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Abstract

We develop statistical inferences for a non-probability two-phase survey sample when
relevant auxiliary information is available from a probability survey sample. To reduce
selection bias and gain efficiency, both selection probabilities of Phase 1 and Phase 2 are
estimated, and two-phase calibration is implemented. We discuss both analytical plug-in
and pseudo-population bootstrap variance estimation methods that account for the
effects of using estimated selection probabilities and calibrated weights. The proposed
method is assessed by simulation studies and used to analyze a non-probability two phase
payment survey.

Topics: Bank notes; Econometric and statistical methods
JEL codes: C, C8, (83

Résumé

Nous élaborons des inférences statistiques pour un échantillon non probabiliste a deux
phases quand il est possible d'obtenir des informations auxiliaires pertinentes a partir
d'un échantillon probabiliste. Afin de réduire le biais de sélection et de faire des gains
d'efficience, nous estimons les probabilités de sélection des échantillons de la premiére
et de la deuxieme phases, et faisons un calage a deux phases. Nous examinons deux
méthodes d'estimation de la variance qui tiennent compte des effets découlant de
I'utilisation de probabilités de sélection estimées et de poids calés : la méthode de
substitution analytique ainsi que la méthode d'autoamorcage a partir de pseudo-
populations. Nous évaluons la méthode proposée au moyen de simulations et 'utilisons
pour analyser un échantillon non probabiliste a deux phases utilisé dans une enquéte sur
les paiements.

Sujets : Billets de banque ; Méthodes économétriques et statistiques
Codes JEL : C, C8, C83



1 Introduction

A two-phase sampling design is useful when we lack auxiliary information from the original
sampling frame to reach the target population effectively. In the first phase, we select a sam-
ple from the original frame and collect data on variables related to study variables. Then,
we use the extra information collected to build a pseudo-sampling frame. According to this
new frame, we collect the second-phase sample from the first-phase sample. In practice,
this sampling design helps survey hard-to-reach or rare populations. For instance, Statistics
Canada employs a two-phase design in the Aboriginal Peoples Survey (Cloutier and Langlet,

2014) to gather information about the Indigenous population.

A two-phase sampling design can also serve as a conceptual framework for addressing
unit nonresponse. Specifically, we can view respondents who finish every survey task as a
second-phase sample. Payment surveys under this setup include Henry et al. (2022) and
Welte and Wu (2023). Consumers and merchants are asked to complete two survey instru-
ments on two different dates in these applications. Those who complete both instruments
constitute the second-phase sample. Since Neyman’s seminal work on design-based infer-
ence, probability sampling designs have become the standard for most two-phase surveys.
Therefore, a vast body of literature explores the theoretical foundations of probability-based
two-phase sampling (e.g., Kim and Kim (2007), Beaumont et al. (2015), Kim et al. (2006),
Binder et al. (2000), Hidiroglou and Sarndal (1998)).

In recent years, however, non-probability sampling has emerged as a convenient and im-
portant tool due to its efficient recruitment process, quick responses and low maintenance
expenses. It has been used to sample first-phase respondents. Unlike probability sampling,
the probabilities of being selected into the first phase are unknown. Poor estimates of these
unknown selection probabilities can lead to substantial selection bias. In this paper, we

develop statistical inferences for non-probability two-phase survey samples by estimating



selection probabilities of Phase 1 when relevant auxiliary information is available from a
probability survey sample. In addition, we integrate the estimation of Phase 2 selection
probabilities and two-phase calibration into the construction of Phase 2 weights, which we
employ to estimate various finite population parameters, such as totals, means, medians and

other quantiles.

It is not enough just to produce (asymptotically) unbiased estimates; it is also important
to provide indicators of the quality of those estimates. We discuss both analytical plug-in
and pseudo-population bootstrap variance estimation methods that account for the effects of
using estimated selection probabilities. In order to flexibly extend to other finite population
parameters (i.e., median) and allow for calibration adjustment, we suggest using a pseudo-
population bootstrap approach adapted to our non-probability two-phase setup, where we
resample indicators of Phase 1 respondents from the pseudo-population but retain indica-
tors of Phase 2 selections from the original sample. This is related to the simplified variance

estimator of Beaumont et al. (2015) where Phase 2 selection indicators are treated as fixed.

The literature on estimating unknown selection probabilities from non-probability sur-
vey sampling has focused on single-phase samples (Nevo, 2003, Chen et al., 2020, Rao, 2021,
Yang and Kim, 2020, Wu, 2022, Elliot, 2009, Wang et al., 2021). So far, researchers have
paid less attention to the problem of statistical inferences for two-phase designs. Our paper
tries to fill this gap. We use simulation studies to assess our proposed method in terms
of biases and variances. We then use our method to analyze a non-probability two-phase
payment survey collected by the Bank of Canada during COVID-19 (the November 2020
Cash Alternative Survey), based on auxiliary information from Statistics Canada’s proba-

bility survey Canadian Perspectives Survey Series 5 (CPSS 5).

The organization of this paper is as follows. Section 2 derives two weighting schemes



for the non-probability two-phase sample: one without calibration, and the other with cal-
ibration. Section 3 presents analytical plug-in and pseudo-population bootstrap variance
estimators. Section 4 studies the performance of our proposed method via simulation stud-
ies. In Section 5, we apply our approach to the non-probability two-phase diary survey.

Section 6 concludes. The Appendix provides proofs of theoretical results in this paper.

2 Weighting Non-probability Two-phase Sampling

For two-phase sampling, we first select a Phase 1 sample from a finite population U =
{1,2,..., N} of size N and then select a sub-sample, called Phase 2 sample, from Phase 1.
Let I) = [I11, 12, . .., I15] be the vector of first-phase sample selection indicators such that
I, = 1if k is selected in Phase 1, and I, = 0 otherwise, and let Iy, be the Phase 2 selection
indicator such that Iy, = 1 if k is selected in Phase 2, and Iy, = 0 otherwise. For unit &,
the inclusion probability into the Phase 1 sample is m; := Pr[l1; = 1], and the inclusion

probability in Phase 2 conditional on Phase 1 sample is mor(I1) := Pr[lop = 1 | I}].

When the first-phase sample is selected through probability sampling, the probability
is known. If 7y, (1) is also known, we can use weights df := [my,mor(I1)] " for each Phase 2
sampled unit k to estimate finite population parameters. In the case of a population total,
the weights d; lead to the double expansion (DE) estimator. On the other hand, if mor (1) is
unknown, we can replace mox(I1) with an estimate Tox(I1) and create the alternative weight
6/1\2 = [mlﬁgk(h)]_l for each Phase 2 sampled unit k. This is common in the treatment of
unit non-response; see, e.g., Kim and Kim (2007). In the case of a population total, the
weights c?}'; lead to the so-called empirical double expansion (EDE) estimator (Haziza and

Beaumont, 2007).

However, under non-probability two-phase sampling, the probability of being selected into



the Phase 1 sample, 7y, is unknown. Since 7y cannot be estimated from the non-probability
sample alone, information on the rest of the finite population is required. Suppose there exists
an additional probability sample. Then, we can apply the data integration approach from
Chen et al. (2020) and Wu (2022) to estimate ;. Based on the estimated 7y, we propose

two weighting schemes for each Phase 2 sampled unit:

e The first one is a non-probability two-phase weight without calibration, that is, w3, :=

[Fuor (1)) 1

e The second one is a non-probability two-phase weight with calibration, that is, ws, =
Wi 9192k Where g1 and gop, are calibration factors for Phase 1 and Phase 2, respec-

tively.!

2.1 Non-probability two-phase weight without calibration

Under the data integration scenario of Chen et al. (2020), a probability sample Sp C U is
available. For each unit k € Sp, the auxiliary variables @y, and survey weights d; are ob-
served, but the variables of interest are missing in the probability sample. Thus, the dataset
for Sp of size np is {(x1x, dx) : k € Sp}. Now let us consider the non-probability two-phase
sample: Phase 1 sample Syp ; of size n; is selected from a finite population, and then Phase
2 sample Sxp o of size ny is selected from Phase 1 (Sxpa C Snp.). For Phase 1, the dataset
for Sxpa is {(1k, Z1ks Y1k, Lox) - k € Snp1}. Here, @1y is a vector of auxiliary variables that
Sp and Syp,1 share together for estimating Phase 1 selection probabilities, 2z is a vector
of auxiliary variables used for Phase 1 calibration, and y; is a vector of study variables in
Phase 1. Note that the probability of being selected into Phase 1, my; := Pr[l, = 1], is
not observed in Syp ;. Next, the dataset for Sxpo is {(®ax, 2ok, Yor) : K € Sxpo}. Here xop

is a vector of auxiliary variables for estimating Phase 2 selection probabilities, and zg is

INotice that we follow Hidiroglou and Sérndal (1998) and Cohen et al. (2017) to use the superscript “*”
to denote overall weights, i.e., weights taking all phases into account, and use the superimposed symbol “~”
to denote calibrated weights.



a vector of auxiliary variables used for Phase 2 calibration, and ys is a vector of Phase 2
study variables. Notice that both @y, and z9; could contain a subset of variables from Syp 1,

which could be common between the two.?

