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Abstract

In this paper, we estimate the distribution of future inflation and growth in real gross
domestic product (GDP) for the Canadian economy at a daily frequency. To do this, we model
the conditional moments (mean, variance, skewness and kurtosis) of inflation and GDP
growth as moving averages of economic and financial conditions. Then, we translate the
conditional moments into conditional distributions using a flexible parametric distribution
known as the skewed generalized error distribution. We show that the probabilities of
inflation and GDP growth derived from the conditional distributions accurately reflect realized
outcomes during the sample period from 2002 to 2022. Our methodology offers daily-
frequency forecasts with flexible forecasting horizons. This is highly useful in an environment

of elevated uncertainty surrounding the inflation and growth outlook.

Topics: Econometric and statistical methods; Business fluctuations and cycles
JEL codes: C32, C58, E44, G17

Résumé

Dans cette étude, nous estimons la distribution quotidienne de l'inflation et de la croissance
du produit intérieur brut (PIB) réel futures au sein de I'économie canadienne. Pour ce faire,
nous modélisons les moments conditionnels (moyenne, variance, asymétrie et aplatissement)
de l'inflation et de la croissance du PIB comme des moyennes mobiles des conditions
économiques et financiéres. Ensuite, nous traduisons les moments conditionnels en
distributions conditionnelles a I'aide d'une distribution paramétrique souple connue sous le
nom de distribution d’erreurs généralisée asymétrique. Nous montrons que les probabilités
d'inflation et de croissance du PIB calculées a partir des distributions conditionnelles refletent
fidélement les résultats obtenus au cours de la période de 2002 a 2022. Notre méthodologie
procure des prévisions quotidiennes sur des horizons variables, ce qui est trés utile dans un

contexte de forte incertitude entourant les perspectives d'inflation et de croissance.

Sujets : Méthodes économétriques et statistiques, Cycles et fluctuations économiques
Codes JEL : C32, C58, E44, G17



Introduction

Economic forecasts such as for inflation and growth in gross domestic product (GDP) are typically
provided in point estimates. This is in part because point estimates are simple and provide a useful
reference point for communicating how macroeconomic risks have evolved. However, they start to lose
their value when the outlook becomes highly uncertain or the potential for tail risks becomes significant.
This was the main reason why the Bank of Canada decided not to provide a projection at the onset of
the COVID-19 pandemic but instead focused on assessing the overall economic impact of the pandemic
for Canada and identifying the channels through which it is likely to affect the economy. Any forecasts
provided at the time would have been meaningless given the unprecedented nature of the shock and
the wide range of possible macroeconomic outcomes.

Policy-makers and financial market participants have long been concerned about tail risks in
macroeconomic outcomes. Over the past two decades, two notable tail risk events have challenged our
understanding of inflation. Following the 2008—09 global financial crisis (GFC), macroeconomic models
tended to overestimate the recovery in inflation, whereas they underestimated the persistence in
inflation following the pandemic. This is because the conditional mean of any model may fail to
adequately capture the outlook in the presence of tail risks, particularly those of significant magnitude.
Indeed, this “inflation puzzle” is better explained when models take into accounts tail risks, or higher
moments of the distribution (Lopez-Salido and Loria 2020).

Evidently, tail risks can have a profound impact on the economy and asset prices across sectors, either
directly or indirectly, through shifts in interest rate expectations. Therefore, better understanding and
managing tail risks have become imperative for policy-makers and investors alike. Some surveys (e.g.,
the Blue Chip Economic Indicators and market participant surveys of several central banks, including the
Bank of Canada) provide a useful way to quantify tail risks by collecting respondents’ beliefs regarding
the probability distribution around the point forecast. However, the low frequency of these surveys
constrains their usefulness, particularly in fast-changing environments.

In this paper, we estimate the full distribution of future inflation and real GDP growth for the Canadian
economy as a function of economic and financial conditions at a daily frequency. Our methodology
includes three steps. First, we individually model the four moments (mean, variance, skewness and
kurtosis) of inflation and GDP growth as moving averages of economic and financial news and
expectations. This step is rooted in the principle that economic agents update their expectations only
when new information becomes available. Examples of economic and financial news include key
macroeconomic data releases such as inflation and GDP growth and well-known financial variables such
as the yield curve and stock market index, all of which have a natural linkage to future inflation and GDP
growth. Second, we construct conditional distributions using a flexible parametric distribution known as
the skewed generalized error distribution (SGED) with four parameters that correspond to the four
moments obtained from the first step. Finally, we estimate the marginal probability of risks based on the
probability density function obtained from the second step. We also estimate the copula and examine
the joint probability of inflation and GDP growth outcomes, a highly pertinent aspect in the post-
pandemic era.

Our estimates of tail risks in inflation and GDP growth accurately capture key events in our sample
period from 2002. During both the GFC and the pandemic, the 12-month-ahead probability of inflation



falling in the Bank of Canada target range of 1% to 3% drops to near zero while the recession probability
soars to near 100%. The model also correctly estimates the low probability of a recession during the
euro debt crisis and the oil price shock when Canada narrowly avoided a recession. Our findings also
show that stagflation risk (i.e., the risk of both high inflation and a recession), which was negligible
throughout most of the sample period, rose significantly in 2022 due to a combination of tighter
monetary policy and financial conditions.

Our methodology is, in principle, similar to quantile regressions, which are more commonly used in the
literature to model conditional distributions (Adrian, Boyarchenko and Giannone 2019 and Lopez-Salido
and Loria 2020). Whereas quantile regressions model the relationship to percentiles of a target variable,
we model the relationship to moments of a target variable. Otherwise, both methods should lead to
similar findings on quantifying the balance of risks around macroeconomic forecasts. We cannot use
guantile regressions, however, because the sample period in our analysis is limited by the lack of
available data in our covariates.

Our paper makes important contributions to the literature in two key ways. First, our methodology
stands out as one of the first to generate conditional distributions at a daily frequency. By contrast, most
if not all existing methods in the literature are restricted to quarterly, or at best, monthly frequency. The
second contribution of our paper lies in its ability to link conditional distributions across various
forecasting horizons. To our knowledge, this area of research has remained relatively unexplored due to
its complexities. We anticipate that these two features will prove valuable to policy-makers and market
participants alike.

The rest of this paper is organized as follows. Section 1 presents the descriptions of Canadian inflation
and GDP growth and provides the motivation for a flexible parametric distribution. Section 2 describes
this distribution and our modelling framework to forecast future distributions. Section 3 discusses the
choice of covariates and treatment of outliers. The empirical results are presented in section 4, where
we show our parameter estimates and examine the goodness of fit. Section 5 concludes.

1. Overview of Canadian inflation and GDP growth

In this section, we analyze the distributions of realized year-over-year (y-o-y) inflation and y-o-y real GDP
growth in Canada. We focus on the sample period since 2000 due to the availability of data for market
expectations of economic variables, which are needed to calculate the unexpected component of data
releases (i.e., economic news). Chart 1 shows the distributions of inflation and GDP growth from 2000 to
2019. The distribution of realized inflation in Canada is a near-perfect symmetric distribution around 2%
during this sample period. This is not surprising given that the Bank of Canada has been operating under
an inflation-targeting framework since 1991. The framework aims to keep inflation at the 2% midpoint
of a target range of 1% to 3%. The distribution of realized GDP growth in Canada is also symmetric but
exhibits mild skewness to the left (i.e., negatively skewed). This means that the mass of the GDP
distribution is more concentrated on growth above the mean of 3% with relatively less occurrence of
growth below the mean of 3% (e.g., during the GFC).



Chart 1: Distribution of inflation and GDP growth before COVID-19, year-over-year (2000-19)
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Chart 2 shows how the higher moments of the distribution change when we expand the period by just
three years, from 2000 to 2022, reflecting the significance of the pandemic. The distribution of inflation
becomes more skewed to the right (i.e., positively skewed) due to the historically high inflation seen
since the start of the pandemic. In contrast, the distribution of GDP growth becomes more skewed to
the left due to extreme negative growth episodes seen during the pandemic. The kurtosis, which
measures the thickness of tails of the distribution, increases for both inflation and GDP growth given the

extreme realizations during the pandemic.

Chart 2: Realized distribution of inflation and GDP growth, year-over-year, full sample (2000-22)
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To better visualize the changing properties of distributions, we show the rolling-window moments of
inflation and GDP growth. We use different rolling windows suitable for each moment. For instance, a
shorter rolling window (e.g., three months) is more suitable for the mean of the distribution, while a
longer rolling window (e.g., 20 years) is required for the third and fourth moments to better capture the
asymmetry and the tails of the distribution. Chart 3 shows the three-month and the two-year rolling
windows for the mean and variance, respectively, of the distributions of inflation and GDP growth. For
most of the sample period, the rolling mean for inflation fluctuates around 2%, consistent with the
Bank’s inflation target. Moreover, its rolling standard deviation stays close to 0 except for during crisis
episodes (e.g., the burst in the dot-com bubble in 2000, the GFC and the pandemic). After March 2020,
both the rolling mean and variance spiked to their highest values in the sample period, reflecting the
initial drop and the subsequent sharp increase in inflation. The three-month rolling mean of GDP growth
is mostly positive, diving below zero only during the GFC and the pandemic.' The two-year rolling
variance is relatively stable except for substantial spikes around the GFC and the pandemic.

