266 0.25

In this example, the MMC-LRT fails to reject the null hypothesis, as indicated by the reported

Monte Carlo p-value. As with the LMC-LRT, the Monte Carlo nature of the procedure implies

that the p-value resolution depends on the number of simulations N . Nevertheless, the MMC-LRT

remains the most general likelihood ratio–based testing procedure currently available for Markov

switching models, as it allows for maximization over nuisance parameters while retaining finite-

sample validity.

4.4.2 Moment-based tests

The Monte Carlo moment-based test proposed by Dufour and Luger (2017) is implemented in

MSTest via the functions DLMCTest() (local version) and DLMMCTest() (maximized version). As

with the other testing procedures, the user must provide the series yt and the number of autoregres-

sive lags p. The parameter N determines the number of Monte Carlo replications used to compute

the test. The default value is N = 99, as Dufour et al. (2004) show that using more than 100

replications (including the observed statistic) has little effect on test power.

In addition, this procedure requires approximating the distribution of the p-value associated

with each moment-based statistic through an auxiliary simulation. The number of replications

used for this approximation is controlled by N2, which defaults to 10,000.

Below, we illustrate the moment-based local Monte Carlo test using the previously simulated

Markov switching autoregressive process. The test is computationally inexpensive and completes

almost instantaneously. The output of the summary() method reports the nuisance parameter

estimate (here, ϕ1), the test statistics associated with each of the four moments (mean, variance,
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skewness, and excess kurtosis), the combined test statistic based on F (ε), the corresponding critical

values (quantiles of simulated distribution), and the Monte Carlo p-values. As expected, the null

hypothesis of linearity is clearly rejected, since the data were generated from a Markov switching

process with M = 2 regimes.

lmc_control = list(N = 99,

simdist_N = 10000,

getSE = TRUE)

lmcmoment <- DLMCTest(simu_msar[["y"]], p = 1, control = lmc_control)

summary(lmcmoment)

#>

#> Restricted Model

#> coef s.e.

#> mu 5.93390 0.374020

#> phi_1 0.82887 0.025029

#> sig 2.04380 0.129390

#>

#> log-likelihood = -886.3994

#> AIC = 1778.799

#> BIC = 1791.437

#>

#> Dufour & Luger (2017) Moment-Based Local Monte Carlo Test

#> phi_1 M(eps) V(eps) S(eps) K(eps) F(eps) 0.90% 0.95% 0.99%

#> LMC_min 0.82887 1.3948 14.86 0.55248 4.2263 1 0.96417 0.97974 0.98997

#> LMC_prod 0.82887 1.3948 14.86 0.55248 4.2263 1 0.99870 0.99918 0.99978

#> p-value

#> LMC_min 0.01

#> LMC_prod 0.01

The computational efficiency of this procedure extends naturally to the maximized version of

the moment-based test, implemented via DLMMCTest(). Despite the additional step of maximizing

the Monte Carlo p-value over the nuisance parameter space, the test remains very fast to compute

in practice.
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In this case, additional options are available to control the numerical optimization. The argu-

ment optim_type determines the optimization algorithm used in the search. As with the MMC-LRT

procedure, the arguments eps and CI_union allow the user to define the consistent set over which

the maximization is performed. Many of the optimization-related options available for MMCLRTest()

are also available here.

mmc_control <- list(N = 99,

getSE = TRUE,

eps = 0,

CI_union = TRUE,

optim_type = "GenSA",

threshold_stop = 0.05 + 1e-6,

maxit = 100)

mmcmoment <- DLMMCTest(simu_msar[["y"]], p = 1, control = mmc_control)

#> Stop. Nb function call=100 max function call=100.

#> Emini is: -0.01

#> xmini are:

#> 0.8288716498

#> Totally it used 0.00119 secs

#> No. of function call is: 100

#> Stop. Nb function call=100 max function call=100.

#> Emini is: -0.01

#> xmini are:

#> 0.8288716498

#> Totally it used 0.001093 secs

#> No. of function call is: 100

summary(mmcmoment)

#>

#> Restricted Model

#> coef s.e.

#> mu 5.93390 0.374020
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#> phi_1 0.82887 0.025029

#> sig 2.04380 0.129390

#>

#> log-likelihood = -886.3994

#> AIC = 1778.799

#> BIC = 1791.437

#>

#> Dufour & Luger (2017) Moment-Based Maximized Monte Carlo Test

#> M(eps) V(eps) S(eps) K(eps) F(eps) p-value

#> MMC_min 1.3948 14.86 0.55248 4.2263 1 0.01

#> MMC_prod 1.3948 14.86 0.55248 4.2263 1 0.01

In the example above, we again apply the test to the simulated Markov switching autoregressive

process. We set the stopping threshold to 0.05 + 1e-6, so that the optimization terminates once

the null hypothesis fails to be rejected, although this does not occur in this case. We also set

eps = 0, restricting the search to the confidence interval–based consistent set, as in Dufour and

Luger (2017). Once again, the null hypothesis of a linear model is rejected, in line with the results

obtained from the other testing procedures.

4.4.3 Parameter stability test

The parameter stability test proposed by Carrasco et al. (2014) is implemented in MSTest via the

function CHPTest(). As with the other testing procedures, the user must provide the series yt

and the number of autoregressive lags p. In this case, the parameter N specifies the number of

bootstrap replications and is set to 3000 by default, following Carrasco et al. (2014). The parameter

ρb controls the bound of one of the nuisance parameters and is set to 0.7 by default, again as in

their study. Setting ρb = 0.7 implies that the grid search is performed over the parameter space

ρ ∈ [−0.7, 0.7].

chp_control = list(N = 1000,

rho_b = 0.7,

msvar = FALSE)

pstabilitytest <- CHPTest(simu_ar[["y"]], p = 1, control = chp_control)

summary(pstabilitytest)
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#>

#> Restricted Model

#> coef s.e.