To estimate the probabilities w1, = Pr[lyx, = 1 | @ik, y1x] and mop(l1) = Pr[ly =

1| I, @ak, Yor|, we make the following assumptions:

e Al: In each phase, selection indicators and study variables are independent, condi-

tional on auxiliary variables. i.e., I1x L yix | ©1x and lop L yor | Toy.
e A2: 7y, > 0 and mo(I;) > 0 for all k.

e A3: Selection indicators at each phase are independent. i.e., I1; L Iy and Iy; L Iy

for all j # k.

e A4: The probability sample Sp and non-probability Phase 1 sample Syp,; are inde-

pendent.

Under Assumption A1 with both probabilities being the form of logistic regressions, we

have

mix = Pr{ly, = 1 | @i, yur) = Pr[ly, = 1 | @] = m(a; @1p) and

mop(Ih) = Pr(lop = 1 | In, @op, Yor) = Prlloy = 1 | I, @oi] =: m2(B; In, ok,

where a and 3 are vectors of regression coefficients of the logistic regressions. Under As-
sumptions A2, A3 and A4, we construct the joint pseudo-likelihood function for both non-

probability samples Sxp; and Sxpo, with the help of the probability sample Sp to replace

2Notationally, in this paper, we use the letter = to denote auxiliary information for estimating selection
probabilities. The letter z represents auxiliary variables used for calibration, and the letter y is used for
study variables.



unknown quantities:

Z log { M 1) ] + Z dylog [l — mi (o k)] p +

1-— 7r1(a; mlk)

keSnp,1 keSp
Z Lo log [ma(B; In, @ar)] + Z (1 — Iox)log [1 — ma(B; 11, Top)] ¢ - (1)
k‘ESNpJ k'ESNP,l

In (1), the first line corresponds to m (a; 1), while the second line corresponds to mo(3; I, o).
Note that the second term in the first line follows Chen et al. (2020) where we use the Horvitz-
Thompson (HT) estimator (Horvitz and Thompson, 1952) >, ¢ dy.log [l — mi(@; ;)] from
the probability sample Sp to replace the unknown population quantity >, .., log [1 — 7 (e; 214)].
The second line in (1) is related to Kim and Kim (2007) where they estimate the response

probabilities of Phase 2 conditional on Phase 1 sample. The score equations from (1) are

Z ], = Z dimi (o Tig) T,

keSNP,1 keSp
(2)
Z x3;, = Z Tor (B3 In, @ok )Ty,
keSNP,2 keSnp,1
Solutions @& and B to (2) lead to 7y, = mi(&; @) and Top(l}) = mo(B: I}, @or). Un-

der inverse probability weighting, weights for non-probability Phase 1 sample are {w;; :=
~—1

Ty @ k € Syp1}. Furthermore, weights for non-probability Phase 2 sample are {w;, :=

FT\M;T\Q]C(Il)]_l = ’L/U\lkU/}Qk ke SNP’Q} where U/Egk = /7'(\'2(I1)_1.

2.2 Non-probability two-phase weight with calibration

This section discusses calibration in the context of the non-probability two-phase sampling
design. The advantages of calibrations are two-fold (Hidiroglou and Séarndal, 1998): one is
to ensure external and internal consistency, and the other is to improve the efficiency when

there is a strong correlation between calibration variables and variables of interest. Building



upon Wy and w;,, we employ calibrations to both Phase 1 and Phase 2, respectively.

~—1

(a) First-phase Calibration The first calibration uses Phase 1 weights {w; == 7], :
k € Sxp,} as initial weights and adjusts it to match known population totals », ., Z1.
We denote the calibrated weight as {w := Wixg1x : k € Sxpa}. The calibration factor is
g1k = €xXp (ZIkXﬂ, where the Lagrange multiplier /):1 comes from the following minimization

problem:

min Z w1 G (w1 /Wyk) subject to Z W1k 21k :Zzlk’ (3)

kESprl kESNP,l keU
where the function G(w/w) = (w/w) log (w/w) — (w/w) + 1 is the Kullback-Leibler infor-

mation distance.

(b) Second-phase Calibration The initial weights for the second-phase calibration are
{WixWar, : k € Snpso}, and we adjust them to match totals ZkESNPJ W1k29; available up
to Phase 1 when auxiliary information is available at the population level or at both the
population and the first-phase levels. Thus the calibrated weights for the Phase 2 sample are
denoted by Wy := {Way, = W1 Wargax : k € Sxp2}. The calibration factor is gop = exp (zgkig),

where the Lagrange multiplier /)\\2 comes from the following minimization problem:

min Y (@) G (Wor/ [@1xW2k]) subject to > Wopzar = Y Wipzar  (4)

kGSprz keSNP’Q keSNP’l

2.3 Weighted Finite Population Estimates for Phase 2

From the above two weighting systems, we can estimate ¢, := ), _; ¥, the total of a (scalar)

Phase 2 variable of interest ys, respectively, by

Y

= ) Oyymand b= Y Wy (5)

kESNP,2 kESNP,2



The Héjek estimators (Hajek, 1971) for the population mean of y, are

t: [

o~k 2 ~ 2

s=—=——"—and Iy = = (6)
ZkESNP,Q w;k‘ ZkeSNP,Q Wak

Estimated median for y5 can be computed as

k-1 n k—1 n
~ . . 1 ) 1 ~ . - 1 -
m§:{y2k,k65: g wfgiand g wjgi} andmgz{ygk,keS: E wigiand E w; <
i=1 ;

1=1 i=k+1

(7)

where S is Syp2 in a non-decreasing order of ys, W} = W5/ ;i ¢wWs; for i € S and

Wi = Weyi/ Y ics wy; for i € S, Similarly, we can estimate other functionals of the above

estimators, such as a ratio of totals.

Remark on consistency: The consistency of the weighted total and mean are derived by
accounting for unknown 7, and 7o (I;) via the linearization. For example, Theorem 1 in
Section 3 establishes the consistency of tA§ for the population total of Phase 2. The proof of
the design consistency of the weighted median is derived in a similar fashion as Proposition

2 of Huber (2014) by using the quantile implicit function.

3 Variance Estimation

We now discuss variance estimation for the six weighted finite population estimates described
in Section 2.3. This includes two weighting schemes—one with calibration and one with-
out—combined with three parameters of interest: total, mean and median. We focus on the
asymptotic variance of tA§, the estimated total of (non-probability) Phase 2, based on non-
calibrated weights @3,. In total, we examine three different variance estimators for Var[t3]:
The first is a plug-in estimator that utilizes the joint randomization of I; and I,. The second

is another plug-in estimator, but it treats I, as fixed despite being a random vector. Lastly,

1

2

3



the third estimator employs the pseudo-population bootstrap, also treating I as fixed.?

We further discuss the choice among three variance estimators and recommend the third
option: a pseudo-population bootstrap (PPB) approach. In this approach, we treat I, as
fixed, even though it is random. The primary reason for favouring PPB over these plug-
in methods is that this resampling-based technique is easier to extend to different finite
population parameters, such as total, mean, median and some other complex statistics.
Additionally, it allows for the inclusion of other weight adjustments, like calibration discussed
in Section 2.2. In contrast, the plug-in options require the derivation of first-order Taylor
expansions, which makes it more involved. As for why we treat I, as fixed, the motivation
comes from the work of Beaumont et al. (2015). In the probability two-phase setup, they
propose a simplified variance estimator. Their approach aims to avoid the need for specialized
software for two-phase sampling and the joint inclusion probabilities of the second phase. We
adapt this idea to our framework of non-probability two-phase sampling, where the selection

probabilities for both Phase 1 and Phase 2 (conditional) are unknown.

3.1 Asymptotic Variance of % and Two Plug-in Estimators

We follow the asymptotic framework from Chen et al. (2020) and Kim and Kim (2007) to

derive the asymptotic variance of the estimator #5 =, Spo WakY2k-

Theorem 1. Under Assumptions A1l — A4 and regularity conditions C1 — C4 in the Ap-

pendix, if m and 7o (I;) assume the form of logistic regressions, we have ?; = ty, +

3In addition to the joint randomization of I; and I, we also take the sampling design of the probability
sample Sp into account.