Chart 3: Rolling windows for the mean and variance of the distributions of inflation and GDP growth
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Chart 4 shows the 20-year rolling window for skewness and kurtosis of the distributions of inflation and
GDP growth. The rolling skewness of the inflation distribution is slightly positive and stable for the
majority of the sample, with a few leaps around 2008 and 2020. The value of the rolling kurtosis is stable
for most of the sample, with a couple of significant spikes (the GFC and the pandemic). These two
moments show that the distribution of inflation was close to a normal distribution before the pandemic,
with a skewness value close to 0 and a kurtosis value close to 3. Historically high inflation after the start
of the pandemic led to a surge in the rolling skewness. Similarly, the kurtosis spiked because more of the
variance is caused by these high values of inflation.

! While negative growth rates occurred in quarter-over-quarter terms in the first half of 2015, this did not occur in
the three-month rolling mean of growth in year-over-year terms.



The rolling skewness of the GDP distribution is negative throughout the sample period. Before the GFC,
the skewness was only slightly negative. However, the distribution became more negatively skewed
following the GFC, reflecting large negative growth rates followed by relatively small positive growth
rates during the recovery phase. A similar pattern can be observed around the pandemic, with the
distribution displaying increased negative skewness. The rolling kurtosis of the GDP distribution is also
characterized by three distinct periods that switched during the GFC and the pandemic. Before the GFC,
the kurtosis was relatively low and stable. Then, the level of rolling kurtosis shifted up twice, once after
the GFC and again after the pandemic.

Chart 4: Rolling windows for the skewness and kurtosis of the distributions of inflation and GDP
growth
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These observed variations in skewness and kurtosis highlight the presence of pronounced asymmetry in
the distributions of inflation and GDP growth. As such, modelling them as normal distributions would
introduce significant biases, which can lead to inaccurate risk assessments. This warrants a more
sophisticated modelling technique that can account for time-varying asymmetry in the distributions of
inflation and GDP growth. By doing so, we can obtain a more comprehensive understanding of the
potential risks and uncertainties in the economy.

2. Modelling framework
We rely on a flexible parametric distribution known as the skewed generalized error distribution (SGED).
The SGED density function ft(T) has four parameters that conveniently correspond to the first four

moments: mean ugr), variance at(r), skewness stmand kurtosis kgr).

Formally, we have:

(7)
s - . . .
Zpog = ”;Tslt, where the density of z;,; is given by:
t



far @ = CVexp <_ |z + 67 G /[1+sign(z+87) 27 (gt(r))"?)>

¢ = (n/20°)r (1)

o =1 (1) v (3m) " (57)”

-1
57 = 22840 (B)

BO = [143(20) 4 (a®)’ (1)

A9 = 1 (2/m)r (1m) 1 (3m@) ",

where I'(.) denotes the gamma function. The scaling parameters ng  and A( D are subject to n( 2

and-1<2AP <1,

This density function nests a large set of conventional densities. For example, when Agﬂ =0, we have the
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generalized error distribution, as in Nelson (1991); when A(T) =0andn; ’ =2, we have the standard

normal dlstrlbutlon, when A(T) @ _

A(T)

O0andn; " =1, we have the double-exponential distribution; and when

0 and r) = oo, we have the uniform distribution on the interval [—\/§,\/§]. The parameter ngf)
controls the height and the tails of the density function, and the skewness parameter Agf) controls the
rate of descent of the density around the mode (—6t(T)).

The third and fourth moments are defined as:
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In practice, after estimating st(T) and kgr), we can solve the above two equations numerically with two

unknown parameters to find Agﬂ and ngﬂ. Finally, we can plug the two parameters and the first two
moments into the SGED formula to derive a density function at a monthly (data release) frequency.

For example, using the rolling window moments of inflation and GDP growth from Chart 3 and Chart 4,

Chart 5 shows the density functions for inflation ft(T) () and GDP growth ft(r) (g) at the beginning and
end of 2022. The inflation distribution shifted to the right with a fatter tail, reflecting increased upside
risks to inflation over the year. In contrast, the GDP growth distribution shifted to the left, indicating an
increase in downside risks to growth.

Chart 5: Change in inflation and GDP growth distributions over 2022
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The density functions shown so far are backward-looking and thus are not informative of future
economic outcomes. In order to measure and quantify risks to the economic outlook, we specify a
parametric framework to model future moments of macroeconomic variables (t + t) conditional on the
information available at time t. Since the SGED is characterized by its moments, the conditional density
of future macroeconomic variables can be obtained from estimating their conditional moments. Then,
we can use the conditional density to quantify the risks to the outlook.

2.1. Dynamics of the conditional moments

Our modelling framework for conditional moments is rooted in the principle that economic agents’
perceptions of future economic outcomes are updated only with new information. For instance, if there
is no new information today, the expectation of future moments of macroeconomic variables is simply
the expectation from yesterday. If there is new information today, the expectation of future moments
would build on yesterday’s to form a new expectation. We apply this framework to all four moments of
inflation and GDP growth.



We denote the four moments of inflation (m, ;) as follows:

e  First moment ,ugf) = E¢[m;47]; time t expectation of future 7y, ;.

2
e Second moment at(r) = \/Et [(ntﬂ - ng)) ]; time t expectation of volatility in future m; .

€2 _ Et [(”t+r_ﬂgt))3]

e Third moment by s, ( (T))3 ; time t expectation of asymmetry in the distribution of
Ot

future ;.

[(rere=r)']

E¢
e  Fourth moment by kgr) = ( (T))4 ; time t expectation of tails in the distribution of future
Ot

Ty

We model each moment as functions of macroeconomic and financial variables. More specifically, we
use their market expectations, E;, and their news component, News;. More details on how they are
measured are discussed in section 3. For illustrative purposes, we show only the dynamic for the first

moment.
The first moment ,ugr) can be expressed as the sum of two components: (1) a long-run component
denoted by p; and (2) a mean-reverting short-run component ﬁgr):

w” = i+ ()

The long-run component is driven by expectations E;:
ti = ui—1 +Ye(Ee — Ec4[Ec]),
where
EeqlyeEel = A= Blui-1 —w
and 0 < B, < 1.
Then, combining the last two equations implies that:
e = @ + Bepte—q + VeEe.
The short-run component is driven by News;:
17 = Bait”

fl f: 21 + YnoNews,,

where 0 < B, < 1.



Finally, we can rewrite both components of ,ugr) as follows:

ui = Y5208 (w + veEe—j) (2)

~(7) _ vt-1pJ

llt — 4j=0 n(yrll,r NeWSt—j) (3)
Therefore, u; is simply a moving average of current and past expectations and ﬁgr) is a moving average
of current and past news. It is clear from these expressions that the expectation of the first moment
converges to its long-run component after a sufficiently long period of no (or offsetting) news.

The news beta (£3,,) gives the relative weight of news between two consecutive days. Our estimates of
By, are all between 0 and 1. This implies that the model gives more weight to the most recent
information, and the relative importance of past news decays exponentially with the gap between the
date at which the forecast is done and the date of the release of that past news. The higher the beta,
the more persistent the news information content in shaping the inflation outlook. Similarly, the
expectations beta (5, ) gives the relative weight of expectations between two consecutive days.

Gamma helps us understand and interpret the dynamics of the estimated conditional moments. The
news gamma (y;,) is a vector of parameters that has the same size as the sets of news X. The news
gamma serves two purposes. First, it enables us to collapse the sets of multivariate news News; to only
one scalar y, News;, which can be interpreted as the best combination of news that is relevant for
forecasting a particular characteristic of the distribution. Second, as the sets of news are standardized,
different components of y convey useful information about the relative importance of each set of news.
The expectations gamma (), ) plays a similar role as y,,. It allows us to weight different expectations
components and form the expectations indicator (y,E;) that is the most relevant for forecasting a
particular characteristic of the distribution.

2.2. Linking moments across horizons

A common problem faced in quantile regressions, or forecasting exercises in general, is a fixed
forecasting window, which poses a challenge for policy-makers. This is because updated forecasts of the
model are not directly comparable with their previous forecasts because each data point covers a
different forecasting period. For example, if a three-month forecasting model is updated in January and
February, the January data point will cover the sample period from January to April and the February
data point will cover the sample period from February to May. Therefore, a change in estimates from
January to February cannot be solely attributed to a change in the underlying macroeconomic
conditions. One possible solution to this problem is estimating multiple regressions with different
forecasting horizons. Using the earlier example, one can estimate a three-month model in January and
subsequently a two-month model in February to have both models provide a forecast for the month of
April. However, the results are again not directly comparable since each forecasting horizon will have a
unique set of parameters.