#> mu 5.11640 0.156620

#> phi_1 0.70483 0.031123

#> sig 1.06580 0.067474

#>

#> log-likelihood = -723.9473

#> AIC = 1453.895

#> BIC = 1466.532

#>

#> Carrasco, Hu, & Ploberger (2014) Parameter Stability Test

#>

#> - Switch in Mean only

#> test-stat 0.90% 0.95% 0.99% p-value

#> supTS 0.55996 2.0123 2.8253 4.3814 0.537

#> expTS 0.83337 1.3740 1.8493 5.0661 0.451

Above, we provide an example of the parameter stability test applied to the linear autoregressive

process simulated earlier. In this example, we set N = 1000 and msvar = FALSE, so that the test

focuses on potential instability in the mean only. The summary() method reports the parameter

estimates of the restricted model, which is the only model that needs to be estimated for this test,

along with the results for both the supTS and expTS versions of the test statistic.

As expected, the test fails to reject the null hypothesis of parameter stability, which is consistent

with the fact that the data were generated from a linear autoregressive model without regime

switching.

4.4.4 Stochastic likelihood ratio test

The stochastic likelihood ratio test proposed by Hansen (1992) is implemented in MSTest via

the function HLRTest(). As before, the user must provide the series yt and specify the number of

autoregressive lags p, as the test is designed to assess the null hypothesis of linearity in autoregressive

models.
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This procedure performs a grid search over nuisance parameters, and most of the available

options are therefore related to the construction of this grid. In particular, users can specify the

grid size via gridsize, as well as the starting values and step sizes for the mean and variance grids

through mugrid_from, mugrid_by, and their variance counterparts. These grid values pertain to

the unrestricted model. Conditional on these fixed values, the test optimizes the parameters of the

restricted model; accordingly, the arguments theta_null_low and theta_null_upp can be used

to define the optimization region for the null hypothesis.

While it is possible to allow for regime-dependent variances by setting msvar = TRUE, doing

so increases the dimensionality of the nuisance parameter space and can substantially raise the

computational cost of the procedure.

hlrt_control <- list(msvar = FALSE,

gridsize = 20,

mugrid_from = 0,

mugrid_by = 1,

theta_null_low = c(0,-0.99,0.01),

theta_null_upp = c(20,0.99,20))

hlrt <- HLRTest(simu_msar[["y"]], p = 1, control = hlrt_control)

summary(hlrt)

#>

#> Restricted Model

#> coef s.e.

#> mu 5.93390 0.374020

#> phi_1 0.82887 0.025029

#> sig 2.04380 0.129390

#>

#> log-likelihood = -886.3994

#> AIC = 1778.799

#> BIC = 1791.437

#>

#> Hansen (1992) Likelihood Ratio Bound Test - Switch in Mean only

#> test-stat 0.90 % 0.95 % 0.99 % p-value
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#> M = 0 8.8412 2.0605 2.3458 2.8217 0

#> M = 1 8.8412 2.1715 2.4783 3.1255 0

#> M = 2 8.8412 2.1784 2.5079 3.1990 0

#> M = 3 8.8412 2.1743 2.4807 3.0618 0

#> M = 4 8.8412 2.1578 2.4666 3.0455 0

Above, we illustrate the stochastic likelihood ratio test using the previously simulated Markov

switching autoregressive process. In this example, the summary() method reports parameter esti-

mates for the restricted model, which is the only model that needs to be estimated in this framework.

The output also presents test results for the different standardizations discussed in Hansen (1996a).

Across all standardizations, the null hypothesis of linearity is strongly rejected, with Monte

Carlo p-values effectively equal to zero. This outcome is consistent with the fact that the data were

generated from a Markov switching process with two regimes.

Taken together, the likelihood ratio–based, moment-based, and parameter stability tests im-

plemented in MSTest provide complementary approaches to testing for regime switching. Their

differing assumptions, computational requirements, and robustness properties allow users to select

procedures that are well suited to their specific empirical setting.

5 Conclusion

The importance of testing the number of regimes in Markov switching models has motivated a

substantial body of research, reflecting the statistical and computational challenges inherent in this

problem. Seminal contributions such as Hansen (1992), Carrasco et al. (2014), and Dufour and

Luger (2017) focus on testing the null hypothesis of a single regime (i.e., a linear model) against

the alternative of two regimes. More recently, Rodriguez-Rondon and Dufour (2025) introduced a

class of Monte Carlo likelihood ratio tests that allow one to test a null hypothesis with M0 regimes

against an alternative with M0 + m regimes, for any M0 ≥ 1 and m ≥ 1, for a a broad class of

models, including multivariate and non-stationary ones, thereby substantially expanding the scope

of feasible hypothesis testing in this setting.

The MSTest package makes these testing procedures readily available to applied researchers by

implementing the methods proposed in these four studies within a unified and user-friendly frame-

work. In addition to hypothesis testing, the package provides tools for simulating and estimating

a wide range of Markov switching and hidden Markov models, primarily to support the testing
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procedures themselves. This paper has reviewed the underlying methodology and illustrated how

MSTest can be used in practice to conduct inference on the number of regimes.

Overall, MSTest aims to facilitate empirical work involving Markov switching models by low-

ering the computational and implementation barriers associated with regime testing. By offering

multiple complementary testing procedures with differing assumptions and robustness properties,

the package allows users to select methods that are well suited to their specific empirical setting

and to make informed decisions about model specification.
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