0,(Nny'"?), Var[t] = Var*[£] + o(N2n;") with

2
Var"[t3] = Z(l — k) Tk (% - wauc) + bl Dby,
keU 1k

2
+ g](l — 7T2k(Il))7TZk(Il)7le (#:(Il) — c£w2k> s (8)
where b{ = [N_l ZiEU(l — Wli)yziw-{i} [N_l ZiEU 771@'(1 — 7T1i>wu$.{i] - and C; = [N_l ZieU(l — 7T2i<11))
yglal‘;z] [Nil ZiEU 7'[‘17;71'22‘([1)(1 — ng(Il))iniI};i} 71, and D = Varp [ZiESp diﬂ-limli] where

Var, denotes the variance under the sampling design of Sp.

Remark on Theorem 1: The first line in (8) is identical to Equation (9) in Chen et al.
(2020). The second line in (8) captures the variability arising from the non-probability

two-phase sample. Based on (8), we obtain a plug-in variance estimator:

_ 1—7 ~ 2
VarLﬁ\;]: Z (1 —7w) (&_blwlk) + b Db,

kESnp.2 7T\2k(11) Tk
2
b Y - flm) (22 - ) )
oS T1kT 2|1k
NP,2
here b] = 0T ot dim(1 — 7 zl@n] ", D = Var d;7
where b = |} ,cq ., my%wu [Yics, dimi(1 — Tu)xlxu] D = Var, [Y,c5, dif1is]
~ 1 — mo(11) ~ -
and ¢} = [ZieSNpJ mymw;z [EieSNp,g(l - WZi(Il))inw;i} :

As Beaumont et al. (2015) discuss, the plug-in variance estimator suffers from two draw-
backs: its computation requires specialized software designed for two-phase sampling, and
the plug-in depends on the second-phase joint inclusion probabilities, which may be difficult
to obtain. To overcome these drawbacks, they suggest the simplified plug-in variance estima-
tor by treating I as fixed when, in fact, I, is random and construct the usual design-biased
variance estimator for the single-phase sampling design. Here, we adopt the framework of

Beaumont et al. (2015) from their probability two-phase to our non-probability two-phase

10



survey sample, and we impose Assumption A5 where the first-phase sampling fraction is

negligible.*

e A5: The Phase 1 sampling fraction ny/N is negligible.

Proposition 2. Under Assumptions A1l — A4 and regularity conditions C1 — C4 in the
Appendix, and if 7y, and 7w, (I;) assume the form of logistic regressions.

(i) We have the Taylor linearization of

~ 1 1
% _ T —1/2
5 = E —a +b; E drmie®in | +0p(Nny '7), (10)
kGSNP’l 1k k‘ESp
y2k12k T T T
where ag = - (I ) — 7T1kb1 L1k — WlkIQkC2 Top + 7T1k7T2k<I1)C2 Lok .
2k\L1

——Alt
(ii) With the additional assumption A5, Var [t3] is an alternative estimator of Var[t}]:

*1 ~2 T
Var [t3] = E —5—ay, + b] Dby, (11)
Tk
k’ESNpﬁl
where
~ Yok Lok ~ 77 ~ T ~ o~ ~T
ar = % (I ) — Wlkblwlk — 7T1k[2k62$2k —+ WlkWQk(Il)Czaak- (12)
2k\L1

Remark on Part (i) of Proposition 2: Note that the first sum of our linearized version
in tA§ is over Syp ; instead of over Syp 2, which helps construct a simplified variance estimator
for single-phase sampling design. Moreover, let us compare the linearization form of our
Proposition 2 to Theorem 1 in Kim and Kim (2007). Rearranging the right-hand side of
(10), we have

4Similar to Beaumont et al. (2015), we do not require the two-phase sampling design to be invariant
(Beaumont and Haziza, 2016).

11



~ 1 1
= Z — [ﬁk@k(h)cgfvzk + 2 (yor — miemor(I1) g ok

[\l

hesmp, Tk o (I1)
1 _
+ bir Z dk(mkazlk) — Z —(mkwlk) + Op(an 1/2). (13)
kes keSnp, "1k
P NP,1

In (13), the first line matches Theorem 1 in Kim and Kim (2007). In their study, they base
the linearization on a probability two-phase sample in which the inclusion probabilities for
Phase 1 are known, but those for Phase 2 are unknown. In contrast, all Phase 1 selection
probabilities are unknown in our non-probability two-phase framework. Consequently, the
second line introduces an additional term that results from employing the data integration

approach to estimating the unknown Phase 1 selection probabilities by combining both Sxp 1

and Sp.

Remark on Part (ii) of Proposition 2: When the second phase is Poisson sampling
(Assumptions A1-A4) and the first-phase sampling fraction is negligible (Assumption A5),
our simplified plug-in variance estimator \//aE"Alt @] provides a good approximation of the total
variance of % (still design-biased, though). Because non-response can be viewed as a special
second phase, our \//a\rAlt@] is also useful under the single-phase non-probability survey when
treating unit non-response. Furthermore, we can compare (11) to Equation (7) in Beaumont

et al. (2015). Under Poisson sampling at the second phase, Equation (7) in Beaumont et al.

1 —mg | Yorlok
(2015) reduces to [
kezsl T Lma(dh)
—— Alt

Var ﬁ;] is using estimated 7y, and Tox(I7) rather than 7, and mo,(I;) in Beaumont et al.

]. As shown, the main differences are that: (i) our

(2015); (ii) our @y, in (12) has extra terms —%mglwlk—%kbkﬁ;w% + 1Tk (17 ) Cha oy arising
—— Alt

from the first-order Taylor-expansions of 7Ty, and 7o (I1); (iii) in the end, our Var  [£3] has

an extra term B{ﬁgl from the data-integration approach to estimate m; (Chen et al., 2020),

which borrows the strength from the probability sample Sp to facilitate the estimation.

12



3.2 Pseudo-Population Bootstrap for Estimating Var[t}]

Although the plug-in variance estimator \//EEAR ﬁ\;] simplifies variance estimation by fixing I,
its underlying linearization lacks flexibility. If we have other finite population parameters,
such as the median and other functionals of totals, or if we apply additional weight adjust-
ments, we need to derive the variance estimator again. As such, we require new computation
procedures in these cases. To address this concern, we propose a pseudo-population boot-
strap (PPB) approach as a third option. Our proposed method is a resampling approach
that follows the spirit of \//EEAM@] to treat I, as fixed. We incorporate this idea into the
creation of bootstrap non-probability Phase 2 samples.® To illustrate the procedure for the

PPB, we focus on estimating the variance of £5.

The pseudo-population bootstrap (PPB) allows the first two moments of the HT-estimator
to be consistently estimated for sampling designs with large entropy, such as Poisson sam-
pling. A typical PPB approach to variance estimation involves a few key steps (Mashreghi
et al., 2016). First, we use each sampled unit’s (non-negative) weight to create pseudo-
populations. Next, according to the original sampling design, we draw B bootstrap samples
from the pseudo-population. Then, we repeat all estimation steps for each bootstrap sample,
including the estimation of selection probabilities and calibration, to compute the bootstrap
estimate. In the end, we use all B bootstrap estimates to compute the estimated variance.
Our proposed variance estimation procedure for Phase 2 follows this general framework. The

following is a high-level overview of our approach.

5The idea of not bootstrapping Phase 2 selection in our PPB is similar to the multi-stage resampling-
based variance estimation from Bessonneau et al. (2021), where indicators of the second-stage sampling and
non-response step after the first stage remain fixed in the with-replacement bootstrap. This idea is also
analogous to Kim et al. (2006)’s probability two-phase replicated variance estimation, where indicators of
second-phase sampling are treated as fixed in their jackknife approach. For the case of the probability two-
stage sampling, Beaumont et al. (2015) show that treating I fixed (when, in fact, it is random) will lead to
a simplified plug-in variance estimator.

13



High-Level Overview of the Pseudo-Population Bootstrap for Estimating Var|[t}]

Step 1: Create a pseudo-population Up from Sp and another pseudo-population Uyp from
SNP1

Step 2: Draw B bootstrap samples from Up and then draw another B bootstrap samples
from Uyxp. Pair up each bootstrap sample from these two sets to form a set
QO ={Q,...,Q0} of size C = B2, where the ¢ pair in Q is Q. = (S{f% slgcg,l),
and Sl(f) and Sl(\ff))yl are the bootstrap samples from Up and Unp, respectively.
Construct LSWI(\ICF)Z2 from units whose Iy, = 1 in Sl(\ICP),J.

© and

Step 3: For each ¢ = 1,2,...,C, calculate the bootstrap two-phase weights 0,
bootstrap estimate 5 from <S£,C), Sl(\fP),J, 51(\10%,2)

Step 4: Apply the simulation-based variance estimator based on Step 3.

The remainder of this section discusses each step in detail. Steps 1 and 2 reproduce the
sampling design. Step 3 reproduces the estimation steps (estimation of selection probabilities
and calibration).