Fortunately, our specification allows us to link moments across different forecasting horizons and share
one common set of parameters. Given that news typically averages out to 0 (E;_;[News;] = 0), we can
easily establish that:

=+ B (™ - pp). (4)



This implies that the same set of parameters allows us to compute the moments (and hence the
distribution) of the variable of interest at any given horizon. To see that, let us assume that our dynamic
is true for horizon 1, that is:

1 «, ~(
Mg)—#t'*'lig)-

We have E;_4 [ (1)] ,Bnﬁg )1 and E;_q [uf] = pui—1, implying that:

#gﬂ = E[me4] = Ey [Et+r—1[7Tt+r]] = E; [Ilg)fq] =E; I:.u;+‘r—1 + ﬁg?fq] pe+ Bt (1)-

(™ _

Hence ;" = pui + Bt ( 1 ,ut) which is equivalent to:

D = g+ B (™ - ) - (5)

The same dynamic applies to all three other moments, as shown below:

p = g+ g7 50 = B, AT+ News, Ve s i = @y + Buetioy + E¥E 1P = pp + L0 w0 — )
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(T0) ( ) ~( ) ~( ) s * (7o) *
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R =0+ R R = Bkl News Vg, s ki = wp + Bekio + BvE RO = ki + B (R — k)

2
where we set .7 = ( t(T)) and kP = (kgf)) to ensure the positivity of the second and fourth

moments.

To link the moments across horizons, we need to specify the number of horizons we want to link them
with. By increasing the number of horizons, the model can better address the issue of over-
parametrization, but this comes at the cost of a lower goodness of fit. Although there is no objective
criterion to determine the optimal number of horizons, we choose to include four horizons (i.e., 3, 6,9
and 12 months) in our analysis because the trade-off appears significant beyond that threshold.

2.3. Parameter estimation

We estimate the parameters (beta, gamma and omega) for each conditional moment dynamic
independently. This is a robust approach because it prevents a given moment misspecification from
affecting the estimation of other moments. The alternative is the maximum likelihood estimation (MLE)
method where the parameters of all four moments dynamics are estimated jointly. While the MLE is
more efficient in principle, it entails greater computational burden, which will likely lead to a local
optimum. Our methodology mitigates this burden by estimating one moment at a time.

First, we compute the realized moments simply as rolling sample mean, variance, skewness and kurtosis.

e The realized mean is RM, = (Xf_;_ Tt 17)/ T
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e The realized variance is RV, = \/(ZIZ:t—Tv+1(T[u — RM,)?)/T,.

(Zu t— T5+1(7Tu RM;)3 )/Ts
RV{

e The realized skewness is RS; =

(Zu t— Tk+1(”u_RMt) )/Tk

e The realized kurtosis is RK; =

RVY
Next, we denote that the conditional moments ,ugr), at(T) (T)and k( ) are time t forecasts of future

realized moments, or formally:
@ = B [RMyyr]; 0 = E[RVirl; s = E[RS;4); kS = E,[RK,
#t - t[ t+r], O-t - t[ t+'r]a St - t[ t+T]J t - t[ t+T]-

To estimate the parameters, we minimize the gap between the conditional moments yg ), at(r) (T)and

kET) and the associated realized moments RM;, ;, RV¢., RSt and RK; . ;:

{rgu,n; ]7#,10; Wy Byes Ve }

J-1 (T-7j

)
=arg , min Z z RMiir. — 1L @
Bun; Yn 10 @uiBues Ye T ‘ )

+z (Et (1 By, e i1 — ))2

3 .50 .~ .p oo
{Boni Pieys @i Boei 77}

J-1 (T-7j
. TN)?
=arg min RVipr. —o,’
BoniVhty@aiBa,eVs tj t
o intgy erle = l=1

+ ET: (Et'Ve" - ((1 = Boe)oi-1 = w"))z
t=1

B .55 AL .S
{Bs,n' Vn,‘ro' Wg; ﬂs,e' Ye }

J-1 (T-7j
. @N\?
=ar min (RS . — S )
g ﬁs,n?yz,ro?ws;ﬁs,e?yg Z Z &) ¢
j=0\ t=1
T 2
+ z (Et Ve - ﬂs,e)sg—l - ws))

t=1

11



{Broni Preys O Brees 76}
J-1 (T-7j

. TD)?
=arg , min kz z (RKHT]. -k’ )

) HOJ S 5 n
Brn Yo kBreVe =0\ t=1

T

+ z (Et'Ve" ~((1 = Bre)kis - “”‘»2

t=1

3. Data

We estimate the model for Canadian inflation and real GDP growth, both in y-o-y terms, using a
combination of monthly macroeconomic data and daily financial market returns. Incorporating financial
market data enables us to leverage signals from forward-looking data at a daily frequency, which
complements the important yet lagged signals from monthly macroeconomic data. This can prove
particularly valuable to policy-makers during periods of uncertainty and rapidly changing market
conditions. To merge two datasets with different frequencies, we transform the monthly data into a
daily frequency by assuming a step function behaviour for inflation and GDP growth data. That is,
inflation and GDP growth rates between monthly data releases are assigned the value of the latest
release until the next release. In doing so, we can collapse the set of multivariate news to one scalar. All
news variables, both macroeconomic and financial, are standardized to compare the importance of each
news item for different moments.

Although GDP growth is more commonly measured and discussed in quarter-over-quarter terms, we
choose to fit y-o-y GDP growth instead, not only to be consistent with the inflation measure but also to
overcome the limited sample size. From 2000 to 2022, there are only 22 unique 12-month windows.
Therefore, we use overlapping 12-month windows, which increases the number of observations to 264
and mitigates seasonality issues that would result from using overlapping quarterly windows. Our
measurement of GDP growth is consistent with Adrian, Boyarchenko and Giannone (2019) for a 12-
month-ahead forecast.?

3.1. Macroeconomic and financial news

News variables are essential to our modelling framework because positive (negative) news increases
upside (downside) risks to the economic outlook. For example, the distribution of near-term inflation
expectations should shift or skew to the right following higher-than-expected inflation data because that
may suggest some momentum for the next release. We consider two types of news variables:
macroeconomic and financial.

Macroeconomic news includes surprises in y-o-y inflation, month-over-month (m-o-m) GDP growth, the
unemployment rate and m-o-m retail sales, where a surprise is measured as the difference between the
macroeconomic data released and the financial market’s expectations for these data from Bloomberg.
Although it would be more consistent for GDP growth and retail sales news to be in y-o-y terms, this is
not readily available from Bloomberg because market participants typically forecast them in m-o-m

2 Adrian, Boyarchenko and Giannone (2019) annualize the average growth rate of GDP between t and t + h.
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terms. That said, this should not materially affect the main results since the surprise in the y-o-y
measure should be highly correlated with the surprise in the m-o-m measure.

We select these macroeconomic data because they have a natural linkage to future inflation and GDP
growth. To reiterate, past surprises in inflation and GDP growth have a direct impact on their
distribution of risks. The unemployment rate is often regarded as one of the most important indicators
for inflation (the Phillips curve) and GDP growth (Okun’s law). Additionally, the growth of retail sales
serves as a strong indicator for inflation and GDP growth, given its close correlation with consumer
spending, which represents around 60% of Canada’s GDP.

In addition to these backward-looking macroeconomic news variables, we consider forward-looking
financial market news variables at a daily frequency. Since these financial asset returns have zero means
and exhibit white noise—like patterns, we assume that financial news is simply daily returns in asset
prices. These include daily returns in the S&P/TSX Composite Index, the USD/CAD exchange rate, three-
month West Texas Intermediate (WTI) futures, the daily change in the Canadian term spread measured
by the difference between Government of Canada 10-year and 2-year bond yields, the Bloomberg US
investment grade spread (i.e., credit spread) and the Euro Composite Indicator of Systemic Stress (CISS),
which is an aggregation of five market-specific subindexes created from financial stress measures (Holl6,
Kremer and Lo Duca 2012).

The credit spread and CISS are complementary proxies for financial conditions that were used in Lopez-
Salido and Loria (2020) and Adams et al. (2020), respectively. In our analysis, we use the US credit
spread because the Canadian corporate bond index is not as liquid and has shown delayed
responsiveness to tightening financial conditions. Additionally, we include the CISS for the euro area as a
proxy for the Canadian Financial Stress Index (CFSI), which is available at a weekly but not daily
frequency (Duprey 2020). Chart 6 shows that the euro CISS is a good proxy for the CFSI because it picks
up all episodes of high financial market stress signalled by the CFSI.? This is not surprising given that they
both use a similar methodology to measure systemic financial stress.

