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Abstract

This paper considers an economy where central-bank-issued fiat money competes with
privately issued e-money. We study a policy-setting game between the central bank and
the e-money issuer and find (1) the optimal monetary policy of the central bank depends
on the policy of the private issuer and may deviate from the Friedman rule; (2) there may
exist multiple equilibria; (3) when the economy approaches a cashless state, the central
bank’s optimal policy improves the market power of the e-money issuer and can lead to a
discrete decrease in welfare and a discrete increase in inflation; and (4) first best cannot be
achieved. Central-bank-issued e-money leads to a simple optimal policy that achieves the
first best.

Bank topics: Digital currencies; Monetary policy
JEL code: E52

Résumé

Dans cette ¢tude, nous analysons une économie ou la monnaie fiduciaire émise par la
banque centrale est en concurrence avec la monnaie ¢électronique émise par une entité
privée. Nous étudions les issues d’un jeu dans lequel la banque centrale et I’émetteur de
monnaie électronique établissent leur propre politique et faisons une série de constats.
1) La politique monétaire optimale de la banque centrale dépend de la politique de
I’émetteur privé et peut s’écarter de la régle de Friedman. 2) Il pourrait exister des
¢quilibres multiples. 3) Lorsque 1’économie fonctionne presque sans numéraire, la
politique optimale de la banque centrale accroit le pouvoir de marché de 1’émetteur de
monnaie ¢lectronique et peut entrainer un léger recul du bien-étre ainsi qu’une hausse
minime de I’inflation. 4) L’optimum de premier rang ne peut tre atteint. La monnaie
¢lectronique émise par la banque centrale donne lieu a une politique optimale simple qui
permet d’atteindre I’optimum de premier rang.

Sujets : Monnaies numériques; Politique monétaire
Code JEL : E52



Non-technical Summary

We study the question of whether a central bank should issue its central bank digital currency from
a monetary policy perspective. We consider an economy where central-bank-issued fiat money
competes with privately issued e-money. The central bank controls monetary policy for fiat money
while the e-money issuer decides the policy for e-money. We investigate how the wide adoption
of e-money affects the central bank’s optimal monetary policy and total welfare.

Results show that declining fiat money usage can hurt social welfare because the e-money issuer
has an incentive to maximize its own profit instead of social welfare, and declining fiat money
usage gives more monopoly power to the e-money issuer. If fiat money usage drops below a
threshold, there can be a discrete drop in social welfare and then the optimal policy of the central
bank depends on the e-money issuer’s policy. This would add another complication to the
monetary policy of the central bank. Issuing central bank digital currency can simplify the optimal
policy of the central bank and improve the social welfare if it is designed to be a perfect substitute
of the privately issued e-money.



1 Introduction

Recently, there has been a heated discussion among several central banks on whether
a central bank should issue its own e-money (central bank digital currency or CBDC).
One important question in this discussion is whether a CBDC can be beneficial from
a monetary policy perspective. This paper tries to provide some insights into this
question by analyzing an economy where a privately issued e-money competes with
central-bank-issued fiat money.

The e-money considered in this paper has four key features. First, it is widely
accessible and may be used as a means of payment that competes with the fiat
money. Second, it has advantages in certain transactions, such as transactions made
online. For example, under the current technology of e-money, payment online is
fast, no intermediaries are involved, and anonymity is partially retained. Third, the
value of the e-money is not tied to the fiat money. Lastly, the private issuer has
monopoly power and fully controls the monetary policy of e-money. We abstract
from technological details such as block-chain technology and public ledger.!

We focus on a policy-setting game where the central bank maximizes total welfare
and the e-money issuer maximizes its seigniorage income. We consider both the case
where two issuers move simultaneously and the case where the central bank leads.
The former is more suitable if the central bank cannot commit to not responding to
the private issuer, while the latter is more suitable if the central bank can commit.
In both cases, the first best is not achieved and the optimal policy of the central
bank may deviate from the Friedman rule. The latter happens if usage of the fiat
money becomes sufficiently low, i.e., the economy approaches cashless. Furthermore,
if the central bank cannot commit, there can be a large drop in welfare if the usage

of fiat money falls below a certain threshold.

'For discussions on the economics of the technology, see Chiu and Koeppl (2017), Biais et al.
(2017) and Huberman et al. (2017).



Intuitively, if the e-money issuer is not running the Friedman rule, the central
bank faces the following trade-off. On the one hand, it wants to maintain the value
of the fiat money by keeping low inflation in case households want to use the fiat
money for transactions. On the other hand, it wants to encourage households to use
e-money for transactions where e-money has an advantage. This can be achieved by
raising inflation in fiat money since it is a substitute for e-money. The incentive to
raise inflation would dominate if the usage of fiat money was sufficently low. In that
case, the central bank would want to deviate from the Friedman rule.

If the central bank cannot commit to not responding to the e-money issuer, there
is a strategic complementarity. E-money issuers want inflation in e-money to raise
seigniorage income. The central bank then inflates fiat money to encourage usage
of e-money. This makes fiat money less attractive and gives more market power to
the e-money issuer. The e-money issuer responds by further increasing inflation in
e-money. If the fiat money usage is not too low, there exists a high welfare and low
inflation equilibrium where the central bank runs the Friedman rule and a low welfare
and high inflation equilibrium where both issuers deviate from the Friedman rule.
If fiat money usage falls below a threshold, the high welfare equilibrium disappears
because the welfare gain from a better fiat money is too low. Then the equilibrium
jumps to the low welfare equilibrium and causes a dramatic drop in welfare and
a discrete increase in inflation. If the central bank can commit, the problem is
less severe, but the central bank still has to take the e-money issuer’s action into
account and the optimal policy deviates from the Friedman rule when the economy
approaches a cashless state.

These findings highlight the challenges that a central bank would face from pri-
vately issued e-money, especially in a cashless environment. First, the first best is
not achieved and total welfare may drop dramatically if the usage of fiat money falls

below some threshold. Second, the central bank monetary policy becomes more com-



plicated because it has to take the response of the e-money issuer into account. If,
however, the central bank issues a central bank e-money (CBDC), which is designed
to be a perfect substitute for the private e-money, it can achieve the first best by
running the Friedman rule for both monies. The CBDC crowds out the privately
issued e-money because the private issuer cannot compete without incurring a loss.
The CBDC simplifies the monetary policy and improves the welfare, especially when
the economy is close to cashless.

This paper contributes to the growing literature on e-money. It is closely related
to Ferndndez-Villaverde and Sanchez (2016), and Schilling and Uhlig (2018). The
former analyzes privately issued e-money in a version of Lagos and Wright (2005).
However, they focus on competition among privately issued monies and price stabil-
ity. The latter focuses on bitcoin and studies price stability issues and how central
bank monetary policy can stabilize the price of e-money. We focus on the steady
state equilibrium and study optimal monetary policy from the welfare point of view.?

This paper is closely related to Lagos and Zhang (2018), who show that the
central bank monetary policy stays effective even if the economy becomes close to
cashless. This is because the fiat money provides an outside option and hence can
discipline agents’ behaviors even if it is not used. Similar to their work, central bank
policy in our model stays effective by restricting the market power of the e-money
issuer. However, we show that even if the central bank tries to maximize welfare,
it may want to strengthen the e-money issuers’ market power to some extend if fiat
money usage is below some threshold. As a result, a declining usage of fiat money
still has a negative effect on the economy.

Our work is also related to the large literature on international currency and

competing currencies based on search theory.®> Among them, it is most related to

2Other papers studying privately issued e-money include Saito (2014) and Hendrickson et al.
(2016). For an analysis of central-bank-issued e-money, see Davoodalhosseini (2018).

3An incomplete list includes Chang (1994); Uribe (1997); Engineer (2000); Ravikumar and
Wallace (2002); Curtis and Waller (2000); Camera et al. (2004); Martin (2006) and Kahn (2013);



Zhang (2014), who studies the adoption decision of foreign money and monetary
policy competition between two countries. She also shows that optimal monetary
policy may deviate from the Friedman rule because of the incentive to tax foreigners
holding domestic money. In our model, the mechanism is different because we do
not have foreign agents.

More generally, this paper contributes to the literature on liquid assets by showing
that the Friedman rule may not be optimal if the liquid asset (e-money) and fiat
money are substitutes. An incomplete list of papers that discuss liquid assets includes
Geromichalos and Herrenbrueck (2016, 2017); Lester et al.(2012); Williamson (2012);
Venkateswaran and Wright (2013); Li and Li (2013); Han (2015); He et al. (2015)
and Rocheteau et al. (2016). This paper also makes a technical contribution by
developing a fast and stable method to numerically solve models with two monies.

The rest of the paper is organized as follows. Section 2 lays out the environment of
the model. Section 3 studies the steady state equilibrium and derives the comparative
statics given the policies of the central bank and the e-money issuer. Section 4
analyzes the optimal monetary policy of the central bank if the e-money issuer’s
policy is exogenous. Section 5 considers a policy-setting game where both issuers
move simultaneously. Section 6 discusses the scenario where the central bank moves
first and the e-money issuer follows. Section 7 discusses various extensions of the

baseline model. Section 8 concludes.

2 Benchmark Model

Time is discrete and continues forever. There is a continuum of households and a
continuum of entrepreneurs. As in the standard New Monetarist model, at each

date ¢, agents interact sequentially in two settings: a frictional decentralized market

Zhou (1997); Trejos and Wright (1996); Trejos (2003); Head and Shi (2003); Camera and Winkler
(2003); Li and Matsui (2009); Liu and Shi (2010) and Zhang (2014).