Step 1: Create Pseudo-populations Up and Unp

The weight is the number of duplications the sampled unit recreates in the pseudo-population.

e For each unit k& € Sp, we replicate | dy | times for the pseudo-population Up = {1,2,..., Np}

where Np = ;o [di].

e For each unit k € Syp,1, we replicate |@y;] times for the pseudo-population Uxp =

{1, 2, e ,NNP} where NNP = ZkGSNp,l L{Elsz .

If both sampling fractions of Sxp; and Sp are negligible, we can ignore fractional parts of
weights d;, and Wy, when creating Up and Uxp. Otherwise, we could complete the “fixed” part

of the pseudo-populations following Chen et al. (2019) and account for bootstrap randomness

14



induced by completing these pseudo-populations via Monte Carlo approximation.

Step 2: Draw Bootstrap Samples from Up and Unp

This step creates bootstrap probability samples and bootstrap non-probability Phase 1 and

Phase 2 samples.

e Creation of bootstrap probability sample: From Up, we draw B bootstrap sam-
ples according to the original sampling design of Sp. If the sampling design of Sp is
unavailable, we assume Poisson sampling (Beaumont and Patak, 2012). Under Poisson
sampling, each unit £ € Up is independently selected into a bootstrap sample with

inclusion probability d,;l.

e Creation of bootstrap non-probability Phase 1 sample: From Uyp, we draw B
bootstrap samples by Poisson sampling with inclusion probability of each unit k € Uxp

being 71y.

e Creation of bootstrap non-probability Phase 2 sample: From each Sl(\ff))’l, we
construct LS’I(\ICP),’2 from k € Sl(\ff),J whose I, = 1. Notice that we create a bootstrap
non-probability Phase 2 sample by retaining the respondents of 51(\%,1 with Iy, = 1,
instead of resampling Phase 2 respondents from the bootstrap Phase 1 sample. This
is analogous to treating I, fixed in the plug-in estimator \//a\rAlt@]. Unlike the vector
of first-phase sample selection indicators Iy being bootstrapped, every second-phase

sample selection indicator I, remains fixed in the PPB process.

Then, we pair up bootstrap samples from Up and those from Uyp into the set Q :=
{Q,...,Q¢} of size C = B? and Q, = (SP()C), Sl(\%l). In the end, we append Sl(\%z to €2, to
obtain the bootstrap samples <Sl(f), Sl(\%l, Sl(\fl)jg). For clarity, Steps 1 and 2 are illustrated

in the following example.
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Illustrative Example of Steps 1 and 2: Suppose the non-probability sample and the

probability sample are

Non-probability Sample Probability Sample

ID wy, m=1w wy Yy 1 x2 I ID d n=1/d =

1 24 1/24 20 - 4 - 0 1 17 1/17 d
2 36 1/3.6 14 20 7 3 1 2 23 1/23 6

To create Unp from the non-probability sample, we repeat the row with ID = 1 twice
(|2.4] = 2) and the row with ID = 2 three times (|3.6| = 3). As for Up, we duplicate the
row with ID = 1 once (|1.7] = 1) and the row with ID = 2 twice (|2.3] = 2) from the
probability sample. Note that the weights d; are treated as an intrinsic variable of Sp, so
that both d; and x1; are kept in the pseudo-population Up. The datasets for Uxp and Up

are as follows (the output of Step 1).

UNP UP

ID 731 /71\'1 = 1/1/171 U1 Yo T1 T2 ]2 1D d ™= 1/d T

1 24 1/24 20 - 4 -

o

1 1.7 1/17 5
1 24 1/24 20 - 4 - 0 2 23 1/23 6
2 36 1/36 14 2 7 3 1 2 23 1/23 6

2 36 1/3.6 14 20 7 3 1
2 36 1/3.6 14 20 7 3 1

To create bootstrap non-probability Phase 1 and probability samples, each row of Uxp and
Up are selected according to Poisson sampling. Selections into 51(\161)3,1 are based on the column
71 of Unp, and selections into Sl(f) are based on the column 7 of Up. Suppose the first, fourth
and fifth rows of Unp are selected, and this forms 51(\%1- At the same time, suppose the
first and second rows of Up are selected, and this forms Sl(f). Examples of 51(\%,1 and Sg:) are

shown below.
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S$h, Sy

ID Y1 Yo T1 X2 [2 1D d ™ = 1/d T

1 2 - 4 - 0 1 17 1/17 D
2 14 20 7 3 1 2 23 1/23 6

2 14 20 7 3 1

In the end, we create the bootstrap non-probability Phase 2 sample Sl(\fl)a , by selecting rows
of SNP1 with I, = 1. In the above example, blue rows correspond to SNP2 And this

concludes Step 2.

Step 3: Compute Bootstrap Weights and Estimates

This step is to compute bootstrap two-phase weights @;(C) and bootstrap estimates ?g(c) from

(S§C>,SNP1,S§P2) forc=1,2,...,C.

e Creation of bootstrap two-phase weight @;(C):

Based on (2) but applied to (Sl(f), 51(\?1)3,1a Sl(\f}))72>, we have:

E , Ty, = E dymi(x mlk)mlk
keSl(\ﬁi’l kesy)
, (14)
E T E o). (e T
Loy = 7T2(/6( )7 Il 7w2k)w2k
keSSh keS|

\

where I{C) is an Nyp-vector indicating Phase 1 selection based on SNP 1- Vectors of

estimated coefficients @@ and 8 from (14) lead to Phase 1 weights @§ and Phase

2 weights @;(C), respectively. In particular, we have @P = {@ﬁ) = m (a9 xy) "t

= {wzk = wm 7T2<:3 Il( ,xo) k€ SI(\ICI)3,2}'

[

ke SNPl} and 0,
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e Creation of bootstrap estimate ?’g@:

B = W yor. (15)

kESG

Step 4: Simulation-based Variance Estimator

Given bootstrap estimates %;(1), e ,?‘Q(C) from Step 3, the PPB version of the variance esti-

mator of ¢ is

C
——PPB 1
Var [tQ] = m Z

c=1

1 C 2
“~x(c x(c
c=1

Proposition 3. Under Assumptions A1 — A5 and regularity conditions C1 — C4 in the

—PPB
Appendix, and if 7y, and 7y (I;) assume the form of logistic regressions, Var  [f3] is a

consistent estimator of Var@], for a large number of B bootstrap samples.

Remark on other resampling-based methods: Our paper presents a pseudo-population
bootstrap (PPB)® method to estimate variance in a non-probability two-phase sampling de-
sign. Chen et al. (2020) use a with-replacement bootstrap in a non-probability single-phase
setup and show good results in simulations. Kim et al. (2006) also suggest a jackknife
method for two-phase probability sampling. Therefore, in the future, it would be interesting

to compare these methods to our PPB estimator.

3.3 Pseudo-Population Bootstrap for Estimating Variances of Other

Weighted Finite Population Parameters
When both models for m; and mo(Iy) are valid, Section 3.2 offers a detailed PPB procedure

to estimate the variance of weighted totals from non-calibrated Phase 2 weights w3. If, for

each bootstrap sample, we follow Section 2.2 to compute calibrated Phase 2 weights, PPB

6The PPB originates from Gross (1980) and has recently been extended to various complex sampling
designs by Wang et al. (2022).

18



can be used to estimate the variance of weighted totals from calibrated Phase 2 weights w3.
We can also use PPB for other weighted finite population parameters and complex statistics
presented in Section 2.3 (i.e., Hijek mean and median). In the next Section, we conduct a

series of simulation studies to support our suggested PPB approach.

4 Simulation Study

By simulation, this section showcases estimators for population totals, means and medians
from Section 2, as well as variance estimation methods from Section 3. We repeatedly draw
samples from a known finite population based on the mechanisms we set up. In total, we
conduct R = 12 000 repetitions. For population totals, from each repetition r =1,2,... , R,
we estimate population totals in two ways: (1) tAQ*(T) from the non-probability two-phase
weighting system without calibration and (2) %;(T) from the calibrated version. Then, we

evaluate the performance of 7,* and £, by

e the Monte Carlo relative biases (in percent):
R 2 x(r) R 7(r)

. 11, —t S A
%RB(t,") = —= 2t—2 X 100% and %RB(F) = > 2t—2 x 100%;

r=1 2 r=1 2

e the Monte Carlo relative efficiency:

. | R [0 2
~ MSEnc [t T2 b2 — _
RE(t,") = M:E—MC% X100 = 421 [[ - }L x 100 and RE(f,) = 100,
mc|t2 Ly g —¢
R r=1 %2 2

where MSEy¢ denotes the Monte Carlo mean squared error (MSE).

