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Abstract

This paper studies dynamic general equilibrium models where firms trade capital in
frictional markets. Gains from trade arise due to ex ante heterogeneity: some firms are
better at investment, so they build capital in the primary market; others acquire it in the
secondary market. Cases are considered with random search and bargaining, or directed
search and posting. For each, we provide results on existence, uniqueness, efficiency and
comparative statics. Monetary and fiscal policy are discussed at length. We also discuss
how productivity dispersion can be countercyclical while capital reallocation and its price
are procyclical.

Bank topics: Monetary policy
JEL codes: E22, E44

Résumé

Dans cette étude, nous analysons des modeles dynamiques d’équilibre général ou les
entreprises font des opérations en capital sur des marchés soumis a des frictions. Les gains
liés a ces opérations tiennent a I’hétérogénéité ex ante : certaines entreprises ont de
meilleures stratégies d’investissement et accumulent des capitaux sur le marché primaire,
tandis que d’autres le font sur le marché secondaire. Nous étudions différents scénarios en
utilisant des modeles basés sur la recherche aléatoire et la négociation, ou sur la recherche
dirigée et I’affichage des modalités. Dans chaque cas, nous fournissons des résultats en ce
qui concerne les notions d’existence, d unicité, d’efficience et de statique comparative. Les
politiques monétaire et budgétaire font 1’objet d’une discussion approfondie. Nous
expliquons également comment la dispersion de la productivité peut étre contracyclique,
alors que la réaffectation du capital et son prix sont de nature procyclique.

Sujets : Politique monétaire
Codes JEL : E22, E44



Non-technical Summary

This paper studies a model where firms trade used capital partly with money. We show how
monetary policy can affect the economy through relaxing or tightening the liquidity constraint of
firms in capital reallocation. In particular, a higher inflation target tightens the liquidity
constraint of firms, which makes resale of capital more difficult. This not only leads to
inefficient reallocation of used capital, but also reduces the incentives of firms to invest. The
interaction of these two channels amplifies the negative impact of inflation on output and
welfare. Results obtained are robust to market structure/trading mechanisms for the used capital.
We also discuss how fiscal policy affects the economy and output.




















































































ap = a(n) and oy = a(n)/n, where the function « (-) comes from a CRS meeting
technology x(ng, n1), as in Section 2, and again we assume « (0) = 0, o/ (n) > 0,
" (n) <0, a(n) <1V¥n >0, plus standard Inada conditions.

The market maker’s problem is to maximize vy, the payoff to type 0 in his
submarket that period, subject to type 1 getting a payoff vy, which is taken as
given for now, but is determined endogenously in equilibrium below. In steady
state V; = v;/ (1 — ), but we use the short-run payoff v, to indicate that, concep-
tually, there is no commitment beyond the current period. Formally, the market

maker’s problem is

= oo { 201 = 7) £20) 2] - 02 (3)
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Importantly, note that there is a cost ¢z for buyers and a cost (r + ) k for sellers
participating in the market that is paid whether or not they trade.

Eliminating z using the constraint, we reduce the problem to

k,q,n n
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The first-order conditions are
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where e (n) = na’ (n) /a(n) is the elasticity of a(n). Using these and the con-
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straint in (33), we obtain

z_(—e) fi(k—q) f(a) +efi (@) [f(k) — f'(k —q)] (37)

T I—e) flk—q)+ef(q) ’

where in the interest of space the argument is omitted from e = e (n). Conditions

(34)-(37) determine (g, k,n, z) as a function of v;.

Given that there is a unique solution to this problem, every active submarket
in equilibrium has the same (¢, k,n, z). This implies two things: by CRS in the
meeting technology, it suffices to consider one representative submarket; and in
equilibrium, n = ng/n; in the representative submarket is the same as aggregate
tightness.?® Now the above conditions determine (g, k, z), and v; rather than n,
while vy solves (33). Hence, competitive search equilibrium is described recur-
sively as follows: (34) and (35) define the RB and CI curves and their intersection
yields (k, q); given this, (37) determines z; given w = 1, z solves v () = A; and
feasibility determines h.

We now provide an analog to Proposition 1:

Proposition 4 Given F’(k,h) = f7 (k)+h, with competitive search, a monetary

steady state always exists and it is unique.