(DM); and a frictionless centralized market (CM).

In the DM, households want to consume a non-storable good y and entrepre-
neurs can produce it on the spot. Households and entrepreneurs meet and trade
bilaterally. Because of the lack of commitment and anonymity, no credit is viable.
There is central-bank-issued intrinsically worthless fiat money m, and a worthless
digital object h, which we refer to as e-money. The total supplies of fiat money and
e-money at period t are M; and H,, respectively. They may be used as means of
payment. Entrepreneurs may be one of three permanent types. With «; probability,
a household meets a type 1 entrepreneur, who accepts only the fiat money. With as
probability, a household meets a type 2 entrepreneur, who does not accept the fiat
money, but may accept the e-money. With a3 probability, a household meets a type
3 entrepreneur, who accepts both.* One interpretation is that these entrepreneurs
offer the same product but operate in different locations. Type 1 entrepreneurs do
not have access to the internet and have to rely on fiat money. Type 2 entrepreneurs
specialize in online trading and e-money is more convenient. Type 3 entrepreneurs
operate local stores but also have access to the internet. Therefore, they can accept
both. Another interpretation is that these entrepreneurs sell different products. In
particular, type 1 firms are government agencies providing services and accept only
fiat money.” Then we can interpret the as as the probability that a household needs
to consume the corresponding product. In either case, a household meets an entre-
preneur at most once in the DM each period. And if no trade occurs, he proceeds
to the next CM.

In the CM, both households and entrepreneurs consume a numeraire good =,
supply labor ¢, trade m and h. Households do not know which type of entrepreneurs

they will meet in the next DM. Hence, they would hold both monies to insure

4The exchange rate between the fiat money and e-money is determined in the equilibrium.

°If we take this interpretation, we implicitly assume that the cost functions and the utility
functions are the same across all three products. However, all of the following analysis remains
valid if the utility and cost vary across products.



themselves against different transaction needs. Both households and entrepreneurs
have access to a technology that translates labor to the numeraire good one-for-one.
The central bank and the e-money issuer control M; and H;, respectively. They do so
by buying or selling their own monies in the centralized market. Any loss or income
is given back to households through lump-sum transfer or tax. The government has
a consolidated budget constraint with a passive fisal policy. Therefore, the central
bank has the resources to sustain a negative money growth rate. If the e-money
issuer cannot finance losses, the growth rate of e-money can be only non-negative.
Denote the growth rate of the fiat money as yi"y | = M;;1/M;—1 and that of e-money
aspp,; = Hy1/Hy — 1. In the next two sections, we treat them as exogenous and
study the outcome of the economy. Sections 4-6 endogenize %, and g, ;.

The lifetime utility for the households is Y, , B [U (;) — & + u (y:)], where u
and U satisfy the usual monotonicity and curvature conditions. In addition, u” is
continuous and bounded at any y > 0. Similarly, entrepreneurs have lifetime utility
Sy BYU () — € — ¢ (y1)], where ¢ is strictly postive and bounded away from oo
on any finite interval.

The CM problem for a household is

WtH (my, hy) = max Ul(xy) — b+ ﬁvtiﬂ (ﬁlt+17 ﬁt-{-l) )

el Mpg1,he1

s.t.x = gbt (mt - mt+1> + 1/}7& (ht - }Alt+1> + gt + ﬂ,

where V///| is the LW market value function in period t + 1; 72,11 and iLt—&—l are the
amount of fiat money and e-money that the household brings into the next DM; and
¢, and 1), are the prices of fiat money and e-money in terms of the numeraire good

x. If any of them equals 0, the corresponding money is not adopted. The first-order



conditions (FOCs) are

A 0 .
Mg @ P = Bm%i{l <mt+17 ht+1> ) (1)
. 0 /. -
hiyr @ Yy = /BWH‘/HJ <mt+17 ht+1> ) (2)
r 2 1=U"(x). (3)
Envelope conditions are
O oH 0 on
8—tht (me, he) = &y, a_htWt (me, he) = 9. (4)

Because an entrepreneur does not need to consume in the DM, he does not take

any money out of the CM. Then his CM problem is

WE (my, hy) = maxU (z;) — ¢ + BV;E, (0,0)

¢l

s.t. Ty = thmt + wtht + gt + Tt.

The FOC is U’ (x;) = 1 and the envelope conditions are the same as in (4).

The DM value function for a household is
V7 (e, he) = an [u(y) + W (me —my he) ] + o [u (y7) + W (my, by — 1) ]

3
tag [u (y) + W (me —md, hy — b)) + <1 — Z ozl) WH (my, hy) .
=1

where yi, i = 1,2,3 are consumptions in different types of trades and m}, h2, h?
and m are corresponding payments. For example, with «; probability, a household
meets a type 1 entrepreneur. In this case, he needs to pay m, fiat money for 3} DM
consumption. In the next CM, he has only m; —m/ fiat money left. By the envelope

conditions (4), W/ is linear in both m; and h;. We can rewrite as follows:

VtH (mt7 ht) = [U (?Jtl) - ¢tmt1] + [U (%2) - ¢th?]

+ag [U (?J?) — b} — ¢tmf] + WtH (g, ) - (5)

8



Consumptions and payments are determined by the Kalai bargaining solution.’
Let y* be the efficient DM consumption which satisfies v’ (y*) = ¢ (y*) and g (y) =
0y + (1 —0) u(y), where 0 is the bargaining power to the buyer. Let z be the total
real balances that a household can use in a transaction. The corresponding terms of

trade are y = Y (2) and p = P (z2),

-1 if z < 2* if z < 2*
Y(z):{ g (2) ifz z andP(z):{ z* itz <z (6)
Y otherwise

z* otherwise ’
where p is payment in real terms and z* = ¢ (v*) + (1 — 0) u (y*).
Then we can take partial derivatives of (5) and use (6) to obtain the envelope

conditions of the DM value function

0
6_mtVtH (me, he) = arA(¢ymy) oy + s (¢gmy + P, hy) ¢y + By (7)
0
a_htViH (Mg, he) = o) (Pihe) ¥y + s (oymy + Pihy) Oy + By, (8)
where A is the liquidity premium defined as
u’ -1 : *
Logl(z)—1>0 ifz<D
p—t g
Ao ={ ‘ o )

It captures the fact that more money relaxes the liquidity constraint in the DM and
enables households to consume more. A formal derivation of (7)-(8) is provided in

Appendix A. Combine them with (1) to obtain the Euler equations

6 = QuBA (paenn) Gpr + asBA (Gt + Veahin ) Gr + Boria,
Y, = azfA <¢t+1ﬁt+l> Yy + azfBA <¢t+1mt+1 + ¢t+1ﬁt+l> Vi1 + By
Define 2" = ¢, M;, 2! = 1,H; and use the market clearing conditions 1, ; =
M1 and iLt+1 = H,;,1 to obtain
(L4 p) 2" = aiBA () 2+ asBA (2 + 204) 20 + B2 (10)

(1 + M?H) Zf = a0\ (Zth+1) Zl{:‘l + azfA (Zz-l + zlﬁrl) Zl{l—i-l + lefb-i-l' (11)

6The results derived in this paper do not depend on the Kalai solution. They also hold under
other solution concepts such as Walrasian pricing and a strategic bargain game analyzed in Zhu
(2018).




Any non-negative sequence {(z}”,zf)}zl that solves (10) and (11) constitutes an

equilibrium if it satisfies the transversality conditions lim; ﬁtz{” = 0 and lim;_, ﬁtzf =
0. The liquidity premium \ is essentially the Lagrangian multiplier on the constraint
that households cannot spend more than they have. If the constraint is binding, A
is strictly positive and the household spends everything. Otherwise, A = 0 and the

household consumes y*.

3 Steady State Equilibrium

Now we study the steady state equilibrium given the constant money growth rates,
ie., u" = p™ and pl = p” for all t. In the steady state, 2" and 2} stay constant
over time and the inflation rates 7™ = ¢,/¢, ., — 1 and 7" = ¢, /¢, — 1 equal the
money growth rates, i.e., 7™ = u™ and 7" = p”. There always exist equilibria where
either or both of the monies are not valued due to self-fulfilling prophecies. Since our
goal is to analyze the interaction between the two monies, we focus the equilibrium

where a money is valued if it can be valued. Then equilibrium conditions reduce to

3
WV

arA (2™) + azA (2™ + 2") strict inequality if 2™ = 0, (12)

" > A (2") + agh (2™ + 2") strict inequality if 2" = 0. (13)

Here i™ = (1+7™) /8 — 1 and i" = (1 + 7") /3 — 1 are the nominal interest rates
of illiquid nominal bonds in the corresponding monies, which is determined by the
Fisher equation. In each of the equations, the left-hand side is the marginal cost of
money, i.e., the forgone interest rate. The right-hand side is the marginal benefit of
money, i.e., it enbles more consumption. A money is not valued if the marginal cost
outweighs the marginal benefit. Otherwise, households bring in enough money such
that its marginal cost equals marginal benefit.