To assess the performance of variance estimators of ¢,", we compute the relative bias and

the coverage probability. In particular,
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e the Monte Carlo relative biases (in percent):

r _
%RB(Var [1,"]) == Z Var 7))~ Varyclfy] x 100%,

—1 VarMc [t2 ]
R —Alt
—Alt 1 Var  [t,*]™) — Varycl[ty']
%RB(Var [t,']) = — 2 21 % 100%,
2 R ; VarMc @*]
R ——PPB -~
1 t5*]") — Varyc[ty*
GRB(Var i) = 53~ (11" — Varielty'] 09,
R —1 VarMC @*]

where the Monte Carlo variance of £,* is

1
VarMc ﬁ;*] Z

r:l

1B 2
*(7“) § :"*(7’)
(R E )] .
r=1

e the Monte Carlo coverage probabilities (in percent):

R -
~ 1 x(r 7.
%CPY(t,") = EZI ty € (t2 ™)+ 1.96\/VarL@*]<r>)] x 100%,
r=1 -
1T ——Alt
%CPA(7,1) = EZI ty € (t;‘(” +1.96\/ Var @*](7‘))] x 100%,
r=1 -
1 R
%CPYPB (1) = EZI t2 € (2* +1.96\/Var [y )1 x 100%.
r=1

——PPB ~
Similarly, we also measure these Monte Carlo statistics for Var  [t5], estimated means and

their PPB variance estimators, and estimated medians and their PPB variance estimators.

4.1 Simulation Set-up

The finite population U = {1,2,..., N} for this simulation contains N = 20 000 population
units. Each population unit £ € U has survey variables y;; for Phase 1 and yox for Phase

2 and a set of auxiliary variables ayy, aor and ag,. The following regression models relate
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these two types of variables.

Y1 = 8004-aq,+5asr+10azp+€1x and yop = 204-a15+0.2a9,+0.5a3,+0.0025y1,+€9, for k € U,

where aip = yip(vik + vor), aox = YkVse + Yorvie and azp = Yor (Vo + v3k), Ve = uip <
0.29]uyy and o, = Ifugr, > 0.29] and vy, = Ifug, = 1]Exponential(1), ver, = Ifugr, =
2]Exponential(1/2) and vg, = 401 [ugr, = 3], uyx ~ lognormal(10,1)/100 000, ug follows a
discrete uniform distribution of {1,2,3}. As a note, the 60" percentile of u; is 0.29. Each
e1x is independently and identically (iid) distributed as Normal (0,300). Each ey is iid and
follow Normal (0,15). Errors in both phases (€1 and €g;) are mutually independent. Vari-
ances of €1, and ey are set to control the correlations between the study variable and its

linear predictor in Phases 1 and 2 to about 0.68 and 0.74, respectively.

In Phase 1, the non-probability sample Sxp ; is selected by Poisson sampling with the true
selection probability model 7y, = {1 + exp [— (71 + 0.08a1% + 0.05a9; + 0.05a3k)]}71. We use
m = —3.5 in m; to control the expected Phase 1 sampling fraction to be 5%. As for the
probability sample Sp, each population unit is selected according to the Bernoulli sampling

with a constant inclusion probability of 5%.

In Phase 2, we consider two different selection mechanisms 7o, (I;) under Poisson sam-
pling. In Scenario 1, the true moy (1) is {1 + exp [— (—0.2 + 0.25a1; + 0.05a, — 0.05a3;, + 0.00025y1k)]}_1.

In Scenario 2, the true mor (1) is {1 + exp [— (—1.5 + 100r1; + 10079, + 10073, + 100r4k)]}_1

where 7y, = alk’/ZjeU arjli;, Top = alk/ZjeUazjllj, rap = alk/ZjEUagjllj and ry =
[1kl/ > jer [9151 115 Scenarios 1 and 2 differ in whether Phase 2 selection depends on Phase
1 selection (Beaumont and Haziza, 2016). In Scenario 1 (invariance), Phase 2 selection is
independent of Phase 1 selection, while in Scenario 2 (non-invariance), Phase 2 selection de-

pends on Phase 1 selection. Across all R = 12 000 repetitions, the average Phase 2 response
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rate in Scenario 1 is around 35%. As for Scenario 2, around 25% of Phase 1 units respond

to Phase 2.

In each repetition of the simulation, we use auxiliary variables @1, = (a1, agg, asg) to
estimate parameters for m and @xor, = (aix, ask, ask, Y1) to estimate mo(I;). Under the
non-probability two-phase weighting with calibration, we use the known population size N
and population totals of auxiliary variables ay, as and a3 for the first-phase calibration,
where z1, = (1, aig, asg, azx). The calibration at the end of Phase 2 matches the four totals
from Phase 1 calibration and the estimated total of the Phase 1 study variable y;, where
Zor = (1, @1k, 2k, a3k, Y1x). In the end, we use B = 32 for the pseudo-population bootstrap,
equivalent to C = B? = 1 024 different pairs of bootstrap samples in each R = 12 000

repetitions.

4.2 Result and Discussion

Table 1 summarizes the simulation results for estimated totals, means and medians. As
expected, the biases of all these estimators are quite small across the two scenarios. In
terms of efficiency, we find that the mean squared errors (MSEs) are lower when using the
weighting system with calibration, as the calibration variables are correlated with y,. This
observation aligns with the findings of Sdrndal (2007). However, our improvement is based

on the non-probability two-phase setup.

Table 2 compares variance estimators from Section 3. A key observation is that all
variance estimators and the associated confidence intervals perform excellently. The biases
of the variance estimators are all small. The coverage probabilities of the 95% confidence
intervals are close to the nominal value. Among the three variance estimators of tA§, @L @]

— Al —PPB
has a smaller bias than Var [£3] and Var  [t5] across the two scenarios (Panel (A) of Table
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Table 1: Summary of Simulation Results, Estimated Totals, Means and Medians for Phase

2, Non-Probability Two-Phase Weighting without (w}) and with Calibration (ws)

Total Mean Median
Without With Without With Without With
Calibration Calibration Calibration Calibration Calibration Calibration
%RB RE %RB RE %RB RE %RB RE %RB RE %RB RE
Scenario 1: Invariance 0.04 343 0.01 100 -0.01 161 0.01 100 -0.44 115 -0.46 100
Scenario 2: Non-Invariance 0.07 427 0.01 100 0.01 251 0.01 100 -0.59 132 -0.65 100

Alt

_— —PPB
2). This observation is expected because Var [t5] and Var  [t5] have ignored the extra

sampling variability from the Phase 2 selection I5. In Panel (B) of Table 2, we focus solely

on the PPB variance estimators for mean and median. This is because we do not need to

derive the Taylor linearizations for mean, median and calibration adjustment. Once again,

these PPB variance estimators perform well: low biases and coverage probabilities near 95%.

Table 2: Summary of Simulation Results, Estimated Variances of Estimated Totals, Means
and Medians for Phase 2, Non-Probability Two-Phase Weighting without (wj}) and with

Calibration (ws)

Panel (A): Variance Estimation for Estimated Totals

Without Calibration With Calibration
—L —Al —PPB —PPB ~
Var [t3] Var t[%\;] Var [t3] Var [t2]
%RB  %CP %RB %CP %RB %CP %RB %CP
Scenario 1: Invariance -1.96  94.69 -2.56 9459 -3.45 94.67 -1.93 94.86
Scenario 2: Non-Invariance 3.97 9555 -4.81 9458 -4.03 94.66 -1.93 94.86
Panel (B): Pseudo-Population Bootstrap Variance Estimation for Means and Medians
Mean Median
Without With Without With
Calibration  Calibration  Calibration  Calibration
——PPB ——PPB ——PPB ——PPB
Var 5] Var [122] Var [m3 Var [m2]
%RB  %CP %RB %CP %RB %CP %RB %CP
Scenario 1: Invariance -2.44 9491 -1.93 9486 -0.87 94.62 -0.28 94.76
Scenario 2: Non-Invariance -5.24 9435 -1.93 94.86 0.04 95.42 2.35 95.55
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5 An Application to the 2020 November Cash Alter-
native Survey of the Bank of Canada

In this section, we apply our proposed method to the Bank of Canada 2020 November Cash
Alternative Survey (Chen et al., 2021). This survey is a non-probability two-phase sample,
which consists of a survey questionnaire (SQ) as Phase 1 (n; = 3,893) and a three-day diary
survey instrument (DSI) as Phase 2 (ny = 2,084). Key questions from Phase 1 address
respondents’ cash holdings and ownership of various payment instruments. Phase 2 is a
payment diary in which respondents record their purchase information (i.e., the payment
method used and the amount of each purchase) over three days. For the individual-level
probability sample, we chose the Canadian Perspectives Survey Series 5 (CPSS 5), adminis-
tered by Statistics Canada, for the following reasons. First, the CPSS sample (np = 3,961)
comes from rotation groups of the Labour Force Survey (LFS), a reliable social probability
survey. Second, CPSS 5 was collected from September 14, 2020, to September 20, 2020,
similar to our non-probability survey’s field operation period. In the end, both CPSS 5 and
the Bank of Canada 2020 November Cash Alternative Survey were conducted in the online

mode.”