Proof: First (k,q) are determined by the RB and CI curves defined by (34) and
(35). One can show that (34) gives ¢ as an increasing function of k, say @1 (k),
where @1 (k) > 0 Yk > 0. In addition, as £k — 0, Q; (k) — 0; and as k — oo,
Q1 (k) — oo and k — Q1 (k) — oco. Also (35) gives k as an increasing function

of g, or inversely, gives ¢ as an increasing function of k, say ¢ = Q2 (k). Then

Q2 (ko) = 0 where fl(ko) = (r+9)/(1—7). Also, as k — oo, k — Q2 (k) —

24To be clear, a market maker can choose any n, in principle, but in equilibrium it will be
the same as the aggregate ratio of type 0 and type 1 firms, with v; adjusting to equilibrate the
market. An alternative approach is to allow entry by one side, say by type 1, at cost x; in this
case we get v; = Kk with n adjusting to equilibrate the market. Entry is worth consideration,
but in the interest of space, it is deferred to future work.
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¢ < 0o, where a(n)fl(c) = (r+40)/(1—7). Any k solving Q; (k) = Q2 (k) is a
steady state equilibrium. Notice Q1 (ko) > Q2 (ko) and

Q1 (k) — Q2 (k) = Q1 (k) =k — [Q2 (k) — k] — —o0 as k — oo.

Therefore, steady state equilibrium exists.

Also notice that

, £2q) frn(k = q)
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where T = f3,(q) f, (k — q) + f£(q) i (k — ). Therefore, Q1 (k) — Qs (k) crosses

0 at most once, and uniqueness is established. W
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Figure 4: Monetary and Fiscal Policy under Competitive Search
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Figure 4 plots equilibrium and the effects of policy changes for this formu-
lation. Note that with competitive search CI is globally increasing without any
side conditions, but Proposition 4 again guarantees it can only cross RB once,
similar to Proposition 1. An interesting difference from the version with Kalai
bargaining is that now we do not need a condition like ¢ < i for existence. To
understand this, first note that competitive search equilibrium behaves in some
ways like a model with generalized Nash bargaining — see below for more on this,
but for now simply note that (37) is exactly what one gets with generalized Nash
if we replace e by bargaining power #. This makes the result similar to other
models along the lines of Lagos and Wright (2005), where monetary equilibria
exist for all © under Nash bargaining, but only for + below a threshold under Kalai
bargaining.

The next result is the analogue to Proposition 2 (again, derivations are in an
Online Appendix). Since most of the effects are similar to the bargaining model,

we do not go into more detail.?

Proposition 5 Given FV(k,h) = Be,f (k) + Ch and competitive search, the
effects of parameter changes are given in Table 2where ** means the result holds

under Condition 1.

\ L T 1 €0 €1 A B C
] - - + + + 0 + 0
q - + + 4+ 0 + 0
T 0 0 0 0 0 — 0 +
w 0 0 0 0 0 0 +
z — —** +** + ? 0 +-** 0

Table 2: Parameter Changes under Competitive Search.

2> There are a few differences — e.g., now k is unambiguously decreasing in ¢, while that
required a side condition in Section 3. It is not uncommon for directed search theory to yield
less ambiguous predictions than bargaining (e.g., see Dong 2011).
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The final result concerns efficiency, the analog to Proposition 3, with the proof
again following directly from comparing the conditions for equilibrium and for

the planner’s problem.

Proposition 6 Given F/(k,h) = f7 (k) + h, with competitive search and T = 0,

equilibrium is efficient iff 1 = 0.

Several aspects of Proposition 6 are noteworthy. First, as mentioned above,
(37) looks like what one gets in a model with Nash bargaining when the bargaining
power of type 0is # = e. Next, (34) looks like what one gets with Nash bargaining
when 6 = 1, which is what it takes to get efficient ¢ at « = 0. Finally, (35) looks
like what one gets with Nash bargaining when 6 = 0, which is what it takes to
get efficient k. Thus competitive search avoids the holdup problems inherent in
bargaining and makes it easier to achieve efficiency. We do not take a stand on
which solution concept is more reasonable or realistic; the goal instead is to sort
out logically the inefficiencies that obtain under different market structures and