In principle, the equilibrium can have four regimes: (1) no monies are valued,;

(2) only fiat money is valued; (3) only e-money is valued; and (4) both monies are

10



valued. Regime 1 occurs iff i™ > (a; + az) A (0) and i" > (ay + a3) A (0), i.e., the
cost of holding either money exceeds the benefit. In regime 2, holding e-money is too
costly given that the fiat money is valued. This implies i" > 7" = as\ (0) + az) (2™)
where

™ = A (Z) + as) (27,

or equivalently

a
i" > 7" = ay\ (0) S,
a1 + a3
Symmetrically, in regime 3,
«
"> T = ag A (0) + ——— it
Qg + Qg

Lastly, regime 4 happens only if i < 7™ and i" < 7".
Proposition 1 Equations (12)-(13) defines a unique equilibrium which satisfies
1. No money is valued iff i™ > (ay + az) A (0) and i"* > (a9 + az) X (0).
2. Only fiat money is valued iff i™ < (a1 + az) A (0) and i" > 7".
3. Only e-money is valued iff i" < (ay + az) A (0) and i™ > 7.
4. Both monies are valued iff i™ < 7™ and i" < 7".

Proof. See Appendix B. =

Proposition 1 shows that only one of the four regimes can occur under any set of
parameters. Given the fiat money is valued, Proposition 1(2) suggests that e-money
can be valued iff i* < 7". This condition is more likely to hold if i™ is high and/or
a9, the size of online trading, is large. It implies that if s is not too big, the central
bank can deter the adoption of e-money by setting a low inflation or a low nominal

interest rate.

11



Proposition 2 The comparative statics are shown in Table 1.

e ’ih a1 Qg QO3
2" -+ + =+
M+ - -+ 4+
e+ 0 — + +

Table 1: Comparative Statics

Proof. See Appendix C. m

Figure 1(a) shows the comparative statics with respect to as. As s increases,
e-money becomes more useful. Households demand more e-money, which raises its
value and real balances z". Because e-money and fiat money are perfect substitutes
in type 3 transactions, households demand less fiat money. This decreases the value
of fiat money and its real balances z™. This change translates to the change in
adoption. Figure 1(b) plots three measures of adoption. The blue curve is the
real balances of e-money as a fraction of total real balances in the economy, i.e.,
2/ (zm + zh). The red curve is the value of transactions made in e-money as a
fraction of total transaction value.” The magenta line is the same measure but only
uses type 3 transactions. All three measures increase with as. The central bank can
restrict the adoption of e-money by requiring buyers and sellers to use fiat money,
which increases a; and decreases oy and 3. It can achieve this goal by setting a
low nominal interest rate. In particular, if " = 0, households do not need to use
e-money in type 3 transactions and e-money is a niche money that serves only type
2 transactions.

The presence of e-money can greatly reduce the central bank’s ability to raise
seigniorage income (inflation tax), because the demand for fiat money becomes more

elastic. Figure 1(c) plots the seigniorage income of the central bank as a function

"Strictly speaking, there is a well-known indeterminacy here. Agents are indifferent between
using fiat money or e-money in type 3 transactions. We assume that agents do not use e-money
unless it is necessary. This can be justified by an arbitrarily small cost of adopting e-money in type
3 transactions.

12
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Figure 1: Effects of the Size of Type 2 Trades

of inflation rate in a numeric example. Parameters are shown in Table 2. The
red curve is constructed under ay = 0. And the two blue curves are constructed
with s = 0.01 and 0.02. With the introduction of e-money, seigniorage income
decreases dramatically at any level of inflation. In addition, the seigniorage income
is maximized at a much lower inflation rate. Therefore, existence of e-money can

discipline the central bank.

4 Optimal Monetary Policy: Exogenous "

This section investigates the optimal monetary policy of the central bank when e-
money grows at an exogenous rate u”. The policy variable of the central bank is
the time-invariant long-run money growth rates u. Since we focus on the steady
state equilibrium, setting ;™ is equivalent to setting nominal interest rate :™ under

" This excerise is interesting for two reasons. First, e-money, like

an exogenous 7
bitcoin, employs an exogenous long-run growth rate. Therefore, it is interesting to
investigate how the central bank should respond. Second, this analysis helps to
trace out the central bank’s best response to i", which is later used to analyze a

policy-setting game.

The central bank is benevolent and maximizes the total welfare of the economy,

13



which includes type 2 transactions.® The total welfare can be written as

Q(im,ih) = opfuoy(z™) —coy(z™)] + as [uoy(zh) —coy(zh)}

tas [uoy (2" +2™) —coy (2" + 2™)] + constant,

where 2™ and 2" depend on i™ and " through (12)-(13). As is standard in the litera-
ture, monetary policies affect the welfare only through the social value of production

in the DM. We first present the following result without a proof.

Lemma 3 The first best is achieved at i™ = 0 and i" = 0. And 9Q (i™,0) /0i™ < 0
and 98 (0,4") /9" < 0.

If the central bank can control both i* and i™, it can achieve the first best by
implementing the Friedman rule for both monies. If the central bank can control
only i, an immediate consequence of Lemma 3 is that the optimal ™ is 0 if i" = 0.

However, if i" > 0, the optimal i™ may be different from the Friedman rule.

Proposition 4 If as, a3 > 0, ap) (0) > i > 0, then the optimal central bank policy

1" satisfies
1. If aq > 0 is sufficiently small, then 0 < " <™.

2. If ay = 0 and i" is not too big, then i™ > 1™ and fiat money is not valued.

Proof. See Appendix D. m

Intuitively, if a; = 0 and ™ = 0, consumption is efficient in type 1 and 3
transactions under the Kalai bargaining. But it is below the efficient level in type
2 transactions because " > 0. An increase in i from 0 results in a second-order

welfare loss by reducing consumption in type 1 and 3 transactions. But it leads to

8We trade type 2 transactions to be legitimate transactions instead of crimes. If these trans-
actions are criminal activities, the optimal policy of the central bank is always the Friedman rule
regardless of the e-money issuer’s policy.

14



a first-order gain by raising consumption in type 2 transactions. As a result, this
leads to a total welfare gain. By continuity, the same holds if a; is sufficiently small.
Notice that the key to this argument is that at ™ = 0, consumption is efficient
in type 1 and 3 transactions. Therefore, Proposition 4 holds under other trading
mechanisms that share this property, such as competitive pricing and the strategic
game analyzed in Zhu (2018).

If iy > 0, it is never optimal to i > 7™ because households would like to consume
in type 1 transactions. But if a; = 0, it is optimal to maximize the value of e-money
by driving fiat money out of circulation.

We now illustrate how " affects the " using numerical examples. Figure 2
shows welfare as a function of i™ under different values of i". In these examples,
ai > 0.2 If i* = 0, welfare is monotonically decreasing in ™ and has a unique peak
at i™ = 0. Therefore, the Friedman rule (i™ = 0) is the optimal policy. If i* increases
to 0.02, welfare is non-monotone in ™. If ¢ is small, buyers are unconstrained in
type 3 transactions. An increase in " reduces consumption in type 1 transactions
but does not affect consumption in type 2 and 3 transactions. Therefore, higher ™
leads to lower welfare. If ¢™ is sufficiently large, liquidity becomes scarce in type
3 transactions. An increase in ™ makes households more constrained in type 3
transactions. This raises the value of e-money because it can also be used in type
3 transactions. As a result, buyers can consume more in type 2 transactions. If the
gains in type 2 transactions dominate the losses in type 1 and 3 transactions, the
total welfare increases with ™. Therefore, the welfare function has two peaks: one

" is not very high, the peak at i™ = 0 is

at ™ = 0 and one at ™ > 0. Because i
higher and ™ = 0. If i" further increases, the peak at i™ > 0 becomes higher and
i™ > 0. Lastly, if i" is sufficiently high, as shown in Figure 2(d), the Friedman rule

is optimal. In this case, e-money is not valued if " is not sufficiently high. As a

9All the parameters are shown in Table 2.
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Figure 2: Example 2: Welfare as a Function of ™

result, welfare decreases with ™ until a point at which e-money is valued. Then
both monies are valued and households can consume in type 2 transactions. Higher
1™ increases welfare through the mechanism described above. This leads to the local
maximium with ¢ > 0. Because holding e-money is very costly, the Friedman rule
yields higher welfare and e-money is then not valued.

It may be natural to think the e-money issuer may not set i* = 0 even if they
are benevolent. To implement " = 0, the e-money issuer needs to buy back e-
money in the CM, which results in a loss. The e-money issuer may not do so if
he cannot finance himself through taxes or donations, which is likely the case for a
private issuer. In this case, the central bank’s optimal policy may deviate from the

Friedman rule.

5 Policy Game: Simultaneous Move

Now suppose the private issuer is a firm owned by households. It chooses i to
maximize its seigniorage income and transfers all the profit in lump sum back to
households. We consider a two-stage policy-setting game. In the first stage, the
central bank and the e-money issuer simultaneously set their long-run interest rates.

In the second stage, the economy figures out the steady state equilibrium given the
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policy choices.!’

Let the per-period seigniorage income of the e-money issuer be
) = [8 (" +1) =1] "/ [B (" +1)],

where 2" depends on both i™ and " through (12)-(13)."* If 3 (" +1) — 1 > 0, the

t.!2 The e-money

e-money authority is selling e-money in the CM and earns a profi
issuer maximizes II (im, ih) by setting " taking ™ as given while the central bank
sets 7™ to maximize () (im,ih) taking i" as given. We focus on the pure strategy

Nash equilibrium because it is easy to interpret.

It is difficult to establish a general existence result of a pure strategy equilib-

13 ym h h

rium.” In principle, II (z )0 ) may be non-concave or even non-monotone in z".