We estimate the population cash volume share based on the Phase 2 cash and non-cash
transactions. For each k € Sxppa, let y5¢*" and yg,?“_C“h be the numbers of cash usage and
non-cash usage in the three-day diary, respectively. Thus, the estimated cash volume share

is the ratio of the total estimated cash usage to the total estimated transactions (the sum of

cash and non-cash transactions). The volume share of cash transactions can be computed

"Kim et al. (2021) discuss the importance of survey mode in explaining gaps between non-probability and
probability samples’ estimates.
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using either non-calibrated Phase 2 weights w3, from Section 2.1:

~x , cash
P Zkest WorYsar

2 "7 A~y cash non—cash\’
ZkeSNp,Q Wy, (Y™ + Yo, )

or calibrated Phase 2 weights ws from Section 2.2:

~ cash
~ ZkESNP’Q w2ky2k'

To = Z o ( cash+ non—cash)
keSxp.o W2k Yok Yo

Besides the estimated cash volume across the entire population, we also compute disaggre-
gated estimates for three age groups: the 18-34, the 35-54 and the 55+. Results of point

estimates and standard errors are reported in Table 3.

The following is a list of auxiliary variables @y, and x9;, used to estimate selection prob-
abilities m = m (a; x1x) and mor(I1) = m2(B; I1, T2 ), and calibration variables zy; for the

SQ (Phase 1) and zy, for the DSI (Phase 2):

e xy;: sex/gender, age group, household size, marital status, highest education attain-

ment and whether the respondent has shopped online during COVID-19;

® I, x1; plus Phase 1 variables, such as cash on hand and other cash holdings at three

age groups;
e zj;: population size, sex/gender and age group;

® zo.: zy; plus Phase 1 variables, such as cash on hand and other cash holdings at three

age groups.

The estimated overall cash volume share is 23.6 percent without using calibrated weights,
or 23.5 percent with calibrated weights. Estimates 7 and 75 at each age group are also close.
Consistent with Chen et al. (2021), people in each age group use cash to pay for at least 20

percent of their purchases. Similarly, older people use relatively more cash than the younger
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groups. For example, the cash volume share of the 55+ group estimated from uncalibrated

Phase 2 weights is 26.4 percent, about 5 percentage points higher than the 18-34 group.

Table 3: Cash Volume Share (percentage) Estimated from Non-Probability Two-Phase
Weighting without calibration (w}) and with Calibration (ws)

Cash Volume Share

Without With
Calibration Calibration
Overall 23.6 (1.17) 23.5 (1.17)
18-34 21.0 (2.75) 21.2 (2.69)
35-5H4 21.5 (2.05) 21.6 (2.03)
55+ 26.4 (1.70) 26.4 (1.69)

Note: The standard error of each estimate is in brackets. All of them are estimated from the PPB approach
outlined in Section 3.2 with B = 120 (C' = 14 400 pairs of bootstrap samples in total). We approximate the
multistage sampling of CPSS 5 with the Poisson sampling design to avoid computing second-order

inclusion probabilities.

In terms of estimating standard errors, we compute them via the PPB approach outlined
in Section 3.2. As we have discussed, the edge of the resampling PPB approach over analyti-
cal plug-in methods is that PPB is straightforward to apply. In particular, we do not need to
derive the Taylor linearizations of complex statistics, the Hajek mean and calibration adjust-
ment. The uncertainty for both weighting schemes is quite small, with standard errors less
than 3 percent. Such small standard errors indicate the stability of our estimates, which can
provide enough statistical power to detect differences between groups. In the end, we only
observe a slight efficiency gain from using the calibrated weights over the uncalibrated ones,
especially in the 18-34 age group. This slim difference suggests that future research should
explore other calibration variables (i.e., z; and z) more strongly related to the variables of

interest.
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6 Conclusion

We have discussed how to make statistical inferences for two-phase survey samples whose
weights for Phase 1 and (conditional) Phase 2 are unknown. The starting point is to use the
pseudo maximum likelihood method for weight estimation. Each unit’s weight is the inverse
of the selection probability estimated from this method. For Phase 1, we rely on auxiliary
variables from a probability sample for estimation. This leads to a weighting system parallel
to the empirical double expansion (EDE) used in probability sampling for totals. As for
variance estimation, our preferred way is a pseudo-population bootstrap (PPB) approach
from Sections 3.2 and 3.3. This method can account for the estimation of probabilities from

both phases as well as calibrations.

Our approach is the same as mainstream survey literature in that it assumes the selec-
tion mechanisms for both phases are ignorable (Assumption A1) (Little and Rubin, 2019).
However, it may be worthwhile to revisit this assumption. For instance, methods that do not
rely on this assumption can help address concerns about bias from unobserved confounders.

One such method is the sensitivity analysis proposed by Hartman and Huang (2024).

A Appendix

We use the same setup for asymptotics as Chen et al. (2020), which adapts the framework
from Isaki and Fuller (1982) for non-probability sampling. In this framework, there is a
sequence 7 of finite populations. Each population in this sequence has a Phase 1 non-
probability sample, a Phase 2 sample as a subsample of Phase 1 and a probability sample.
As the sequence 7 — oo, the population size and the sample sizes also approach infinity. In
this paper, we suppress the index 7 and use the notion N — oo to indicate this limiting

process.
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A.1 Regularity Conditions

Regularity conditions for Phase 1 come from Chen et al. (2020). Those for Phase 2 condi-

tional on Phase 1 come from Kim and Kim (2007).

C1: The population size N and the sample sizes ny := |Sxp.1], n2 := |Sxp2| and np =

p| satisty n; — 00, ng — 00 and N9 < Ny wit 1mn—€ ,1) an 1mn—€ , 1),
S isf dny < ith lim — €[0,1) and lim — € (0,1
N—oo IV N—o0

1
e C2: The finite population and the sampling design for Sp satisfy N Z drx1 —

keSp
1 ~1/2
Nzwlk = Op(np'"?).
keU
. o Ny,
e C3: There exists positive constants 7; and 7, such that 0 < » < < e,
n1

nl2—k(1><72311d0<71§
No dknP

0<m < < 7, for all units k.

1
e C4: The finite population and the selection probabilities satisfy N > wer Y3 = O(1),

1 1 1
2l = 0(1) and = " [lexll® = O(1). Both > mi(l = my)zyad, and
keU keU keU

1
i Z memor (1) (1 — mor (I1))@ora], are positive definite matrices.
keU

C2 assumes that first moments of auxiliary variables x5 from Sp and Syp; are asymp-
totically equivalent. C3 prevents extreme weights by restricting the probabilities of being
selected into Sxp,1, Sxp2 and Sp do not differ in terms of order of magnitude from simple
random sampling without replacement. C4 gives us finite moment conditions for valid Taylor

series expansions.

A.2 Proof for Theorem 1

For simplicity, we assume there is only one Phase 2 study variable. Suppose that nT :=
(e @™ BT|T where uy = to/N is the population mean of the Phase 2 study variable ys,
ty = Z Yok is the population total of 4o, ¢ is a g-vector of the true parameters of the propen-

keU
sity score model 7y, := 7 (a; 1) for Phase 1 with a g-vector of auxiliary variables @, and
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B is a r-vector of the true parameters of the propensity score model o (I7) := mor(3; I1, o)

with an r-vector of auxiliary variables xo. [ ,f is an indicator of selection into Sp.

Let 0 = (15 y, @, ,@) be the solution to the following system of estimating equations:

Z (Ilk]%LI - ,U2>
el 771k772k;( 1)
1
@n(n) - N Z([lkmlk - Illg)dk’]rlkmlk) = 0(1+q+7~)><1, (16)
keU
Z(IlkIka2k — Lymop (1) xay)
L keU i

where I} is an indicator of whether unit k € U is selected into Sp.