The long-term trend is similar between the credit spread and CISS in that they both tend to increase in
response to shocks (Chart 6). The additional benefit of including the CISS is that it captures different
facets of financial conditions that are particularly useful at measuring tail risks spilling over from Europe.
Notably, the CISS displays higher volatility during periods such as the 2011 European debt crisis and the
2022 UK liability-driven investment crisis, both of which added tail risks to the Canadian macroeconomic
outlook.

3 A potential downside to using the CISS over the CFSl is that the CISS fails to directly capture developments in the
Canadian housing market, a key feature of the CFSI.
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Chart 6: Comparison of financial conditions indexes
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Similar to macroeconomic news variables, financial news variables have a well-known relationship with
the outlooks for inflation and GDP growth. For instance, the S&P/TSX Composite Index typically moves
higher (lower) on a better (worse) economic outlook, all else being equal, because a stock market index
is in part a reflection of stronger (weaker) economic activity in the future. The same logic can be applied
to the exchange rate and oil prices given the oil industry’s large share in the Canadian economy. The
term spread is widely regarded as a reliable predictor of growth and, to a lesser extent, of inflation.*

News variables are highly useful in updating the shape of the distribution. However, they may not be
informative about the position of the distribution because the size, or the direction of the surprise, does
not influence its level. For example, if the only information given was that recent inflation data missed
the expectation by +/- 0.2%, it would not be clear whether inflation was closer to 2% or 4%.
Furthermore, data releases contain useful information beyond the headline news (Feunou, Kyeong and
Leiderman 2018). At times, markets react more to the details of the news than to the headline news.
This is often the case with all four macroeconomic news variables we considered. For example, markets
always pay close attention to core inflation numbers and any temporary factors that may have affected
the headline inflation number.

For this reason, we augment the set of covariates with expectations of macroeconomic and financial
variables. We obtain macroeconomic expectations from Bloomberg and assume that they are formed a
week before the data release. This means that the impact of the change in macroeconomic expectations
will occur a week before the data release, with additional impact occurring on the day of the data

4 While the relationship between the term spread and inflation has not been as extensively documented, the term
spread should co-move with inflation given its cyclical nature.
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release should there be any surprise in both the headline and non-headline news. In terms of
expectations of financial variables, we assume that they are best proxied by their current levels.

We include only three levels of financial variables (term spread, credit spread and CISS) and exclude the
levels of the S&P/TSX, USD/CAD exchange rate and WTI given that they are non-stationary. The levels of
both term and credit spreads are widely used in the literature and by market participants to forecast
future growth. Following Boyarchenko et al. (2023), we also include the level of CISS, which
complements credit spreads by capturing different facets of financial conditions. In summary, our
covariate set includes seven expectations variables (four macroeconomic and three financial) and 10
news variables. A high number of covariates raises the possibility of over-parametrization, which
typically leads to poor out-of-sample results. Although linking the estimated moments across different
horizons helps mitigate this potential issue, it comes at the expense of goodness of fit.

3.2. Treatment of outliers

We make small adjustments to the underlying dataset to mitigate the effects of outliers in our relatively
short sample. The adjustment mainly applies to the GFC and COVID-19 periods. For instance, real GDP
growth swings from -16% in 2020 to +17% in 2021. We take two steps to mitigate the effect of outliers
on the results. First, we limit the absolute values of inflation and GDP growth at their mean plus a
standard deviation of 3.5. This adjustment has no impact on the inflation data because the entire
sample is within this standard deviation. However, the adjustment excludes 2% of the GDP growth data,
which occurred during the pandemic period (Chart 7).

Chart 7: Removing outliers in GDP growth data
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Second, we take additional steps to ensure that rolling moments of realized inflation and GDP growth
are not too sensitive to a one-off shock like the GFC or the pandemic. We do this because our use of a
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20-year rolling window for skewness and kurtosis implies that high sensitivity to shocks can have a long-
lasting impact on the parameter estimation. We regress the conventional measure of skewness on three
alternative measures of skewness that collectively provide greater robustness. We then use the fitted
values from this regression as our new measure of skewness (Chart 8).

The regression equation for skewness is given by:

SK; = Bo + B1Sky + Bask, + Basks + uy, (6)
where

N sk. = mean—mode

1™ standard deviation

__ 3(mean-median)
¢ Skz " standard deviation
0.75 0.25)—2Q(0.50 . . .

o sks = 2(0.75)+Q(0.25)-20( ), where Q is the quantile function.

Q(0.75)-Q(0.25)

The measures of skewness shown above are Pearson’s first and second skewness coefficients and
Bowley’s measure of skewness, also known as Yule’s coefficient, respectively.

Similarly, to obtain a robust measure of kurtosis, we use the fitted values from the following regression
as our new measure of kurtosis (Chart 9).

The regression equation for kurtosis is given by:

KRy = Bo + Bikry + Bokry + Bskrs + uy, (7)
where
o kr = %, where E; is the i th octile
652
F~1(0.975)+F~1(0.025) . . e .
o kr,= — 2.91, where F is the cumulative distribution function

F~1(0.75)—-F~1(0.25)

o kry = % — 2.59, where U,(L,) is the average of the upper(lower) @ quantiles, defined
0.57L0.5

as:

1,1 _ 1 —
Ue == Ji_o F2 0Dy, Lo == [ F 2 ()dy.

1-a

The independent measures of kurtosis shown in equation 7 are proposed by Moors (1988), Hogg (1972)
and Crow and Siddiqui (1967), respectively.
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Chart 8: Original and robust measures of skewness and kurtosis for inflation
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Chart 9: Original and robust measures of skewness and kurtosis for GDP growth
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4. Empirical results

We now examine the conditional moments of y-o-y inflation and GDP growth and their goodness of fit.
In this analysis, we focus mainly on the results for a 12-month forecast horizon because we observe that
the conditional distribution widens considerably beyond this horizon.

4.1. Goodness of fit
In Table 1 we report the gamma estimates of news variables for inflation and GDP growth.
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The news of y-o-y inflation has significantly positive impacts on the first moment of inflation. Inflation
news can influence future inflation by affecting the behaviour of economic players. When inflation news
is higher than expected, consumers may buy goods and services sooner to avoid paying higher prices
later, while businesses may raise their prices to offset higher costs.

The news of m-o-m GDP growth also has a significantly positive impact on inflation for similar reasons.
Stronger-than-expected growth or expectations of higher growth could signal more demand for goods
and services, which could put upward pressure on prices and increase the likelihood of inflation.

Retail sales have the largest significantly positive effect on the first moment of GDP growth and the
second largest effect on the first moment of inflation. This is intuitive: retail sales are an indicator of
consumer spending, a major component of GDP. Therefore, changes in retail sales can provide an early
indication of future GDP growth. Retail sales can also be an important indicator of future inflation. For
example, strong retail sales suggest high demand for goods and services, which can lead to price
increases.

Oil price movements have a significant positive impact on the mean of both inflation and GDP growth.
This is not surprising because the movements in oil prices contribute to changes in the consumer price
index (CPI) directly and indirectly. Because energy accounts for a part of CPI, higher crude oil prices
would lead to a direct increase in CPI. Higher crude oil prices also impact CPI indirectly since crude oil is
an important input into a range of products (e.g., plastics) and its price affects transportation costs,
another component of CPI. The positive impact on GDP growth can be explained by the large size of
Canada’s oil industry.

The USD/CAD exchange rate has a significant positive impact on the inflation mean. When the exchange
rate increases, indicating a depreciation of the Canadian dollar, it makes imports more expensive and
creates inflationary pressures on domestic goods. Additionally, a positive relationship with GDP growth
is intuitive because lower demand for imports and higher demand for exports result in an increase in net
exports.
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Table 1: Gamma estimates of news variables for inflation and GDP growth, 12 months