The same is true for €2 (im, ih) as a function in ™. Moreover, this game may not
be super modular. In fact, we show in numerical examples that the best response
functions of the central bank and the e-money issuers may both have discontinuities,
which may potentially lead to non-existence of a pure strategy equilibrium. This
complication arises because the demand for monies emerges endogenously from the
liquidity premium. Its second derivative determines the properties of II (im, ih) and
Q (z’m, z’h), which depend on the third-order derivatives of the utility and cost func-

tions. However, in all of the numerical examples considered below, the pure strategy

equilibrium exists. And in some cases, we can derive easy-to-check conditions for the

10Tn other words, we restrict the action space to be policies that have constant long-run money
growth rates. We do not consider time-varying policies. This policy-setting game is related to
Zhang (2014) and Geromichalos and Herrenbrueck (2016). The former considers a game where two
central banks compete to set policies to maximize welfare of their own citizens. The latter considers
an optimal asset issuance problem with two competing asset issuers.

TAn alternative formulation is that at the first stage, the e-money issuer initially is-
sues e-money and then chooses i" to maximize its total revenue, which includes both the

revenue from initial issuance and the total seigniorage income, i.e., II* (i’”, ih) = h +
% [ﬁ (ih + 1) — 1] M/ [B (z’h + 1)] The results are similar qualitatively.

12Note that the e-money issuer need never incur a loss, since it can always break even by setting
h
i"=1/8-1.

13If we allow for mixed strategy equilibria, it is easy to show that a Nash equilibrium exists by
Glicksberg’s theorem.
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existence of a pure strategy equilibrium. For more discussions, pleaes see Appendix
E. In the rest of this section, we focus on the properties of the pure strategy equilib-
rium given that it exists. Let i and i” be the equilibrium outcome. We first provide

conditions under which the Friedman rule cannot be an equilibrium outcome.

Proposition 5 If apA (0) > 1/8 — 1, then i" > 1/ — 1. If in addition, az > 0 and

oy 18 sufficiently small, i > 0.

Proof. Given any i™, if i* < 1/ —1 leads to non-positive seigniorage income, while
asA (0) > i" > 1/8 — 1 yields strictly positive seniorage income. This proves the
first claim. For the second claim, just notice that by proposition 4, " > 0 because
it maximizes welfare under i >1/3—1. =

We now use some numerical examples to illustrate the equilibrium. We start with
an analysis of the e-money issuer’s best response.

Figure 3 shows the per-period seigniorage income of the e-money issuer as a
function of i under different values of i™. Parameters are shown in Table 2. If
i™ = 0, buyers are not constrained in type 3 transactions. Then II" (i™, ") reduces
to [B (ih - 1) — 1] At (ih/ag) / [5 (ih + 1)} . It has a unique peak at around " =
0.038. This is the best response of the e-money issuer to ™ = 0. Intuitively, the
effect of i" has two effects: it increases the amount of new e-money issued each
period and decreases the value of e-money. The former effect raises I1" (z’m, ih) and
the latter reduces it. When " increases from 0, the former effect dominates and
hence the income increases. If i" is too large, the latter dominates and II" (z’m, ih)
decreases.

If s™ = 0.008, II* (im,ih) overlaps with the one under ™ = 0 until i" reaches
around 0.04, where a kink occurs. To the left of the kink, buyers in type 3 trans-
actions are unconstrained and the seigniorage income is the same as in the case of

1™ = 0. To the right of the kink, buyers are constrained in type 3 transactions.
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The kink occurs in the decreasing region of the seigniorage income function under
i™ = 0. The optimal " under i = 0 remains a local maximizer at i = 0.008. Just
to the right of the kink, type 3 transactions contribute to the liquidity premium. As
a result, the adverse effect of i on the value of e-money is alleviated. Consequently,
the seigniorage income starts to increase again. It eventually decreases as i" further
increases. This leads to the second local maximizer at which buyers are constrained
in type 3 transactions. Now the second local maximizer yields a lower seigniorage
income compared to the first local maximizer. The best response remains the same
as for i™ = 0.

If +™ further increases to 0.0085, the kink happens earlier because i reduces the
value of fiat money, making buyers more constrained in type 3 transactions. The
local maximum to the right of the kink becomes larger than the one to the left of the
kink. The best response of the e-money issuer changes to the local optimal where
buyers are constrained in type 3 transactions. Notice there exists a value of ™ at
which both local maximums are equal. This leads to two best responses under that
1™, If ¢ increases to 0.01, then the kink occurs before the first local maximizer is
reached. And now the seigniorage income function has a unique local maximizer,
which is also the global maximizer.

This property of the seigniorage income translates to the best response function
shown in Figure 4(a). If /™ is sufficiently small, the local maximizer to the left of the
kink in Figure 3 yields the highest income. The best response stays unchanged for
all such ™. As "™ increases, the best response jumps because the local maximum
to the right of the kink in Figure 3 yields higher income, causing a discountinuity in
the response function. At the jumping point, the two local maximizers are both the
best responses. As ™ further increases, fiat money and e-money co-exist until the
first kink on the best response function, shown in Figure 4(a), occurs. To the right of

that kink, ¢ is sufficiently high and it is optimal for the e-money issuer to drive fiat
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Figure 3: Seigniorage Income as a Function of i"

money out of market. In this region, the e-money issuer still faces competition from
the fiat money and cannot act as a monopolist. If he chooses a policy ignoring fiat
money, fiat money will be valued, leading to a lower seigniorage income. If ¢ further
increases, the second kink in Figure 4(a) occurs. Then i is so high that even if the
e-money issuer acts as if he or she is the monopolist, fiat money cannot be valued.
Then her best response does not depend on i™ and the best response function is
vertical. It is worth noting that the best response function of the e-money issuer is
not necessarily increasing in ¢”*. In fact, in the numerical examples, we find it to be
decreasing just to the left of the first kink.

Similarly, we can obtain the best response of the central bank as shown in Figure
4(b). This best response function has two jumps. The jump at the lower i* happens
because the local maximum at ™ > 0 becomes the global maximum illustrated in
Figure 2. The jump at the higher i" happens because it is optimal for the central
bank to drive e-money out of circulation if 5" is sufficiently large.

We now turn to the equilibrium. Any intersection of the two best response
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functions is a pure strategy equilibrium. In Example 3, there is only one intersection
with i" = 0.065 and i™ = 0.056. The equilibrium yields lower welfare compared to
the first best, which requires i™ = 0 and " = 0.

Now focus on the equilibrium in Example 4, which is plotted in the second column.
The best response functions have two intersections. This leads to two equilibria: one
with " = 0.038 and i™ = 0 and one with i" = 0.062 and i = 0.053. The second
equilibrium leads to lower welfare compared to the first. The possibility of multiple
equilibria highlights the monetary policy coordination issue.!*

It is worth noting that the difference between Example 3 and Example 4 is that
o is smaller in Example 3. As predicted by Proposition 5, any Nash equilibrium has
1™ > 0 if ay is sufficiently small. This has important implications on how declining
usage of the fiat money can have a negative impact on the economy. To see this,
suppose the central bank is able to pick the good equilibrium. When usage of the fiat
money is high, i.e., oy is high, there are multiple equilibria and the economy operates
at the low inflation, high welfare equilibrium. But if the fiat money usage goes down
as a drops below a threshold, the good equilibrium ceases to exist and the economy
jumps to the high inflation equilibrium, resulting in a discrete drop in welfare and
a discrete increase in inflation. Figure 6 illustrates this. It is contructed under the
parameters of Example 4 except that oy + g = 0.12. As «; decreases, as increases.
When «; drops below around 0.05, the good equilibrium disappears and welfare
drops dramatically, as shown in Figure 6(a). Interestingly, as a; further decreases,
the welfare increases. This captures the network externality: it is beneficial if all
agents use the same money. However, the gain from the network externality cannot
fully compensate the loss due to the e-money issuer’s increasing monopoly power.

The total welfare is lower at ac; = 0 compared to at ac; = 0.1. Moreover, inflation at

14In general, we cannot establish existence of pure strategy equilibrium because the best response
functions are both discontinuous.
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Figure 5: Policy Game: Equilibrium

makes inflation even higher because it is beneficial to encourage e-money usage.

6 Policy Game: Sequential Move

Now, we consider a sequential game in which the central bank first sets its monetary

policy and then the e-money issuer follows. This game is more suitable in cases

where the central bank can commit to not responding to the e-money policy.
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Figure 6: Effects of Declining Fiat Money Usage
Ex \ o € 15} 0 aq oy Qs i i
1 1.76  0.05 0.98 0.5 0.01 0.01 0.4 0.041 0.041
2 090 0.05 098 0.50 0.01 0.1 0.40 N/A
3 0.90 0.05 0.98  0.50 0.03 0.06 0.40 N/A NJ/A
4 090 0.05 098 050 0.055 0.06 0.40 N/A N/A
5 0.90 0.05 098  0.50 0.3 0.06 0.40 N/A NJ/A
Table 2: Parameters for Numerical Experiments u (y) = (yﬁ)l{%alﬂ, c(y) =y.
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Figure 7: Welfare as a Function of i with Sequential Move

In this game, the central bank takes the e-money issuer’s best response as given
and tries to set a policy that maximizes the total welfare. As shown in Figure 4(a),
the best response of the private issuer is increasing in ¢”* but can potentially have
jumps. At the jump, two different values of i" yield the same seigniorage income for
the e-money issuer. If we assume that the e-money issuer always picks the smallest 7"
if there are maximizers of the seigniorage income, the total welfare function is upper
semi-continuous in . Consequently, there exists at least one solution to the central

bank’s problem. In addition, we can obtain an analogous result of Proposition 5.