the implications for policy.?®

5 Conclusion

This paper has explored capital investment and reallocation in dynamic general

equilibrium models featuring frictional markets, motivated by what we see as a

20To compare these results to the literature, Kurmann and Rabinovich (2016) have a k
holdup problem but not an m holdup problem, as they do not model liquidity. Aruoba, Waller
and Wright (2011) have both, but their DM trade involves consumption, not capital, so the
economics are rather different. In particular, one might say that we have a two-sided holdup
problem, while that model has two one-sided holdup problems, similar to work in labor eco-
nomics by Masters (1998, 2011) and Acemoglu and Shimer (1999), where firms invest in physical
capital and workers in human capital. Also, the results here are different than in the model
with ex post heterogeneity in Wright, Xiao and Zhu (2017), where all agents bring (m, k) to the
DM. In that case there is a 6 that delivers efficiency. This is related to a result in Rocheteau
and Wright (2005): when buyers choose money and sellers face an entry decision, the results
are quite different than when buyers choose money and face an entry decision.
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consensus in the literature that this is a fruitful area of exploration.?” The frame-
work also featured monetary exchange, due to explicit frictions, as opposed to
reduced-form restrictions. For specifications with random search and bargaining
or directed search and posting, we provided strong results on existence, unique-
ness, efficiency and comparative statics. The analysis was quite tractable: steady
state can be reduced to two equations in £ and m we called the CI and RB curves,
but they are basically the IS and LM curves taught in common macro courses.
Although their microfoundations are arguably more firm, our curves can just as
easily be used to illustrate the effects of monetary and fiscal policy.

Some results were consistent with mainstream macro — e.g., decreasing the
nominal interest rate stimulates real investment — even if the reasons were differ-
ent. In particular, lower ¢ in our setup means that type 0 will be more liquid in
the secondary market, and this encourages investment by type 1 in the primary
market. As regards efficiency, the first-best outcome obtains under competitive
search when « = 7 = 0, and under bargaining when ¢« = 0 and 7 = 7* < 0, since
an investment subsidy is required when there are bargaining wedges. Although
we did not go into this, in terms of second-best results, when 7 > 7* one can
check that + = 0 is still optimal, even if it does not achieve full efficiency. But
this is somewhat delicate: in the companion paper, with ex post heterogeneity
due to firm-specific productivity shocks, we show that ¢ > 0 can be optimal.

In terms of future research, first, it is of interest to explore in more detail

2TIn addition to what we said earlier, as motivation, consider Ottonello (2015), who com-
pares his model to one without search frictions. He finds the latter predicts “both investment
and output should be significantly higher than the levels observed in the data, as noted in
the previous literature.” Also, “Results indicate that investment search frictions and capital
unemployment are a relevant propagation mechanism for financial shocks: While these shocks
account for 33% of output fluctuations in the model with investment search frictions, they only
account for 1% of output fluctuations in the benchmark real model without investment search
frictions.” This is a nice example of how it is useful to look at capital reallocation through the
lens of search theory. Although this project focused on pure theory, rather than numbers, the
goal was to provide additional examples of how this is useful.
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other motives for capital reallocation, which we do to some degree in the com-
panion paper just mentioned. Second, obviously one could study the models
quantitatively, but that might best proceed after relaxing a few simplifying as-
sumptions (e.g., allowing more than two types), combining the ex ante and ex
post specifications, and adding aggregate shocks. Third, it may be interesting to
study endogenous growth in these models, perhaps as in Chiu et al. (2017), where
financial intermediation facilitates reallocation across producers for some reasons
that are straightforward and others that are more subtle. Finally, it might be
interesting to combine frictional capital and frictional labor markets. To us, these
and other extensions/applications make frictional capital reallocation an exciting
area for further exploration.

In closing, we thank our discussant for interesting and challenging comments.
We agree with most of them, and certainly think it is important to look carefully
into institutional descriptions of secondary capital markets. But, just like the
use of search in labor, housing, marriage, goods and other markets, ours is not
meant to be a literal description of how they work. While obviously a stylized
and abstract description, this does not mean it conveys no insights into the ac-
tual process of capital exchange, any more than it does for the other markets.
Moreover, we try to check robustness by studying random search and bargaining
as well as directed search and posting. Future work should of course look into
other frictions, including information problems. Search theory is well designed to
make progress on that issue.

Finally, the only other issue in the discussion to which we want to respond
concerns the nice “history of thought” provided on search-based models. We
do not agree at all that our model is an application of Duffie, Garleanu and
Pedersen (2005). First, as nice as that paper may be, it uses a second-generation

search-and-bargaining model — i.e., one with indivisible assets — while we use the
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more modern third-generation approach, with everything divisible. More than a
technical difference, this opens up many new paths to substantive insights. Our
approach is solidly in the recent New Monetarist tradition, following Lagos and
Wright (2005). What we do that is novel is, first, to switch from consumers
buying goods to firms buying inputs, and second, add various details meant to
capture salient elements of that market at least in an abstract way. This is a
natural extension, and allows us to make use of many results in the monetary
literature. Moreover, this certainly could have been accomplished without ever

seeing Dulffie et al. (2005). Otherwise, we agree with the discussion.
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