Gamma Inflation GDP growth
News Mean Volatility Skewness Kurtosis Mean Volatility Skewness Kurtosis
CPI [year-over-year) 5.93e-027 5.18e-03"*  216e-03"  1.21e-027 -5.47e-03 146e-027*  4.07e-03"  6.38e-037
(8.1) (5.7) (3.9) (7.6) (0.8) (3.8) (-8.9) (3.6)
GDP growth 4 28e-03" 1.14e-03*  -8.49e-03"  6.34e-03" | 502e-027*  1.568e-02°  -143e-02"*  1.69e-02
(month-over-month) (6.4) (1.8) (-7.5) (6.6) (3.3) (7:2) (44.2) (11.0)
Unemployment 3.00e-02 -3.82e-03"  -3.63e-037  -1.73e-03%F | 5.6%e-02°%  AATe-02°%  2.ATe-03" 9.59e-04
rate (-0.8) (-5.4) (-4.1) (-2.6) (7.9) -3.1) (-3.8) (0.7)
Retail sales 4 17027 1.39e-03"  4.24e-03*  550e-03"* | 8.08e-027*  1.09e-02° -5.64e-04 6.75e-03"*
{month-over-month) (6.1) (1.7) (4.4) (4.4) (8.5) (113) (-1.2) (5.4}
S&P/TSX -6.02e-037 3.59%-04 351e-037 7.37e-04% | -1.19e-02*"  1.23e-03"  1.65e-03"* -8.09e-04
Composite Index (-3.1) (1.0) (7.0) (1.3) (-2.5) (4.8) (3.8) -12)
usD/cAD 7.20e-03* 1.07e-04 4 17e-04™  1.89e-03 3.48e-03" 5.68e-04™  -3.93e-03™  4.24e-03"
exchange rate (4.5) (0.4) (-5.1) (5.2) (1) (3.9) (-34.6) (73)
West Texas Intermediate | 2.04e-02° 6.04e-04™ 27503 5.38e-04* | 2.03e-02"  1.61e-03™  2.16e-04* -1.19e-03™
(3-month futures) (9.4) (2.7) (5.0) (1.6) (6.5) (2.5) (14) -2.1)
Canadian term spread -3.56e-03 3.75e-04" -5.60e-04 2.15e-05 -1.52e-027* 6.79e-04 -1.73e-04  2.37e-05
(4.2) (2.0) (1.2) (0.3) -5.3) 1.1 (4.8) (0.0)
US credit spread 4 16e-04%* -1 (06e-03"* 1.61e-03 -5.53e-047* | 1.31e-027  -115e-03"  4.55e-04* -1 .66e-03*
4.2) (-5.5) (0.8) (-3.5) (4.8) (-2.3) (9.2) (-7.1)
Composite Indicator of 4 44e-03 7.56e-047*  9.98e-04  -8.47e-04™* | -TT74e-03%  549%-047  2.00e-03 -4.24e-04
Systemic Stress (3.2) (3.3) (.M (-3.8) (-1.5) (6.1) (16.3) (-09)

Mote: Canadian term spread is the difference between the Government of Canada 10-year and 2-year bond yields; US credit zpread iz the Bloomberg US investment grade spread.

*p<.1; **p<.05; ***p< 01

Table 2 reports the gamma estimates of expectations variables for inflation and GDP growth.

The coefficient of y-o-y inflation expectations is positive and statistically significant on the first moment
of inflation. This is because expectations provide useful information about the central tendency of the
distribution, which cannot be captured by the news variable alone. Similarly, the coefficient of m-o-m
GDP growth expectations is also positively and significantly associated with the first moment of inflation,
albeit less directly. Expectations of higher growth may signal stronger demand for goods and services,
which could raise prices and increase the likelihood of higher inflation.

The expectations for the term spread have a positive effect on the first three moments of inflation.
Given that long-term interest rates reflect market expectations of future inflation, while short-term
interest rates are influenced more by current economic conditions and monetary policy, a wider term
spread suggests that market participants expect inflation to be higher in the future. Conversely, when
the term spread is narrow or negative, it suggests that market participants expect inflation to be lower
in the future. This is consistent with the literature: Ang, Bekaert and Wei (2007) find that a wide term
spread is associated with higher inflation in the future, while a narrow term spread is associated with
lower inflation. Stock and Watson (2003) determine that the term spread has strong predictive power
for inflation up to two years ahead.

The expectations for the term spread is a significant indicator for all four moments of GDP growth. It has
a positive impact on the first moment and a negative impact on volatility, indicating that a wider term
spread (i.e., steeper yield curve) is associated with higher and more stable GDP growth. This is
consistent with macroeconomic theory, which states that higher short-term rates lead to the
postponement of investment and consumption, thus decreasing GDP growth. Given that the short-term
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interest rates are influenced by current economic conditions, while long-term interest rates reflect the
future expectations of economic activity, a wide term spread indicates that investors expect the
economy to grow in the future because they are willing to invest in long-term bonds with higher yields.
In contrast, a narrow term spread indicates that investors are less confident in the future growth of the
economy. Our findings corroborate the findings of Estrella and Mishkin (1998) and Rudebusch and
Williams (2009). They study the relationship between the term spread and GDP and find that the term
spread is a significant predictor of GDP, and that a flat or inverted yield curve is a significant indicator of

a future recession.

The expectations for the credit spread (which captures market participants’ assessment of default risk)
have a significant negative impact on the first moments of both GDP growth and inflation. A wider credit
spread suggests an increase in default risk, which would hamper economic growth. This transmission
can be explained by the “financial accelerator” theory developed by Bernanke, Gertler and Gilchrist

(1996). The theory suggests that an increase in the external finance premium makes borrowing more
costly, thus reducing borrowers’ spending and production, which in turn leads to a decrease in GDP

growth. The resulting economic slack leads to the fall of inflation over time. Although this premium is
not directly observable, credit spreads are considered a good proxy to approximate it (Mueller 2009).
Therefore, a wider credit spread would predict downturns in economic activity. The negative
relationship is consistent with the findings of Gilchrist and ZakrajSek (2012), Bedock and Stevanovic¢

(2017) and Lopez-Salido and Loria (2020).

Both the news and the expectations of CISS have a negative (but not significant) impact on the mean of
GDP growth and a positive and significant impact on its volatility. This is intuitive since higher systemic

risk increases the risk of lower and less stable economic growth. The negative relationship is consistent
with the findings of Figueres and Jarociniski (2020).

Table 2: Gamma estimates for expectations for inflation and GDP growth, 12 months

Gamma Inflation GDP growth
Expectations Mean Volatility Skewness Kurtosis Mean Volatility Skewness Kurtosis
CPI (year-over-year) 6.89e-03  1.32e-017*  278e-03"  -914e-03" | 7.50e-02%*  §41e-02"*  228e-027  -2.20e-037
(31.8) (28.6) (39.4) (-2.1) (4.2) (5.5) (4.9) (-12.6)
GDP growth 1.85e-03" 47503 -2.97e-03"  -170e-02%* | 5.07e-02*  -7.85e-03"* -1.05e-02**  1.83e-03
(month-over-month) (3-1) (-13) (43.9) (-1.3) (1.5) (-13.1) (-10.5) (16.5)
Unemployment rate 1.21e-02%  4.69e-02%  -132e-03"  -240e-027* | 169027 §.93e-02"  416e-02*  1.29e-03
(31.1) (31.2) (54.3) (48.1) (23.3) (32.1) (-62.9) (16.9)
Retail sales 14504 235e-03"*  -7.26e-04"*  -2.38e-03"* | 3.02e-02"*  6.10e-03"  17%-03  -2.46e-04"
(month-over-month) (8.8) (6.5) (10.6) (4.8) (16.7) (-11.5) (-0.6) (-5.3)
Canadian term spread -3.54e-03"  6.12e-02%%  1.07e-03"  -143e-02 | 1.07e+00"  3.06e-02**  1.16e-01"*  -1.50e-03°*
(11.6) (13.4) (13.7) (-0.6) (71) (-17.6) (60.0) (-11.8)
US credit spread 1.26e-03"  4.96e-02* 228003 -720e-03"* | -144e+00™* 432603 201e-017*  -344e-03%
(-18.1) (5.6) (45.5) (-4.6) (-9.1) (2.0) (48.9) (-16.3)
Composite Indicator of 4 67e-03 23903 -170e-03"  1ATe-01™ | 496e02  §.80e-02" -128e-01™  3.74e03™
Systemic Stress (18) (03) (156) (1) (0.8) 8.) (419 (17§

Mote: Canadian term spread is the difference between the Government of Canada 10-year and 2-year bond yields; US credit spread is the Bloomberg US investment grade spread.

*pe.1; **p=.05; ***p= 01
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Table 3 shows the estimates of beta for the four moments of inflation and GDP growth. Recall that the
moments are modelled as moving averages of news (short-run) and expectations (long-run), where
betas show the persistence of new information or expectations in shaping the distribution. Beta
estimates are close to 1 with high t-statistics for most cases, which means that recent news or
expectations about the economy captured in the set of covariates is highly persistent in shaping the
distribution of inflation and GDP growth. The main exception is the inflation expectation dynamic where
the beta estimates are zero, suggesting that the most recent expectations formed by market
participants tend to be the only useful information in forming the long-run distribution of inflation
moments.

Table 3: Beta estimates at the 12-month forecast horizon

Beta News Expectations
Inflation GDP growth Inflation GDOP growth
Mean 0.99 0.99 0.00 0.99
([4.7e+0.3) (3.3e+0.3) (0.0e+0) (2. 7e+0.3)
Variance 0.99 0.99 0.00 0.99
(4.7e+0.3) (3.5e40.3) (0.0e+0) (2.8e+0.3)
Skewness 0.99 0.99 0.00 0.99
(4.6e+0.3) (2.0e+0.3) (0.0e+0) (3.1e40.3)
Kurtosis 0.99 0.99 0.00 0.99
(4.8e+0.3) (3.7e+0.3) (0.0e+0) (3.0e+0.3)

To further assess the model’s performance, we examine its statistical fit for other forecasting horizons.
Recall that the conditional moments are linked across different horizons, allowing us to compute
conditional moments for different horizons using the same set of parameters.