Proposition 6 If oy is sufficiently small and ag > 0, the optimal policy i7" > 0 in

the sequential move game.

Proof. Proof omitted because it is similar to that of Proposition 5. =

Figure 7 shows the total welfare as a function of ™ in Examples 2-4 in the
sequential move game. In principle, it can have four regions separated by kinks or
discontinuities, which correspond to the four regions of the e-money issuer’s best
response function. In Figure 7, we show only the first three regions. In the first
region, " is sufficiently small and welfare is strictly decreasing. As ™ increases to
a certain level, the e-money issuer’s best response jumps up. Consequently, welfare

drops discontinuously, which starts the second region. In this region, a higher i
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first increases welfare because gains from type 2 transactions dominate and then
decreases welfare because losses from type 1 and 3 transactions dominate. In the
first two regions, e-money and fiat money co-exist. As i" further increases, a kink
marks the start of the third region. In this region, the e-money issuer finds it optimal
to drive out fiat money. If ¢ is higher, the e-money issuer can drive out fiat money
at a higher i*. Hence, a higher ™ unambiguously decreases welfare. If i further
increases, another kink occurs and the fourth region starts. In this region, fiat money
is not valued even if the e-money issuer acts as if it is the only money issuer in the
economy. Then, welfare stays constant as ¢™ increases.

Compared to the simultaneous move game, the outcome can be more efficient
if the CB moves first. This is true under the parameters of example 3 and 4, as
shown in Figures 7(b) and 7(c). In both cases, the equilibrium in the sequential
game is " = 0. In Example 3, the equilibrium of the sequential move game strictly
dominates that of the simultaneous move game. In Example 4, the sequential move
game picks out the more efficient equilibrium in the simultaneous move. However, if
o is sufficiently small, as in Example 2, the optimal i can still be positive. This is
shown in Figure 7(a).

To sum up, in the sequential move game, the central bank has more ability to
control inflation because it commits to not responding to the private issuer. This
yields better outcome. But again, as the economy becomes cashless, it is optimal for
the central bank to tolerate more inflation for higher welfare. If the central bank can
issue its own e-money, which is designed to be a perfect substitute for the private
e-money, it can achieve the first best by setting the Friedman rule for both monies.

This would drive the private e-money out of circulation.
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7 Extensions
7.1 Homogeneous Fixed Cost of Adoption

Now we endogenize the adoption decisions of e-money. Suppose that type 3 entre-
preneurs can accept fiat money at no cost and may accept e-money in the next LW
market only if they pay a per-period cost x in the current AD market.

Let 7 be the acceptance rate of e-money in type 3 transactions. Given 7, the

equilibrium is determined by

"= Jort+as (1= 1) A("™) + asTA (2" + 2" (14)

"= A (2") +agTA (27 + ") (15)

These two equations implicitly define ™ = Z™ () and 2" = Z" (7). If a type 3
entrepreneur chooses to accept e-money, he can sell more upon meeting a buyer.

This benefit is

(1) = PBas {P [Zm (1) + 2" (7')] —coY [Zm (1) + 2" (7’)]}

—Ba, {P[Z"(r)] —coY [Z"(7)]}.

Let o be the best response function for the type 3 entrepreneur. Then we have

1 if K <X (7)
o(r)=14¢ (0,1) ifx=2%(7)
0 if k> % (1)

Then the equilibrium is characterized by (14)-(15) and o (1) = 7.

To analyze the equilibrium, we first derive properties of 3 (7).

Lemma 7 (1) X (7) is weakly increasing in 7. (2) X (1) is weakly increasing in i™
for a given T. (8) ¥(7) is weakly increasing in oo for a given T.
Proof. If 7 increases, Z" (7) increases and Z™ (7) decreases. Asaresult, P [Z™ (1) + Z" (7)] -

coY [Z™ (1) + Z" (7)] increases weakly and P [Z™ (1)] — coY [Z" ()] decreases.

This proves (1). The rest can be shown in the same way. m
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Intuitively, an increase in 7, or i, or as makes e-money more attractive and

buyers hold more of it. As a result, the benefit from accepting e-money increases.

Proposition 8 The steady state has three possibilities. (1) If 3 (0) > k, e-money
is accepted in all type 3 transactions. (2) If ¥ (1) < K, e-money is not accepted in
type 3 transactions. (3) If ¥ (0) < k < X (1), there exist three equilibria. E-money
may be accepted in all type 3 transactions, or not in any type 3 transactions, or in a

fraction T € (0,1) of type 3 transactions where k = X (T).

Proof. By Lemma 7, ¥ (7) is weakly increasing. Hence, if ¥ (0) > k, ¥ (7) > &
for any 7. Hence, the only equilibrium is 7 = 1. Similarly, 7 = 0 if ¥ (1) < . If
¥(0) <k <X(l), 0(0) =0 and hence 7 = 0 is an equilibrium. Similarly, 7 = 1
is another equilibrium. In addition, by continuity of ¥ (7), there exists a 7 € (0, 1)
such that k = 3 (7), which is the third equilibrium. =

If x is sufficiently high, the e-money is used only as a niche money in the equi-
librium. If k is sufficiently low, e-money is accepted in all trades. For intermediate
k, there exist equilibria with partial adoption, full adoption and no adoption. It is
worth noting that if i = 0, X (7) = 0 for any 7. This is because buyers are not
constrained in type 3 transactions with only fiat money. Therefore, e-money is used
only as a niche money for any k. However, if i™ > 0, ¥ (0) > 0. Then, type 3

entrepreneurs will accept e-money if « is sufficiently low.
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Figure 8 plots ¢ (7) and the 45° line. Any intersection between them constitutes
an equilibrium. Figures 8(a)-8(c) are for different values of x. If  is high, o (7)
intersects the 45° line only at the origin. Hence, the only possible equilibrium is
7 = 0. If k is intermediate, o (7) cuts the 45° line at 7 = 0, 7 = 1 and some
7 € (0,1). As a result, there are three equilibria: (1) all type 3 entrepreneurs do not
accept e-money; (2) all of them accept e-money; and (3) some accept and some do
not. Notice that 7 = 0 and 7 = 1 are two stable equilibria. The one at 7 € (0,1) is
unstable. An increase in 7 leads people to accept with probability 1 and a decrease
leads to no acceptance. Lastly, if x is sufficiently low, the only equilibrium is at
T=1

This analysis illustrates the discontinuities that can arise in adoption of e-money.
E-money can serve as niche money that is used only in type 2 transactions. As k
decreases, e-money may still continue to be niche money, i.e., agents coordinate on
the equilibrium with 7 = 0. But if x becomes sufficiently large, the equilibrium with
7 = 0 disappears and suddenly, the economy switches to the equilibrium with 7 = 1.
Inappropriate monetary policy by the central bank can expedite this process. Figure
8(d) illustrates this. If i is low, o (7) is depicted by the blue solid line. There exists
equilibria with 7 = 0 and 7 € (0,1). But if i is high, o (7) changes to the dashed
line. Then the only equilibrium is 7 = 1. Intuitively, a higher " makes buyers more
constrained by using only fiat money and raises the benefits of using e-money. As a
result, type 3 entrepreneurs are more willing to accept e-money.

Our previous analysis on optimal monetary policy remains valid here. To see this,
notice that the previous results are under £ = 0. By continuity, the same conclusions
hold under any sufficiently small x. Figure 9 illustrates that ¢J* can be positive given
an exogenous i". If /™ is low, the e-money is not accepted by type 3 entrepreneurs.

An increase in ¢ reduces welfare. If ¢ is sufficiently high, e-money is accepted by
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Figure 9: Welfare as a Function of i"* with x > 0

all type 3 entrepreneurs.'® Then buyers can consume more. This benefit outweighs
the fixed cost to accept e-money as long as k is not too high. Therefore, welfare
jumps up. Upon acceptance of e-money by type 3 entrepreneurs, e-money starts to
be a substitute for fiat money. Then the effect of i™ on e-money, which is described
in previous sections, becomes active. Higher i can raise welfare and " can be

positive. This happens if x is low, as shown by the magenta curve.

7.2 Heterogeneous Fixed Cost of Adoption

In the homogenous cost model, the mixed strategy equilibrium is unstable: in it, the
adoption rate increases with adoption cost. When there is heterogeneity in the cost of
adoption, there can be stable mixed-strategy equilibrium. For example, assume that
 has distribution F, (-) with a density supported on [k, k]. This captures that the
sellers may have different costs of adopting e-money. Again, let 7 be the proportion

of sellers in type 3 transactions who accept e-money. Then, given 7, 2™ and " solve

"= Jou+az(1=F)|AE™) +asTA (2" + 2", (16)

" = A (F") +asTA (M4 ") (17)

15We pick the equilibrium with 7 = 0 as long as it exists. If it does not exist, the only equilibrium
isT=1.
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The seller accepts e-money if his surplus of accepting is higher than his own cost,

i.e.,

1 ifk <3 (7)
0(’”):{ 0 ifrk>2(F)

Any 7 that satisfies that F) (3 (7)) = 7 is an equilibrium.