Under the joint randomization of the selection probability models for Phase 1 and (condi-

tional) Phase 2 and the sampling design of Sp, we have E[®,(n,)] = 0 because

[ 1 1. .
S [ (L2 | 1] )
keU Tk ok (1)
1
E[®,(no)] = Ep {E1[E2(Pn(n) | 1)} = N Z{wlkEl[Ilk] - Ep[I,f]dkwlkzclk}
keU
Z{El ([ Eo(Lox, | In)] g — Er[Lg)mor (1) @k }
L keU |
S 2 ) ) - -
keU Tk Mok (1) to — Npig ;
P
:i L1kT1k — Tr_’;)ﬂ'lkwlk} = 1 Z L1kT1k — Z T1xT1k _ o
N keU T N | kevu keU gx1
Z{WlkTer(Il)fvgk - WlkWQk(Il)ka} Z 7T1]€7T2k<1-1)w2k - Zﬂ'lkﬂ-Qlc(Il)ka 07"><1
keU L keU el ]
:0(1+q+r)><17

where 19 = (2, @, Bo) and the design weight di = 1/m} is the inverse of the inclusion

probability 7} . Consistency of the estimator 1 follows from Newey and McFadden (1994).
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Under regularity conditions C1 — C4, we have ®,(7) = 0 and ®,,(ny) = O,(n /%), By the
first-order Taylor series approximation of ®,(7) around 1, (Proposition 6.1.5 in Brockwell

(1991)), we have

7 — 1o = [0 (7)) P (10) + 0p (17 %) = [E(60(70))] 7 B (m0) + 0p(ny %), (17)

where ¢,(n) is the Jacobian matrix of ®,(n):

i Yoo 1= Yor, 1 —mop(l1) . 7
-1 =) Il xT =N I..TI A VS |
kez; 1k 2k7T2k: 1) — 1k kez; 1k 2k () ok
Pn(m) = % 0gx1 ka dpmip(1 — k)T 10T ], 0gsr
keU
07"><1 07”><q lekﬂ‘gk(Il)(l — 7T2k(I1))z2k$12-k

It follows that 15 y = pa + Oy(n

have

1_1/2) and hence t} = N5 n = ta + Op(N

keU

1_1/2). We

Var[] = [E(¢(70))] ™" - Var[@, ()] - {[E(@n ()]} + o(n7 ).
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Moreover,

-1 _Z(l — T1k) Y2k
keU
Bloum)] =+ [0t Y_mn(l = mi)eual
N keU
Orxl Orxq
) keU
-1
— T
{Elga(m)]} ' =N Ogx1 kzﬂlk(l ﬂ-lk)xlkxllc]
U
0T><1 07’><q

where b] = [N7' Y. (1 — m)yes];]| [N D ,cp mi(1 — )@y o

INT' Y e (1 = moi(I))yasly ) [N 712 ey mume (1) (1 — moi (1) )i -

cl =

Zﬂuﬂzk(h)(l — mor(I1))Zaxx ),

_Z(l — mok (11))yor®yy,

keU

0y and

—C%

qur

[kamk(h)(l — o (I1))Tor 3,

(18)

and

The following finds the total variance Var[®,,(n0)]. We can decompose ®,(n) := A; — A,

into two independent (1 + g + r)-vectors A; and As:

Z (IIkI%LI - Mz)
heU 7T1k7TQk< 1)
1 1
D,(n)=— Ly, - —
=7 | 2 =
Z([1kfzkw2k - [1k772k<11)w2k)
L keU i

0

Z ([:d;ﬂﬁkwlk) =: A1 - A2-
keU

Orxl

Because A; and A, are independent, we have Var[®,(n)] = Var[A,] + Var[A,]:

Vii Viz Vi
1
Var[A,] = Nz |Va Ve Vi and Var[A,]
Vi Vi Vi
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where D = Var, [ZkeU I ,5 dkmkxlk] is the design-based variance-covariance matrix under
the probability sampling design for the reference probability sample Sp. We derive each

element of the variance-covariance matrix Var[A;] as follows.

First, we derive matrices Vi1, Voo and Vi3 under assumptions Al — A4.

2
Y2k Yor
Vi = Lyply,————| = — 22k LT
11 = gj 1k 2k7le7T2k(Il>] ;] W%kﬂ-Qlc(Il)Q [ 1k 2k]
=Y (B, | 1))+ BVall | )}
keU ﬂ-lkﬂ-zk’( 1)
. {mie(1 = ) mor (1) + moeman(I1) (1 — mor (1)) }
Wlkﬂ-% Il 72, o (I1)?
—Z{l_ﬂlk 1—7T2k<I1):| y2
el Tk 7T1k7T2k(I1) 2k

where the second line comes from the law of total variance.

V=V Z [11@1311@] Z xxy, V(] = ka (1 = mup) T 1]y

LkeU keU keU

Vg =V Z (Liglogxor — Iigpmor (1) Ta)

LkeU

=FE |V (Z Lo (Iox — mop(Ih)

V Z ]1k$2k (]2k - 7T2k(11))]

keU
E, <Z I xor, (IQk - 7T2k(I1))

keU

+W

ST )

) I1>
(

= E Zjlk$2k$;k7r2k(11)(1 — ok Il))]
| keU

= Zﬂlkﬂzk(h)(l — mor(I1)) Tarxd,,
kel

where the second line comes from the law of total variance.
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For matrices Vip = V3], Vi3 = V]| and Vo3 = Vi), under assumptions Al — A4,

Via=C I 1 I = el (I Lok, T =
12 ov Z 1k 2k7T1k7T2k: )’ Z wilfle] me%(Il)ZCOV e lor, Tl ], = Vo)

LkeU e keU LeU

Vis = Cov Z hkl%ﬁ Z (Iyelopxop — f1e7T2£(I1)332£)] ,

T
| keU 2k teU

Y2k
= Z m Z (COV [[m]gk, [13125] — WQk(Il)COV [IlkIQk, [w]) m;e = ‘/35 and

C I Lo, Lipdop — 1 I
7T1k: 2k I1 Z OV 1k42k, L1042¢ 1e7T2£( 1)] 3325

Vo3 = Cov Z Ly, Z (Lirlokxor, — ]1k7r2k(11)a72k)] = Z T Z Cov L1y, (I1edae — Liymor(1h))] 2,

keU keU keU leu

= Zfbm Z (Cov [Tk, I1ed2s) — moe(I1)Cov L1y, [14]) 23, = V).

keU e

Note that we have

Cov[liklok, I1s) = ElLkloxt1e) — E[LikIok) E[11/]

E[[lkjgk](l — E[[lk]) = 7T1k7'('2k(I1)(1 — 7T1k) lf k‘ = €
meT1emo(d1) — Tpmmop(lh) = 0 if k# /¢

Cov[lixlok, Iielo)) = Ellklaglielo] — Ellglox| E[L1e1o0]

E[LIok] — B[ Iok)* = mipmoe (1) (1 — mypmor (L)) if k=4
meTremor (1) moe(Ih) — mymiemor (1) mae(I1) = 0 itk #/

where, by independence, Ea[loglop|I1] = mor(Iy)moe(Iy) for k # € and Ey [l 1] = mmye for k # (.
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It follows that

Vie=>_

Vis=>_

- Zﬁuﬂzk([l)
- Zﬁk?Tzk(Il)

Yok

pynt e (1)

Yok

ey 7T1k7T2k( 1)

Yok

keU
Yok

keU

keU

keU

Vog = vam (Cov [T, 1o — mo(I1)Cov L1y, L1x]) 2,

keU
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(COV [Iucfzk, IlkIZk] - 7T2k(11)COV [Ilk[2k> Ilk]) a:;k
(mimor (I1) (1 — migmag(I1)) — o (L) mmor (1) (1 — mig)) 3,

[mixman (1) — muman ()@l = > (1 — mo (1) )yarly, = Vi and

= Zwm [memor (1) (1 — 1) — muemor (1) (1 — mig)] 3, = Ogser = V3h.

keU

In summary,

\hlqul]
i 1—my  1—my(l)] ,
Z s * mumoe(Ih) | 7%
= 1k 162k (41
:% Z(l — k)T 1kY2%k
N keU
Z[l — Tor(I1)|T oYk
L keU
Also,
Var[®,,(n9)] = Var[A;] + Var[A]
i 1-— 1-— I
Z [ Tk 7T2k(I1))] W2,
oL T T2k (11
:% Z(l — T1k)T1kY2k
N2 ke
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| keU
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keU
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keU
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keU
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keU
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Therefore, the asymptotic variance for the linearized tAz is the first diagonal element of the

variance-covariance matrix Var[f] multiplied by N?%:

Var®[t5] = N*Var®[i; ]

_ Z {1 — Mk 1= 7T2k(11)] ya, — bl [Z(l - 7r1k)5131ky2k] —c; [Z[l - 7r2k<11)]w2’fy2’“]

keu L Tk 7k (1) keU keU
— b{ [Z(l — Wlk)ygkmlk + b{ Z [7T1k(1 — Wlk)mlka:{k] —+ .D b1
keU kel
+ ¢} Z[l — o (1) |23 Y2k + € Z Tk (L1)[1 — 772k(I1>]x2kx£k] C2
kel kel
= (1= m)yan (ﬁ - beIflk) + ) (1= mor(Ty)) (% - C;m%)
keU Tk Py T2 (41
+ ) 11 = 7o)l (rsm ] by — yoe],)] + b1 Dby
kel
+ > (1= mor(D) el (@], + miamar (1) Torw],c2)]
kel
2 11— bl 1— bl
_ Z {(1 _ 7T1k)7T1ky—22k . ( T1k) T1kYorbl T1x + (1 — mp)mblza] by — ( T1x) T1rYox bl T,
kel Tk Tk Tk
n Z {(1 B W%(Il))wlgﬂ%(h)yz%k (= () mugmor (1) yor el @an
P Tk (11) Tk (11)

(1 = mop (1)) mrmor (11 Yor €y Tk
7T1k7T2k(Il)

—|—(1 — 7T2k(Il))Wlkﬂgk(Il)nggkw;kCQ — + b.{Dbl

Finally, we have

2
Var'[t5] = Z(l — k) Tk (% - wauc) + b] Db,

keU 1k

+ 3 (1 — mo (1) ymon (L) (% - cgm2k>2 ,

T1ETT
keU 1k 12k

where b{ = [N_l ZiEU(l — Wli)yziw-{i} [N_l EiEU 7Tli<1 — 7T1i>w1¢$.{i] _1, D= Varp [ZieSp dﬂruwu}
and C12- = [Nil ZiEU(l — 7721(11))92@;1} [Nil ZiEU 77-11'7-[-27;(1—1)(1 — ng(Il))aZziIL';i] 71.
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As anote, to obtain the asymptotic variance for 113 1= > ) g = Wy Yar/ Y pesnp, Wor, WE
can modify the first element in (16) from Z ([UJ%L — ,ug) to Z ([Mf%M) )
heU miemar(11) ey miemar(11)
Following the same procedure, we can obtain the asymptotic variance for 15 by replacing

every o, in Var” @] with o, — p2, and then multiply by 1/N2.