We conduct a univariate regression by regressing the realized moments on their corresponding
conditional moments for both inflation and GDP growth. The resulting summary statistics are presented
in the Table 4. As expected, the coefficients of the conditional moments are close to 1, meaning that the
fitted moments move in near lockstep with the realized moments. They are all statistically significant at
the 5% level.
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Table 4: Summary statistics for conditional moments of inflation and GDP growth

MNews Expectations
Coefficients
Mean Variance Skewness Kurtosis | Mean Variance Skewness Kurtosis
0.84 0.98 0.36 0.35 0.81 0.80 0.36 0.79
3 months
(0.01) (0.01)  (0.01)  (0.01) (0.01 (0.01)  (0.01)  (0.01)
1.16 1.26 1.16 1.39 1.11 1.38 1.159 1.29
6 months
(0.01) (0.01)  (0.01)  (0.02) | (0.01)  (0.02)  (0.01)  (0.01)
1.22 1.25 1.09 1.26 1.159 1.76 1.22 1.51
9 months
(0.01) (0.02)  (0.02)  (0.03) | (0.02)  (0.03)  (0.02)  (0.02)
1.20 1.14 0.91 0.39 1.14 1.68 1.07 1.40
12 months
(0.02) (0.02)  (0.02)  (0.03) | (0.02)  (0.04)  (0.02)  (0.03)
Intercepts
1.20 0.01 0.04 0.57 0.47 0.33 -0.13 1.05
3 months
(0.01) (0.01}) (0.00) (0.06) (0.03) (0.02) (0.01}) (0.04)
1.20 -0.17 -0.06 -1.43 -0.18 -0.41 0.18 -1.31
6 months
(0.01) (0.01}) (0.01}) (0.08) (0.03) (0.03) (0.01}) (0.06)
1.20 -0.15 -0.03 -0.93 -0.42 -0.88 0.21 -2.41
9 months
(0.01) (0.02) (0.01}) (0.1) (0.04) (0.04) (0.02) (0.1)
1.20 -0.06 0.036 0.46 -0.35 -0.75 0.07 -1.87
12 months
(0.01) (0.02) {0.01}) (0.11}) (0.04) (0.06) (0.02) (0.12)
R-squared values
3 months 0.73 0.64 0.57 0.39 0.6 0.57 0.75 0.66
6 months 0.64 0.58 0.61 0.48 0.59 0.53 0.71 0.67
9 months 0.49 0.42 0.45 0.31 0.57 0.3 0.54 0.53
12 months 0.44 0.32 0.31 0.16 0.51 0.2 0.37 0.37

The overall goodness of fit as indicated by the R-squared values is above 0.5 for most cases, and it
generally deteriorates as the forecast horizon increases. We repeat this regression analysis for each

horizon length up to a year and show their R-squared values and coefficient estimates in Chart 10 and
Chart 11, respectively. We find that the goodness of fit peaks at around the three-month mark across all

moments for both inflation and GDP growth. Similarly, the coefficient estimates peak at around the
four-month mark, suggesting that the conditional moments as estimators become unbiased at that

horizon. This reflects the trade-off between the goodness of fit and the unbiasedness of the coefficient

estimator as horizons change.
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Chart 10: R-squared measures by forecasting horizons for inflation and GDP growth
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Chart 11: Coefficients by forecasting horizons for inflation and GDP growth
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4.2. Potential role of asymmetry in news

So far, we have implicitly assumed that positive and negative news have the same absolute impact on
the conditional moments. However, many empirical studies show that responses to positive and
negative news are asymmetric because negative news tends to have a greater impact on agents than
positive news does.> Therefore, we investigate the potential role of asymmetry in our work by
separating each of the news variables into positive and negative news variables. Positive news variables

5 A partial list of contributions includes Soroka (2006) and Gambetti, Maffei-Faccioli and Zoi (2023).
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are derived exclusively from the positive values of the original news variables, indicating instances
where the realized data exceeded expectations. Similarly, negative news variables are derived
exclusively from the negative values of the original news variables.

Chart 12: Difference between R-squared values for level and asymmetry models
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Source: Bank of Canada calculations Last observation: December 31, 2022

Since this doubles the number of news variables, the number of covariates is higher, and the goodness
of fit, as indicated by the R-squared values, improves across all horizons and moments but to varying
degrees (Chart 12). First, the improvement is more pronounced for inflation than for GDP growth. One
possible explanation is that macrofinancial variables are more tightly linked to inflation (or its
expectations) than GDP data, given inflation’s stronger implication for monetary policy. Therefore,
financial variables have a greater scope for an asymmetric impact on the conditional distribution of
inflation than that of GDP growth. Second, the improvement is more pronounced for conditional
skewness and kurtosis. This is likely because a negative (positive) asymmetric reaction to news is
generally associated with increased risks to the downside (upside) but not associated with a material
shift in the conditional mean or variance. Third, the improvement is generally greater at a shorter
horizon, suggesting that the role of asymmetry largely disappears at longer horizons.

The Gamma estimates with asymmetry are shown in Table 5 and Table 6. We can observe a difference
in the direction of the gamma estimates for some of the positive and negative news (Table 7).
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Table 5: Gamma estimates with asymmetry—positive news, 12 months

Gamma Inflation GDP growth
Positive news Mean Volatility Skewness Kurtosis Mean Volatility Skewness Kurtosis
. 247602  GATe03™ 063e-037* 336603~ | 11301 731e-03 60103 728e-03~
(year-over-year) (3.9 (3.5) (4.1) 2.1) (4.8) (3.1) (7.4) (22)
GDP growth 180002  563e-03"* 220603  T74Te-03"* | 429s02°* 316603 401e-03"* 621e-03"
{month-over-month) (3.7) (-3.6) (-1.3) (5.0) (4.1} (-24) (-5.9) (3.2)
Unemployment 6526027 17903 3920027 1 41e02 | -4 74e-02 132604 151802  7.38e-03
rate (-5.6) (0.5) (-7.9) (4.2) (-1.2) (0.0) 7.7) (1.0)
Retail sales 164e-02%  569e-03" 219803  6.65e-03"* | 428e-02* 140002  937e-04 414203
{month-over-month) (2.0) (2.2) (-0.8) (31) (13) 4.3} (-0.8) (0-8)
S&P/TSX 416e-03"*  925s04* 359003  143e03"* | 142002  180e-04 265603  -140e03*
Composite Index (2.7) (2.3) (6.2) (-3.4) (-2.6) (0.3) (13.0) (-1.6)
USD/CAD 437e-03% 136203 154803  312e-03"* | 90103  191e-03"* -169s03 2 54s03"
exchange rate (3.9) 4.1) (4.2) (11.9) 2.1) (3.5) (-9.4) (3.6
West Texas
Intermediate 148602  357e-07  154803**  9.09e-04* | 187e02"*  776e-04* -357e04  571e-04
9.4 0.0 4.2 29 12 16 22 A0
(3-month futures) (9.4) (-0.0) (4.2) (-2.9) (4.2) (1.6) -2.2) (1.0
canadian t g | 33604 T304 A4Mde04T BAe04™ | 834003 536e-04T 1500047 1.04e-03
anadian term sprea (0.4) (3.0) (-1.5) (4.0) (31) (15) (13) (2.4)
Us eredit g 162004 2148 04" 8122 04"  243e 04" | 554203 116204  9.02e04™ 115003
creditsprea (0.3) (-1.3) (3.6) (-1.6) (2.6) (-0.4) (10.3) (-3.3)
Composite Indicatorof | 161e-03* 655604  367e-04*  -9.04e04" | 796003 113e-03*  210e04**  -579e-04
Systemic Stress (1.9) (3.2) (1.5) (+4.3) (-2.9) (3.2) (1.8) (-1.2)

MNote: Canadian term spread is the difference between the Government of Canada 10-year and 2-year bond yields; US credit spread is the Bloomberg US investment grade spread.