There are several cases:

(1) & < ¥(0). This case is plotted in Figure 10(a). The x-axis is 7 and the
y-axis is X (7) or k. The blue solid line is 3 (7) and the red dashed line is the
quantile function of x, i.e., F_!. Any intersection of these two curves is a solution
to F,, (X (7)) = 7 and hence is an equilibrium. In addition, 7 = 0 is an equilibrium
if the red curve lies above the blue curve at 7 = 0. And 7 = 1 is an equilibrium if
the red curve lies below the blue curve. In this case, the only equilibrium is 7 = 1,
i.e., because the cost of adoption is so low that every type 3 seller accepts e-money.

(2) Kk > X (1). This case is illustrated in Figure 10(b). Now the cost of adoption
is so high that no one accepts e-money in type 3 transactions and e-money stays as
niche money.

(3) The case with ¥ (1) > & > k > X (0) is depicted in Figure 10(c). Now
7 =1 and 7 = 0 are both equilibria. The two curves also intersect once between
[0,1] and yield another equilibrium with 7 € (0,1). Due to the continuity of both
curves, at least one such equilibrium exists. There might be more than one equilibria,
depending on the shape of F,. One can see this from Figure 10(d). The red dashed
curve intersects with the blue solid curve three times, leading to three equilibria with
7€ (0,1).

(4)If & > X (1) > £ > ¥(0), we must have 7 € (0, 1) in the equilibrium. At least
one such equilibrium exists, as illustrated in Figures 10(e) and 10(f).

(5) The case £ (1) > & > ¥ (0) > k is illustrated in Figure 11(a) and Figure 11(b).
In this case, 7 = 1 is always an equilibrium. But there may not exist equilibria with

7 € (0,1) (Figure 11(a)), or more than one such equilibria (Figure 11(b)).
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(6) Similarly, if ¥ (1) > & > ¥ (0) > k, 7 = 1 is an equilibrium. There may
or may not exist other equilibria. The following proposition summarizes the above

discussion.

Proposition 9 There exists at least one equilibrium. The number of equilibria de-

pends on the shape of F.. If ¥ (1) > k, there exists an equilibrium with T > 0.

Next, we illustrate the effect of technological advances and the monetary policy
of the central bank on adoption. Figure 12(a) illustrates the effect of technological
progress that lowers the cost of adoption. The red dashed line depicts the quantile
function of a high F},. It starts from 0, meaning that there exist sellers with extremely
low adoption cost and it intersects ¥ (7) only once. That is the only equilibrium
in which both currencies are valued. As technology becomes better, the quantile
function shifts to the magenta line, i.e., the cost distribution under the old technology
first-order stochastically dominates that under the new technology. The adoption
rate becomes higher and at the same time, two other equilibria appear. Oneis 7 =1
and the other is a second mixed equilibrium with a higher 7 < 1. The equilibrium
with the lower 7 > 0 is a stable equilibrium. Another technological advance further
lowers the cost to the black dot-dash curve. Then, the only equilibrium is 7 = 1.
Figure 12(b) illustrates the effect of higher inflation that drives the net surplus of
adoption to the magenta line. The adoption rate of e-money is higher as the central

bank runs a higher inflation.

7.3 Stabilization Policy

One often-asserted advantage of fiat money is that the central bank can stabilize
the economy by using active monetary policy. E-money issuers may not have the
ability to do so. It would be interesting to see how the stabilization policy affects
the adoption of e-money. The benchmark model can be modified to answer this

question.
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The environment follows Berentsen and Waller (2011). In the DM, the buyer’s
utility function is {u (), where £ is an aggregate demand shock with distribution G
supported on [§ , E] The realization of ¢ is revealed before the DM opens. At the
beginning of DM, the central bank can increase or decrease money supply through
lump-sum transfer or tax. It can commit to a money growth rule in the long run by
undoing the operation in the CM.'® E-money follows a constant money growth rule.
For simplicity, in this subsection, we assume the trading mechanism is a take-it-or-
leave-it offer. In addition, define y* (£) to be the efficient allocation when the state
is &, ie., v/ (y*(£)) = 1/€. Following Berentsen and Waller (2011), one can show

that the steady state equilibrium is given by

m = a1/)\(zg‘,ﬁ)dG(§)+a3/>\(Z?+Zh,€)dG(§)7
= az/)\(zh,f)dG(f)+a3/)\(z§‘+zh,§)dG(§),

where z{" is the state-dependent real balance in the DM after the central bank

16 Another way to formulate this is to have a financial market that opens before the DM and
after the shock is realized. The central bank can lend money in that market to the buyers at some
market interest rate. Both formulations lead to the same equations.
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transfer and

A(z,f):{ Eu' (2) —1 if 2 < 2*(€)

0 otherwise
2* (&) = y*(£). The central bank uses a short-term intervention to maximize the

total surplus, which is equivalent to choosing z{". The optimal stabilization policy is

(2,2") = agmaxar [ [€uoY (.6 =V (. ) dF (€)

+a2/ [CuoY (",&) =Y (2", €)] dF (€)
+a3/[fqu(z§+zh7§) LY (2 + 2 €)] dF (€)
s.t. 1™ = ozl/)\(25,§) dF (€) +a3/)\(z§+zh,§) dr' (§),
ih:OQ/A(zh,g)dF(f)+a3/A(zg+zh,£)dF<s>,

where Y (D,§) = D1(D < 2*(£)) + 2*1(D > z*(€)). The optimization problem

leads to the following first-order conditions:

) (Z,6) +ash (" +2"6) = e\ (5",€) + [y + pof s (2" + 2", €)

X (" 6) + agA (B0 + 2", &) = [y + po] asN (B0 + 2", €) + ppanN (2,€)
3 i3

where 1, and p, are the Lagrangian multipliers on the first and the second constraint.

We can obtain the following result similar to Berentsen and Waller (2011).

Proposition 10 When i™ > 0, the optimal stabilization policy yields zZ[* < z* (§)
for all &.

Proof. Without loss of generality, we can restrict z;" < z* (£). Since 9 (z,§) /0z <
0 for all z € [0, z* (£)], the FOC suggests that a; A (zgﬂ,g) + asA (Zg” + 2" €) is not
0. Because A (Z’g’“,é’) > A (Zg” - Zh,ﬁ) >0, A (Zg”,f’) > 0. Hence, 2" < 2*(§). =

If there is no stabilization policy and ¢ is low, buyers in type 1 transactions can
consume y* (§) for sufficiently small . This suggests that in general, the optimal

stabilization policy yields different allocations. The stabilization policy stabilizes the
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marginal value of liquidity across states by injecting fiat money when ¢ is high and
extracting fiat money when ¢ is low. It is worth noting that this type of stabilization
policy does not change the value of money in the CM. However, it does change the
value of transactions that are made in fiat money on average.

We use a numerical example to illustrate the effect of central bank stabilization
policy on the adoption of e-money. We compute the average value of transactions in
e-money in type 3 transactions across all states and divide it by the average type 3
transaction value. This can be regarded as a measure of adoption. A higher value
means a higher adoption. Figure 13 plots this measure as a function of the standard
error of &, which measures the size of the preference shocks. The red line depicts the
value when there is no stabilization policy and the blue curve is constructed under
optimal stabilization policy. The long-run growth rate currency is set to be 2%.
The demand shock ¢ has a two-point distribution with mean 1 and half probability
being high and half probability being low. Now one can see that the blue curve is
below the red curve when the standard error of ¢ is positive, which suggests that
stabilization policy can reduce the adoption of e-money in type 3 transactions on
average. In addition, the blue curve is decreasing in the standard error of &. This
means that as the uncertainty increases, the optimal stabilization policy is more

effective in reducing the adoption of e-money.

8 Conclusion

This paper develops a model in which e-money has advantages over fiat money in
some transactions. We interpret these transactions as online transactions in which
physically handing fiat money to the sellers is not possible, and using a debit or
credit card requires possessing a bank account and is not anonymous. An e-money
like bitcoin preserves anonymity to some degree and can be less costly. Therefore,

e-money can potentially be valued and become a competitor of central-bank-issued
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money.

In this environment, the value and adoption of e-money depends on the size of
the transactions in which e-money is advantageous as well as the monetary policies
of both e-money and fiat money. Existence of e-money can restrict the monetary
authority’s ability to raise the inflation tax. Therefore, e-money can be beneficial for
less-developed countries whose monetary authorities have a tendency to over-issue
fiat money. One can show that in this economy, the exchange rate between e-money
and fiat money can be very volatile. Under very reasonable parameters, there exist
dynamic equilibria in which the exchange rate exhibits cycles, chaotic dynamics, as
well as exchange rate surges and plummets even if fundamentals are constant.