A.3 Proof of Proposition 2

The proof for Proposition 2 comes from the first-order Taylor series expansion of tA§ around
(a, B), which essentially adapts the suggested “cookbook” approach from Beaumont et al.
(2015) for our setup with unknown Phase 1 and (conditional) Phase 2 inclusion probabilities.
The “cookbook” consists of the following steps: (i) linearize £ through a first-order Taylor
expansion; (ii) express all sums over Syxpo as sums over Sxpi; and (iii) treat Io,, 71 and
Tor(I1) as fixed and estimate the first-phase variance based on the Poisson sampling with

T1k-
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Step 1: Linearize tAg through a first-order Taylor expansion

By Equation (17) and &3 = N7 v,

%: Z Y2k

KCSmps TTok(11)
1 1-myp 1~ ] [ 1 1 —mop(l1) 2 “1/2
= — = T (a—«a — T — + 0,(Nn
N Z [mk Tk 1 ) mor(11) mor(11) 2x(8 = B)| v+ 0p(Nmy )
€SNP,2
Yok 1 —my 1A
= 7| T 7 Y2k (a - a)
LegN:m 7le772k(11):| Legp;p,z Tk (11) 1k]
1 — mop(Ih ~ ~1/2
S|y el e (B8 + o)
o mukmak (1)
NP,2
1
Y2k 1- T1k T T
= — | - Y2 T k(1 — Ti) T1kT
ke%;),g T2k (1) kegl\l:Pj T2k (11) 1k [g[:} lk]
[Z (Lkery, — I;Edkﬂmmm)]
keU
-1
1 —mor(I
- > wyzkiﬁ;k > mkmar(I) (1 = o (In)) Topa], > (Ll — Tigmor(In)@ox)
oo mkmak(l) h
NP,2 eU keU
+0p(Nny %)
-1
= > #’cu) - [Z(l - ﬂ'lk)y%z{k] [ZMk(l - Wlk)mlkx.lrk] [Z (hrzir — I;Edkﬂlkwlk)]
k‘GSNpQ 172k 1 keU keU keU

1
- [Z(l - m(h))y%w;k] [Z?ﬁkmk(h)(l - WQk(Il))kax;k] [Z (LigIopor, — Ilk7T2k(Il)w2k:)]

keU keU keU

+ 0p(Nny /%)

— Z B b] { [Z (hrxir — I,fdkmkwlk)] } -} { [Z (I lopxor — Ilk7r2k(I1)w2k)] }

keSnp 2 ek (I1) keU kel
+0p(Nn?)
Y2k
N Z muemos(l) | of Z 1| +bf Z dpmirTik | — € Z Loy | + ¢} Z ok (I1) oy,
kGSNP,Z k’ESNpJ keSp k’ESNp’l k‘ESNp,l

+ op(Nny M),
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where we replace (& — ) and (B — ) with the first-order approximation of ®,(n) around 7 in

(18).

Step 2: Express all sums over Snxp2 as sums over Snp

1 I kY2k 1/2
t5 = Z Tk ( S mikbl 1k — T lopciToy + Cgﬂzk(h)m%> ol Z demipii | +op(Nny ”)
oo ™k \mar(l1) k
] e €Sp
1 1/2
— Z —ay | + b] Z demikig | + op(Nny %),
_kESNp,l 1k keSp
where
_ Yorlok

T T T
= — mikby Tk — Tiploncy Tak + mipmor (1) c3 Tor
mor(11)

This concludes the proof of Part (i) in Proposition 2.

Under Assumptions A1l — A4, we define

1 1 -
Var (53] := (Z 2a§Var[Ilk]> +b]Db; = (Z mai) + b] Db;. (19)

T T
keU "1k keU 1k

Step 3: Treat Iy, m and mo(I;) as fixed and estimate the first-phase variance
based on the Poisson sampling with 7y,

Therefore, a consistent estimator for Var*[z5] is

—Alt — o~~~
Var [G3]=| ) — - | +b[Dbr.

Following Section 2.1 of Beaumont et al. (2015) with the Poisson sampling at the second phase (our
Assumptions A1-A5) and the consistency of /51, ¢y, m and mo(I), we have Var B Var| t* =

0p(N?n ) + O(n1/N). This concludes the proof of Part (ii) in Proposition 2.
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A.4 Proof of Proposition 3

The proof in this subsection shows the validity of the pseudo-population bootstrap (PPB) approach
—PPB
for variance estimation in Section 3.2. Specifically, the goal is to show that Var @"} is consistent

for Var[tj] if the sampling fractions ny /N and n,/N are negligible.

Let p{) and 1) denote the bootstrap sampling mechanisms that lead to S}()C) and Sl(\fl)a, c =

., C, respectively. From (19), we have

—PPB

E By [Var @]} = Var®'[} | Uxp, Up] +0(N(~)2ng)*1)

0
1-71) ¢ . . )
= S0 ) 4+ b0TDOBY) 1 o(N 2,

keUnp Tk

where E,) and E;() denote the expectation with respect to mechanisms p() and 10), respectively.
775127 a,g'), bg’), D) and ng) are defined the same way as their counterparts without the superscript
(), but under pseudo-populations Uxp and Up. N () is the maximum of Np and Nyp. The first

term is

keUnp Trlk keSNP 1 Trlk
)
~1 )-1 gl 2
= > - e ey
kGSNP,l ﬂ—lk
()-11— m 202
Z Tk Ay
k’ESNp1 Trlk‘

The assumption of a negligible n; /N justifies the above approximation. Intuitively, if the Phase 1
sampling fraction is negligible, the number of population units a sampled unit represents is large,
and hence, the weight attached to the sampled unit is large. Therefore, the fractional part of the

weight is negligible compared with the integer part of the weight. Indeed, for every k, the mag-

()-1 ()-1
- : () (-1 ()-1 (-1 . T T
nitude of the fractional part of m,, (7, = — [m; "|), to my, ~ is of order 1k 7T(~)—11k
. 1k
1 ' N
L —o|lX_ ) -0 (ﬂ>, where the first equality comes from the fact that 7r§,2 -
O(N(.)/ng')) NGO N
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Lﬂg'lgflj is a fraction and condition C3. It can be shown that NN)=! =1+ 0,(1) + O(ny/N) and
nln(')_l =1+ 0p(1) + O(n1/N). Therefore, the fractional part of 775)_1 is negligible if ny /N is

negligible.

It can also be shown that a,g) —ay = o0p(1) +O(n1/N), bg') — b1 =0,(1)+0O(n1/N), cg) —cy =
0,(1) + O(n1/N) and D) — D = 0,(1) + O(np/N) when n1/N and np/N are negligible. We also

have 7T§]2 = 7. Therefore, we have

E [@PPB@}} = Var[ty] + o(N?*n; 1) + O(n1/N) + O(np/N),

where the equality comes from Proposition 2, following Equation (A.30) in Chen et al. (2019).

PPB

Therefore, we have Var [t5] consistent for Var[ts], if ny/N and np/N are negligible. This con-

cludes the proof for Proposition 3.
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Data Availability Statement

The paper uses data from the Bank of Canada 2020 November 2020 Cash Alternative Survey.
Requests related to the Bank of Canada 2020 November 2020 Cash Alternative Survey can be
directed to the Bank of Canada’s Data Statistics Office Meta Data Repository (MEDR) email
address: medrsa@ bankofcanada.ca. In addition, we have prepared detailed replication file that
consists of R programs that were used for this manuscript. The programs can be requested from the
Bank of Canada’s Data Statistics Office Meta Data Repository (MEDR) email address: medrsa@

bankofcanada.ca.
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