*p<.1; **p<.05; ***p=.01
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Table 6: Gamma estimates with asymmetry—negative news, 12 months

Gamma Inflation GDP growth
Negative news Mean Volatility Skewness Kurtosis Mean Volatility Skewness Kurtosis
CPI (year-over-year) 452002 T751e-03  2.00e-02  217e-02** | -943e-027*  2.83e-02"  -1.90e-03* 4. 77e-04
(6.6) (5.1) (8.2) (1.7} 4.1} (9.5) -1.9) (0.1}
GDP growth 1.62e-02%*  -3.40e-03=  410e-03"  7.70e-03** | 857e-02*  167e-02* -148e-02" 1.71e-02"*
{month-over-month) (2.9) (-2.1) (-2.0) 4.2) (3.6) (5.4) (-15.4) (4.8)
Unemployment 2.00e-02  -2.48e-03" -1.30e-03 -3.79e-037" | 5.85e-02* 7. Me-03™ 1.75e-03" -9.27e-04
rate (5.3) -2.2) -1.0) (4.9) (4.9) +4.2) (2.8) (-0.5)
Retail sales 1.27e-02  2.99e-03* 4 0ge-04 3.72e-037 | 9.66e-027  9.01e-03™  -2.3%e-03"" 4 36e-03"
{month-over-month) (2.5) (2.1) (0.2) (2.6) (7.2) (5.9) (-3.3) (2.3)
S&P/TSX -3.96e-03"  1.83e-03™  2.76e-03"  1.32e-03" | -1.32e-027 222003  1.31e-03" -4 45e-04
Composite Index (-3.1) (4.4) (5.5) (3.5) (-24) (3.3) (6.1) (-0.5)
USD/CAD 8.92e-03"  1.1Me-03"  -1.48e-03"* 3.13e-04 3.23e-03 2.81e-04 -3.49e-03  4.72e-037
exchange rate (71) (3.4) (4.0) (1.2) (0.8) (0.6) (-18.7) (6.2)
West Texas
Intermediate 1.77e-02*  6.71e-04™  3.05e-03* -6.72e-05 2.35e-027=  8.9%e-04™  114e-03"  -1.61e-03"
(3-month futures) (11.7) 2.4) (8.5) (-0.3) (5.5) (1.7) (7.2) (-2.6)
Canadian term spread 51203 2.50e-05 -7.29e-04*  5.86e-04" | -1.70e-02%* -1.46e-037 11503  -1.28e-03"
(-5.8) (0.1 (-2.3) (2.2) (-4.5) (-3.8) (6.9) (-2.2)
US credit spread 250e-03  -3.20e-04™  1.03e-03"  -149-03" | 1.02e-02" -§84e-04™ 192003  -150e-03"*
4.1) (4.4) 4.1) (-8.4) (3.9) (-2.5) (16.4) (4.3}
Composite Indicator of | 1.70e-03**  7.49e-04"*  8.20e-04**  -9.70e-04"* | -2.92e-03 215e-03" -2 58e-04™ -3.14e-04
Systemic Stress (2.1) (3-4) (3-3) (-5.0) (-1.0) (5.3) (-1.9) (-0.6)

Mote: Canadian term spread is the difference between the Government of Canada 10-year and 2-year bond yields; US credit spread iz the Bloomberg US investment grade spread.

*p=.1;**p<.05; ***p<.01

Table 7: Difference in gamma estimates between positive and negative news, 12 months

Inflation GDP growth
Difference Mean Volatility Skewness Kurtosis Mean Valatility Skewness Kurtosis
. 605603 BB85e-04 2056027 167e-02°" | 138017 263802 264e-03" 697803
(year-over-year) (-0.5) (0.4) (6.2) (6.9) (4.4) (8.8) (25) (12)
GDP growth 4.08e-027* 28803  B.26e04 122603 | AT74e-02  480e-03% 543003 -1.29e02"*
{month-over-month) (-3.8) (-1.3) (0.2) (-0.4) (-0.8) (1.8) (5.3) (-2.9)
Unemployment 9786027 43903  3.88e027" 934003 | 97802  191e03  213e02™  §43e03
rate (-5.6) (12) (-8.1) -2.7) (-2.6) (0.4) (-13.0) (1.1)
Retail sales 1.93e-02*  275e-03  -7.56e-03"  3.81e03" | 188002  2.37e02™ 47903  §.75e-04
{month-over-month) (-1.6) (1.0) (2.2} (1.5) (0-6) (9.2) (4.5) (-0.2)
S&P/TSX 270003 835004  G0Te-04  287e-03" | 552003  446e-04  115e-03"*  -5.30e-04
Composite Index (1.7 (-2.2) (1.2) (-8.1) (1.3) (1.0) (8.5) -1.1)
USD/CAD 255003 178e-04 204003 28203 | 648803  218e-04  122e03™ 23703
exchange rate (-2.6) (0.7) (8.6) (12.2) (2.7) (0.8) (13.8) (4.0)
West Texas
Intermediate 646604  £98e-047 116604  -7.81e-04% | 1300025 128203  7.09e-04"*  962e-04
07 30 04 35 56 5.4 96 23
(3-month futures) (-0.7) -3.0) (-0.4) (-3.5) (-5.6) (-5.4) (-9.6) (2.3)
canadiant g | 748e037 839047 390e04" 975605 7.81e-04 266004 -323e-04% 2 61e037
anadian term sprea (5.8) (3.0) (1.4) (0.4) (0.3) (0.9) (-3.5) (4.9)
US credit ] 460804  588e-04" 388004 126803 | 595203  229e-04  -465e-04"* 298204
tredit sprea (-0.4) (2.4) (1.1) (5.1) (2.1 (0.8) (4.6) (0.6)
Composite Indicatorof | 230605  1.19e04  116e03" 18904 | 697e04  277e04™ T728e04™ 21904
Systemic Stress (-0.0) (-0.9) (-9.5) (2.0) (0.5) (2.4) (-16.6) (-0.6)

Mote: Canadian term spread is the difference between the Government of Canada 10-year and 2-year bond yields; US credit spread iz the Bloomberg US investment grade spread.

*p=.1; **p< 05; ***p= .01
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A positive surprise in the unemployment rate news (i.e., the unemployment rate is higher than
expected) has a negative impact on the first moment of inflation. This is consistent with higher
unemployment potentially leading to lower wages and lower production costs, ultimately leading to
lower prices. Higher unemployment can lead to less consumer spending, which would reduce GDP
growth. Conversely, a lower-than-expected unemployment rate suggests more upward pressure on
wages, which can lead to higher inflation. With higher employment, consumer spending could increase,
which would in turn result in higher economic growth. This difference in the impact of positive and
negative news is statistically significant, indicating that the unemployment rate has an asymmetric effect
on the first moments.

Estimates of beta for the distribution of inflation and GDP growth using the asymmetry model are
shown in Table 8. The estimates for news are consistent with the estimates we obtained without
accounting for the asymmetry of the news. That is, all the beta estimates of news are close to 1, with
high statistical significance, indicating that the content of news information has a long-lasting impact on
future forecasts of inflation and GDP growth. The beta estimates for inflation expectations change to be
close to 1 with the addition of asymmetry.

Table 8: Beta estimates at a 12-month forecast horizon with asymmetry

Beta MNews Expectations

Inflation | GDP growth Inflation GDP growth

0.99 0.99 0.92 0.99
Mean | 3 60403)| (1.1e40.3) (4.4e+02) (1.6e+0.3)

Variance 0.99 0.99 0.99 0.99
(1.0e+0.3) | (1.6e+0.3) (1.0e+03) (3.0e+0.3)

SKewness 0.99 0.99 0.99 0.99
(2.2e+03) | (3.6e+03) (1.9e+03) (2. Te+0.3)

Kurtosis 0.99 0.99 0.85 0.99
(3.9e+03) | (9.7e+03) (6.8e+02) (1.1e+0.3)

Therefore, while there appear to be some benefits to separating the impact of positive and negative
news, they are not significant, especially at the longer horizon. Given the large cost (i.e., over-
parameterization) associated with adding asymmetry, we revert to the original specification for the rest
of the paper.

4.3. Inflation- and GDP-at-risk across time

Having estimated the conditional moments for inflation and GDP growth, we can generate their
conditional density functions using the SGED function. The conditional tail risk, often referred to as
inflation- or GDP-at-risk, is simply the probability mass below or above a specific threshold in its
conditional density. For example, setting the threshold at 0% for GDP-at-risk provides the probability of
a recession (or no recession). Since our conditional moments are at a daily frequency, our conditional
tail risk measures are as well. This is a major upgrade to existing measures in the literature, which are
typically at a quarterly frequency. A daily frequency measure of tail risk can be extremely useful to
policy-makers, especially during uncertain or rapidly changing macroeconomic conditions.
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The charts below show the in-sample estimate of conditional tail risks for inflation and GDP growth.
They capture key events in the sample period, providing us with a good degree of confidence in our
results. For example, Chart 13 shows the estimated probability of inflation falling within the target range
of 1% to 3% over the next 12 months. The probability sits well above 50% for most of the sample period,
which is consistent with Canada’s strong track record with the 2% inflation target before the pandemic.
The probability drops significantly around the time of the GFC due to the heightened risk of deflation,
but its decline following the start of the pandemic is due to the increased risk of high inflation. Toward
the end of the sample period, the probability is on the rise again as high inflation risk starts to moderate.
Our model forecasts an equal chance of inflation falling inside the target range in early 2024, which
aligns with the July 2023 Monetary Policy Report’s projection of inflation staying around 3% for the next
year and returning to 2% by the middle of 2025.

Chart 13: Probability of inflation outcomes in 12 months
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Sources: Bank of Canada calculations Last observation: December 31, 2022
Chart 14 shows the probability of a recession in y-o-y terms over the next 12 months. As expected,
recession probabilities increased significantly during the GFC and the pandemic. Conversely, the
probabilities increased only marginally during the euro debt crisis around 2012 and the oil price shock in
2015. This is consistent with the C.D. Howe Institute Business Cycle Council findings that Canada did not
enter a recession during those events due to their short duration and limited impact.® The recession
probability is on the rise toward the end of the sample period as higher interest rates work their way
through the economy to cool inflation by dampening excess demand.