We show that privately issued e-money can lead to a monetary policy coordination
issue. The optimal monetary policy is the Friedman rule for both e-money and fiat
money. Under the optimal policy, the first best can be achieved. But if e-money
runs a suboptimal monetary policy, the central bank may have to deviate from the

Friedman rule. Since optimal policy incurs a loss, the e-money issuer may deviate
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from it even if he is benevolent. This is because the private issuer lacks the ability to
finance himself through taxes or donations. If the e-money issuer aims to maximize
seigniorage income, the coordination issue is more prominent. We study this in a
policy-setting game. We show that the equilibrium outcome can be far away from
the optimal policy. In addition, there can be multiple equilibria. Consequently, it
may be beneficial to have the central-bank-issued e-money, i.e., central bank digital

currency.
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Appendix A: Derivations of (7) and (8)

Notice (6) implies that

otherwise

1 9~ (¢yme) if ¢ymy < D 1 my i ;my < D*
Y = and m, = _
Y D*/¢,  otherwise
h2if by < D
D* /¢,  otherwise

9 g ! (Yhe) if by < D

Yy dhfz

*

Y otherwise

g (w ht + ¢ymy) if by 4 ¢ymy < D*

3
Y { otherwise

Yy + ¢tmt if ¢ hy + ¢ymy < D*

3 3
Gy + 1,y otherwise

Hence, we have

a_ytl _ i/9' o 9 Yggmy) if gmy < D* Om) )1 if¢my <D*
om, otherwise 'Om; | 0  otherwise
a_yf . Y, /g o 9 Y(hy) it phy < D* 0_/1,52 B 1 if 9,hy < D
Ohy otherwise  "0h; | 0  otherwise
a_y? — ¢t/g, © g wtht + ¢tmt) lf wth’t + ¢tmt < l)>’<
om otherwise ’
8_:%?) _ %/9’ o g 7btht + ¢tmt) lf wtht + (btmt < D*
Ohy otherwise ’

9 (¢ymi 4 1, h}) ¢, if Yhy + Pymy < D

omy otherwise ’

0
v, it Y,hy + pymy < DT
0 otherwise '

0 (¢tm? + wth?) _
Ohy

Differentiate (5) with respect to m; and use (4) to obtain

oV, h 0 0 oy 0 3 h?
tg?nta t) — ay {u' (yt1) 8% — 4 mt:| tas {u' (y?) Ye (¢ + b)) +é,.
t my

8mt amt

Substitute in the expressions for these partial derivatives and use the definition of A

to arrive at (7). A similar derivation leads to (8).
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Appendix B: Proof of Proposition 1

The equilibrium has four possible regimes: (1) 2™ = 2" = 0; (2) 2™ = 0, 2" > 0;
(3) 2™ >0, 2" = 0; (4) 2™ > 0, 2" > 0. The proof has two steps. We first show that
given the regime, 2™ and 2" are uniquely determined. Then we show for any set of
parameters, only one of these regimes can arise.

Step 1: Obviously, in regime (1), 2™ and 2" are uniquely determined. In regime
(2), 2" is determined by i" = (as + a3) A (2"). Since the trading mechanism is
Kalai, \ is strictly decreasing. Therefore, there is at most one 2" that satisfies the
equation. The same argument applies to regime (3). For regime (4), the equilibrium

is determined by

"= g (") +ash (27 + "), (18)

"= A (2") +azh (2" +2") . (19)

Equation (18) defines 2™ as a decreasing function of 2", 2™ = Z™ (2"). And if 2"
is sufficiently large, Z™ (zh) = 7™, where i™ = a;\ (2™). Similarly, (19) defines 2"
as a decreasing function of 2" = Z" (2™) and for z™ sufficiently large, Z" (™) = z"
where i" = as (2"). The equilibrium is an 2™ such that Z™ o Z" (2™) = 2™. Notice
that Z™ o Z" (0) = Z™ (z") > 0. Otherwise, one cannot find 2™ > 0 and 2" > 0
that satisfy both equations. In addition, Z™o Z" (:™) = z™ for 2™ sufficiently large.
Therefore, Z™ o Z"(0) > 0 and Z™ o Z" (0) = 2™ < 0o. By continuity of Z™ and
Z", there exists at least one equilibrium. To see that it is unique, just notice that at

the solution of Z™ o Z" (™) — 2™ = 0, the derivative is equal in sign to —DD where
DD = ajasX (2™) N (2") + arazX (2™) X (2™ + 2") + azaz\ (") X (2™ + 2") > 0.

Therefore, there can be at most one 2™ that solves Z™ o Z" (™) — 2™ = 0 and

uniqueness follows. Now we have accomplished step 1.
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Step 2: Obviously, if regime 1 occurs, no other regimes can occur.
Now consider regime 2. If it occurs, obviously regime 1 cannot appear in the

equilibrium. Now we rule out regime 3. By definition, now we have at the equilibrium

2

"= (2") + azA (M) (20)
i > arh (0) + asA () (21)
Suppose toward contradiction, there exists an z™ > 0 such that

" > apA (0) + azh (™) (22)

i = A (") +azA (7). (23)
Then (20) and (22) imply that
s (2") + az (2") > asA (0) + asA (2™).
Because ) is decreasing, this means z" > z™. Similarly, (21) and (23) imply that
ar A (2™) + azA (2™) > arA (0) + asA ()

which means 2™ > z". This is a contradiction. Therefore, regime 3 cannot occur.

Lastly, we rule out regime 4. Suppose that there exists 2™ and z" such that

"= A (Z) +asA (F" 4+ 2" (24)

"= A (F™) +ash (BT + 3. (25)

Obviously, 2™ + 2" > 2". Therefore, (25) cannot hold. This rules out regime 4. This
means that under the parameters where regime 2 occurs, no other regime can occur.
A similar argument holds for regime 3 and regime 4.

For the last claim, notice that if /™ > 7™, regime (2) is an equilibrium. And

by the above analysis, that is the only equilibrium. Hence, it cannot be that both
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monies are valued. The same holds if i > 7. This proves the "only if" part. For
the "if" part, notice that the only regime that is possible is regime 4. This concludes

the proof.l

Appendix C: Proof of Proposition 2
Take the difference of the above equations and rearrange to obtain
"= a (") — g A (2™) + ™

Notice 2™ is decreasing in 2" by (19). This suggests that in equilibrium 2™ < z™.

Because ) is decreasing, if 2" > 0, we must have
h h m M -m -m
" = o (2") — g A (2™) + 0™ < aX (0) — g A (2™) + 4™

One can substitute in ;A (2) + agA (2™) = i to prove the first claim. Since z™ is
decreasing in ™ and A decreasing, do/di™ > 0. If ay increases, z™ stays unchanged,
and hence dp/das > 0. In addition, if «; increases, Z™ increases, which reduces .

Moreover,

dasA (Z™) _ A(zZ™)
AT A (™) —
dOé3 (Z ) s a3+ oy

Therefore, dp/das > 0. Lastly, if 2" = 0, dz"/di™ = 0. If 2" > 0, applying the

> 0.

Cramer’s rule, one can obtain

dzm ) (z") + o\ (2™ + 2") 0

an DD <5

dz=" az\ (2™ + 2")

am ~ bbb Y

dzm ag\ (2™ + 2")

i — — pp Y

dzh N (™) +as) (27 4 2") 0

& DD <%

dzm A (z™) [aaX (2") + g\ (2™ + 2)] .
doy DD ’
d" A(Z™) azN (2™ + 2")

dn DD <0,

dzm _ A (") as\ (2™ + 2") <0,

dag DD
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dz* A" faaX (27) + s (27 + 2)]

daw DD >0,
dzm _ A (2™ + 2") an X (2") 0.

dOég DD

=" A(Zm+ ) N (2™)

dT.é:; = — DD > 0.

m
Appendix D: Proof of Proposition 4

Consider the case in which a; = 0. If 0 < i" < ap\ (0) and i™ sufficiently small,

both monies are valued in equilibrium. One can show that

02+
orm

h
tag [u oY (2" +2") — oY (ZM+2m)] Y (2" + 2™) gTZm(QG)

oQ (im, ")

9im = W oY (M) = oY (M)]Y ()

where 2" and 2™ are determined by

"= azA (2" 42", (27)

"= A (Z") +azA (27 4+ 2. (28)

If i = 0 and " > 0, by (9), 2" + 2™ > D*, 2" < D*, Y(zh+zm) = y* and

Y (2") < y*. Because v’ (y) — ¢ (y) > 0 for all y < y*, Y’ () < 0 for all z < D* and

o2 1 50
oim )\ (2h)

for all z" < D*. Then

/ h / h / h azh
:O{Q[U OY(z)—c OY(z )}Y (z)%>0.

oQ (im,i")
o
im=0
Therefore, the optimal policy is ¢™ = 7™ > 0. Then by continuity, if o, is sufficiently
close to 0, the optimal policy involves an i > 0.

Next, notice that if a; > 0 and is sufficiently small, the optimal i is strictly positive.
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Let ™ be the highest value of i at which buyers in type 3 transactions are not
constrained. Then the welfare is decreasing if i < i™ because when " is sufficiently
small, buyers are not constrained in type 3 transactions. Increasing " decreases
consumption only in type 1 transactions. Therefore, the optimal ™ must be above
™. Notice if ¢™ > 2™, the total welfare is not changing in " because fiat money is
not valued. Also

-m __ -h\ -m h
limQ(l A,z) Q(z ,z)
A0 A

=ay [u' (0) — ¢ (0)] Y (0) > 0.

Therefore, lower "™ from 7™ increases welfare. As a result, the optimal monetary
policy i € (z™,7").
Now suppose a1 = 0. Notice that under Kalai’s solution, (26) and the results from

Appendix C imply

oQ (im, ") 02" 2" A" A (™)
0—’ — b\ hy 7~ Y h my 2%~ _
dim A (") g + oA (2" G = Ny T N (g ey
o . : o oQ(im i) :
where >~ means equal in sign. This immediately implies that —5—— = 0 if 2™ =0,

which holds if i > a3/ (as + az) i, If i™ < asz/ (s + az) i, 2™ > 0. Notice that
for all z > 2"

M@ _NE N @AE W@ s @I
{X@} > 1 M) 21T T

)\/ (2)2 )\/ (2)2

Y

BQ(im,ih)

I > 0 because
7

which is positive if " is sufficiently small. This suggests

s A

Appendix E: Existence of a Pure Strategy Equilibrium in
the Simultaneous Move Game

Throughout this section, we assume that u (y) =y =7/ (1 — o), ¢ (y) = '™/ (1 + n),

a1 = 0 and § = 1. We will derive conditions for the existence of a pure strategy
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equilibrium that can be easily checked numerically. To start, denote (1 + 1) / (o + )
by &. Let iy, and iy satifies

0524—043, €+1+\/(€+1)2—4€ﬁ(1+2L—a2)
14—, =
Qa3 26
atas.  EF1HJ(E+ 1P 48 (1 -y — )
].-f- gy =
(6% 256

—=h =h .
and i; and i, satisfies

b 5+1+\/(§+1)2—455(1+W—a2)

1+i, = %7 7
o EHIEE DT - 48 (1 - an— an)
b s %7 |

Notice that iy, ¢, and i; are three numbers that depend on the parameters only
while Z;l is a function of ™. The next result charaterizes the best response function

of the e-money issuer.