6 C.D. Howe Institute, “Evidence Mounts that 2015 Downturn was no Recession,” Report of the C.D. Howe Institute
Business Cycle Council (December 21, 2016).
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Chart 14: Probability of a recession in 12 months
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Source: Bank of Canada calculations Last observation: December 31, 2022

Our analysis extends to examining the evolution of tail risks for specific dates, such as the end of a given
year. As mentioned earlier, the flexible specification of our model allows us to link moments across
different forecasting horizons and share a common set of parameters. Chart 15 shows the change in the
estimated probabilities of inflation and a recession at the end of 2022 over the course of the year.
Initially, the model estimated a probability of around 20% for inflation falling back to the target range by
the end of 2022. However, as the year progressed, this probability gradually declined to 0, reflecting
persistent inflation above 3%. These findings provide valuable insights that differ from fixed-horizon
forecasts, which indicated a steady increase in the probability throughout the year. Similarly, the y-o-y
recession probability for the end of 2022 remained consistently low, hovering around 10%. This is
because the Canadian economy continued to grow at a respectable pace. Again, this observation
contrasts with fixed-horizon forecasts, which displayed a rising trend toward the end of the year.

While fixed-date forecasts can offer valuable information for policy-makers, their results at shorter
horizons become more sensitive to financial market movements and thus must be interpreted with
caution. For example, the probability of inflation falling within the target range temporarily spikes up to
60% in the final days of 2022 when risk assets were sold off on expectations of tighter monetary policy.
Although it is statistically implausible for y-o-y inflation to drop from near 7% to below 3% and then back
in a matter of weeks, it is natural that shorter-horizon models become more sensitive to financial
variables, which are forward-looking. Therefore, it is important to recognize some inherent volatility
leading up to the fixed date and exercise caution in attributing any significance to such fluctuations.
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Chart 15: Evolution of estimated probabilities of inflation and a recession at the end of 2022
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4.4. Joint distribution and copula

Up to this point, we have focused our analysis on the marginal distributions of inflation and GDP growth.
We take a step further and estimate their joint distribution to evaluate the risk of joint events, such as
stagflation (i.e., slow growth and high inflation). If the two distributions are fully independent of each
other, then the probability of a joint event is simply the product of the two marginal probabilities.
However, it is clear from the previous figures that there is a strong dependence between inflation and
GDP growth given that their conditional tail risks increase significantly around the crises. We therefore
need to combine the two marginal densities with a copula. This offers a way to separate margins from
the dependence structure and build more flexible multivariate distributions.

The joint distribution of inflation (r) and GDP growth (g) is:

P ) = FQ L@ (ur ),

where fn(? (m) and fg(:) (g) are the marginal inflation and GDP growth densities, and

Up = Fn(: ) () and uy :Eg(: ) (g), where Fn(: ) (m) and Fé(g ) (g) are the corresponding cumulative distribution
functions.
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Having estimated the marginal densities and cumulative distribution functions in the previous section,

the remaining task is to estimate the copula ¢; )(un, ug) To do this, we assume that the copula has two
parameters that measure the strength of the dependence between the two variables in the joint lower
or joint upper tails of their support (i.e., quantile dependence). This dependence is defined as:

qu{ Pr(U, < q|U,; < q), 0<qg<1/2
Pr(U, >q|U; >q), 1/2<g<1

An empirical estimate of this dependence can be assessed easily from the inflation and GDP growth
data:

T
1
(T_qz 1{Unt5q, Uge<q}’ 0<qg<1/2
19 — t=1
A = , -
T_qE 1{U7rt>q. Uge>q}’ 1/2<qg<1

~
]
fuy

Quantile dependence provides a richer description of the dependence structure of the two variables. By
estimating the strength of the dependence between the two variables as we move from the centre (q =
1/2) to the tails, and by comparing the left tail (g < 1/2) with the right tail (9 > 1/2), we are provided
with more detailed information about the dependence structure than can be provided by a scalar
measure such as linear correlation or rank correlation. Information on the importance of asymmetric
dependence is useful because many copula models, such as the Normal and the Student’s t, impose
symmetric dependence.

Tail dependence is a measure of the dependence between extreme events, and population tail
dependence can be obtained as the limit of population quantile dependence approachesq = 0 or g —
1:

AL =lim 29
q-0

AV = lim A9
q-1

To account for time variations in AX and 1Y, we follow the same model structure used to account for
variations in the four moments of the marginal densities, that is:

/f{i,(‘[o) — /1%* + Zﬁ(fo) L(TO) ﬁLn L(TO) + NeWSt ]/TLTO’ At = a)L +ﬁL 6/11' 1 + Et ye
ii(f) — AL* + ﬁL nTO (AL(TO) AL*) where A L ) ln( L1(1:) 1)
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AV = 20 4 2 10 = gy TV 1 News, 'yl A9 = wy + By odVsy + Ec'yY
/ﬁl(f) =AU+ ﬁu To (,‘[U(TO) AV*), where /ﬁ](r) = —ln (/,LUI(T) 1)

Like marginal moments, we estimate the tail dependence by fitting the wedge between the model

L(t) ,U(T)
A AL

quantities and realized quantities RAL, ; and RAY,

t

1
Rﬂ% = T_q 1{U,Tssq, Ugs<a}’ 0<qg<1/2
1

s=t-Tp+
t

1
U _
Rae = Tq Z Yupe>a, Ugs>a)r 1/2<qg<1

s=t-Tp+1
A oL .~ . p .ol
{.BL,n' Yy WL BLe; Ve }
J-1 (T-7j
2
. L(zj)
=aryg min (RAHT -1 )
BLniVhzy:WL:BLeYe J ¢
n ¥ty @PLPLeYe =0\ t=1

+ z (Et (1 - By e)lt 1~ ))2

{Bun; Prey; @us Buei 70}
J-1 (17

: u(T)?
=arg ~,min Z z (ngﬂj—lt ’)

; ;y; H -
ﬁU,nYn,TO uiBueYe =o | t=1

+ z (Et (1 - By e)At 1~ ))2

Chart 16 shows the rolling estimates of upper and lower tail dependence. Both estimates are statistically
different from zero and have increased in value over time. This validates our conjecture that there is a
strong dependence structure between inflation and GDP growth, and thus it must be accounted for
when estimating their joint distribution. It is also worth noting that the lower tail dependence (i.e., low
inflation and low growth risk) is greater than the upper tail dependence (i.e., high inflation and high
growth risk) throughout the sample period. This is consistent with the previously reported marginal
probability results, which showed that downside risks to inflation typically increased when downside
risks to growth also increased.
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Chart 16: Rolling estimates of tail dependence
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Next, we use the Joe-Clayton copula function (also known as the BB7 copula) to move from tail

dependence measures /1?(7) and /1?(7) to copula density ct(T) (un, ug):

2(1+If(f))

1@ O L L@
ct(ﬂ(um ug) = [cl(un)cl(ug)] A cz(un)cz(ug)h1 A (1 —h, /4 )

x . SL(T) . .
(1 20) R g0 110 -]

JU(T) <U (1) =L(T) _IL(T) .
where (W) =1 - (1 —w , c(w=(1 —w* 1 hy =c,(u;)™  + Cl(ug) £, Aﬁ(r) _

—1In(2) /In (Aﬁ(f)) and 1Y® = 1n(2) /In (2 _ Ag(ﬂ).

Finally, to estimate the joint distributions of inflation and GDP growth, we multiply the two marginal and
copula densities. This allows us to assess the risk of joint events, such as stagflation risk, which we define
as negative y-o-y GDP growth and above 3% y-o-y inflation. Chart 17 shows that the probability of
stagflation risk was negligible until 2022. But the probability of stagflation risk rose significantly in 2022
as inflation surged to a multi-decade high of 8.1% in June 2022 and the recession risk increased due to
the rapid tightening of monetary policy.
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Chart 17: Probability of stagflation
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5. Conclusion

In this paper, we present an econometric approach to model the full distribution of future inflation and
real GDP growth for the Canadian economy at a daily frequency. The estimated tail risk probabilities
derived from the conditional distributions accurately captured key risk events during the sample period
from 2002 to 2022. Our methodology offers high-frequency forecasts with flexible forecasting horizons,
making it highly useful for policy-makers and market participants alike. In an environment of elevated
uncertainty surrounding the inflation and growth outlook, our approach may be a valuable addition to a
monitoring tool kit.

Although we have achieved promising results in this paper, our journey is far from finished. We plan to
test the performance of our model on out-of-sample data, which were excluded from this paper given
the relatively short sample period. Then, we will make any necessary adjustments to further enhance its
accuracy. Furthermore, an avenue for future research is to expand our approach to other economies
beyond Canada.
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