Lemma 11 The best response of the e-money issuer is

=h . .

Uy "™ <,
BRy (i™) = ¢ “£22i™ 0™ € Jig,in]

i ™ > iy

Proof. Given that e-money is valued, fiat money is not valued iff

"> as\ (zh) i = s\ (zh) + azA (zh) ,

where A (2) = [(1 4 7) 2] ¢ — 1. This implies that e-money and fiat money co-exist

iff azi"/ (ap + a3) > i™. Consequently, given i™,

—1 ih o 1 . -h as+as3 :m
- A <a2+03) 1 ) if ¢ < A
(Z ! ) B -1 [ ih—m 1 e sk astasg ;m '
ST (3 ] [RSSETN gy
az B(1+it) as
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Substitute A into IT" (im, ih) and take its derivative with respect to i". After some

algebra, one can show that

MN{ B+ 4 (E+1) (140" — (1 — s — ag) if i < oxtoagm

i _55 (1 + ih)2 + (5 + 1) (1 + Zh) - (1 + ™ — Q2) if Z’h > Qztag;m ’

(%]

There are two roots for the first branch

o EHLE(E TP —468(1 - az — ay)

1, = 267 -1,
g SHIoVEr D oo
' 25

Because f < 1 and 1 —ay —as < 1, i" < 1/3 — 1. The first branch is strictly
increasing on [1 /B — 1,5]11] and decreasing if i* > z}f. Similarly, the second branch

has two roots.

o §+1+\/(§+1)2—4§6(1+im—a2)

ly = 2% —1,
. E41—\J(E+ 1)’ — 4681+ — ap) L
- 266

Also notice that if i™ —ay < 1/8—1, i < 1/8—1 and the second branch is increasing

on [1 /B — 1,5;] and decreasing afterwards. Let i, and iy satisfy

§+1+\/<€+1)2_4§ﬁ(1+iL—042) B 1+C¥2+043_

2608 - ag
E414/(6+1)* —468(1 - az — ay) a5 + a3
= 1+ 1H.
280 Qs

Obviously, iy > i, > 0 are uniquely defined. Notice that i, —ay < 1/5 — 1. To see

this, first notice if iy — ay = 1/ — 1,

Er1ryEr ) 10t 1 gy

260 &) as

Because the right-hand side is decreasing in iy, and the left-hand side is increasing

in iy, the left-hand side is smaller than the right-hand side if i, — as > 1/8 — 1.
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Therefore, iy, < 1/8 — 1 by its defnition. If i™ < i, II" (im, ih) is strictly increasing
on [1 /B — 1,53] and decreasing after. The unique maximizer of the profit function
is " = 52. If i™ € [ig, iy, O" (i™,i") is strictly increasing on [1/6 -1, %f’zm]
and decreasing if i" > e2resj™. The unique maximizer is then it = e2rasim. Lastly,
if 4™ > 1y, the unique maximizer is E}f. Then the lemma follows. m

Notice that if ™ is small, e-money and fiat money co-exist. While if ¢ is inter-
mediate, the best response of the e-money issuer is to set i" just low enough to drive
the fiat money out of circulation. In this region, even though fiat money is not val-
ued and used in the economy, the central bank monetary policy is still effective as it
determines i". Also notice that if oy, = 0, the best response function of the e-money
issuer is continuous. Unfortunately, this is not true for the best response function

of the central bank. However, under certain conditions, it is continuous on relevant

regions, which is enough to guarantee existence of a pure strategy equilibrium.

Proposition 12 A pure strategy equilibrium exists if under i" = asir/ (ay + as3),

x 1
r o« T
log (——2> < (14¢)log 1_396—};, Vo € [0,as/ (az + a3)). (29)
1—2as et
In particular, there exists an ¢ > 0 such thati" =i and i™ = a;fagi 18 an equilibrium
for every i € [ir, i +&].
Proof. Recall that
‘m :h __ih—im im L m as :h
oA (Z'm’ ! ) ~ (XQ)\I(Zh> + ag)\’(zh—i-zm) if i S oz2+3a3%
oim 0 if i > ek

Substitute in the expressions of A, 2" and 2™ and rearrange to obtain that if i <

[ )
agztas

o0 (™, " z 4 1
M2—10g< z %)—I—(l—l—f)logﬁ—z},

oim 1—zas - *

/- . .. . . o (im it .
where z = i™/i". If the assumption of the proposition is satisfied, % > 0 if

i = 22Fg; and ™ < 92-i". By continuity, this means that there exists ¢ > 0
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. -h . . as+as as+as m as ..
such that if " = ¢ for any 7 € S, B+ (1" = i lis the best response

of the central bank. Furthermore, according to Lemma 11, if iy + a;fa?)C < iy, the

best response of the e-money issuer is i* =i if i™ = —2_j. As a result, i" = i and
aztas *

. as s ey L

1= i is an equilibrium for any i € [iy,if +&|. =

Condition (29) implies that 2 (im,ih) is strictly increasing in ™ if fiat money
is valued and " = %2“3@ r- It is straightforward to check numerically because i,
depends only on parameters. We have experimented with many sets of parameters
and condition (29) always holds. Notice that it is not true that (29) holds for all .
In fact, Q2 (im, z'h) may have multiple local maximizers. And the global maximizer
may jump from one local maximizer to another as i" changes. As a result, the
best response function of the central bank has discontinuities even under this simple
parametrization. Interestingly, there is a continuum of equilibria where the e-money
issuer sets i" to make fiat money just not valued. The central bank is happy with
its money not being valued because it is its best policy. Intuitively, it is beneficial
to have only e-money circulating because that maximizes its value. As a result,
households would be able to consume more.

By continuity, Proposition 12 implies that a pure strategy equilibrium exists if

ay and 1 — 6 are both sufficiently small and ¢ is sufficiently small.
Appendix F: Numerical Algorithms

Numerically computing the optimal monetary policy and solving the policy-
setting game requires computing the equilibrium given (im,ih) many times. The
equilibrium is defined by (12)-(13) and the selection rule that both monies are val-
ued if possible. Difficulties arise because A function has a flat region and 2™, 2"
enters the equations in a non-linear and non-separable way. It is not practical to
directly apply existing numerical methods for solving equations or for optimization.

To address this problem, we develop a new fast and stable algorithm to solve for
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the equilibrium given (im, ih). This algorithm exploits features of the equilibrium

condition and does not involve any numerical optimization. Therefore, it is very fast
and stable. The algorithm is based on two observations.

First, numerically solving one equation with one unknown can reduce to an in-
terpolation problem. For example, if only the fiat money is valued, solving the

equilibrium reduces to solving i = (a1 + a3z) A (2™). Define
Z = (21,22’...7271) With0:21<22<,..<2n:d*’
= (A=), A (22),- -, A (2n)) -

The solution can be approximated by interpolation, i.e., if A (z) <™/ (ay + a3) <
A (ZkJrl)?

2kl — 2k "™
2"z + — Xz .
TN () — A (=) <041 + a3 ( k))

This is much faster than numerically solving the equation if we need to do it many
times for different +™. This is because we only need to compute A once and the in-
terpolation algorithm is very efficient. This observation allows us to quickly evaluate
whether both monies can be valued using Proposition 1.

Second, if both monies are valued, the equilibrium condition reduces to

"= arA (27) +ash (27" + 2")
"= g\ (zh) + a3\ (zm + zh) )

m

The complication here is that 2™ and z" enter both equations in a non-separable

way. But we can take the difference of these two equations to obtain separability:

"= A (2") + ag) (27 + 2 (30)
aA (2") = "= A (7). (31)

h

The second equation defines 2" as a function of z™: 2" = ® (z™). This function can

be easily calculated on a grid using interpolation if A\ is monotone. For any z € Z,
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if A (z) < [i" =™+ aq A (2™)] Joo < A (zk41),

Zkt1 — 2k i — ™ 4 ag X (2™)

A (Zk+1) —A (Zk) Q2

P (2) ~ 2z, + — A(2)

Notice ® is increasing in 2. If we substitute z" by ® (™) in (30), the right-hand
side is monotone in 2. Therefore, we can again apply an interpolation method to
compute approximately the equilibrium 2™ and then 2" follows easily since we have
already computed the ® function.

Algorithm for solving equilibrium given (z’m, ih)

1. Check whether there exists an equilibrium in which both monies are valued
using Proposition 1 and the method described above for one equation with one
unknown. If there does not exist such an equilibrium, then the equilibrium is
the solution for the one equation with one unknown. If such an equilibrium

exists proceed to 2.

2. Solve (30) and (31) using the method described above for the equilibrium.
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