NI BANK OF CANADA
L1 & BANQUE DU CANADA

Staff Working Paper/Document de travail du personnel 2018-20

The (Un)Demand for Money in
Canada

by Geoffrey Dunbar and Casey Jones

Bank of Canada staff working papers provide a forum for staff to publish work-in-progress research independently from the Bank’s Governing
Council. This research may support or challenge prevailing policy orthodoxy. Therefore, the views expressed in this paper are solely those of the
authors and may differ from official Bank of Canada views. No responsibility for them should be attributed to the Bank.

www.bank-banque-canada.ca



Bank of Canada Staff Working Paper 2018-20

May 2018

The (Un)Demand for Money in Canada

by

Geoffrey Dunbar! and Casey Jones?

'International Economic Analysis Department
Bank of Canada
Ottawa, Ontario, Canada K1A 0G9
geoffreydunbar@bankofcanada.ca
and
Economics Department
University of Ottawa
Ottawa, Ontario, Canada

2Department of Finance
Ottawa, Ontario, Canada
casey.jones@canada.ca

ISSN 1701-9397 © 2018 Bank of Canada


mailto:geoffreydunbar@bankofcanada.ca
mailto:casey.jones@canada.ca

Acknowledgements

We thank Victor Aguirregabiria, Ben Fung, Yuri Gorodinchenko, Ruth Judson, Charles
Kahn, Anneke Kosse, Thomas Lemieux, Gerald Stuber, Francesco Trebbi, Pravin
Trivedi, Leo van Hove, Warren Weber and participants at the Bank of Canada's
Fellowship Exchange for helpful comments. We thank Matthew Leman and Jeffrey
Abbott for providing a clear description of the accelerated withdrawal process for bank
notes. The views expressed in this paper are those of the authors. No responsibility for
them should be attributed to the Bank of Canada or the Department of Finance.



Abstract

A novel dataset from the Bank of Canada is used to estimate the deposit functions for
banknotes in Canada for three denominations: $1,000, $100 and $50. The broad flavour
of the empirical findings is that denominations are different monies, and the structural
estimates identify the underlying sources of the non-neutrality. There is evidence of large
and significant deposit costs for the highest-value denomination, the $1,000 banknote, but
insignificant costs for the $100 and $50 denominations. The results imply that the interest
rate elasticity of deposit is positive for the $1,000 but negative for the $100 and the $50.
Third, 5 percent of the $1,000, 30 percent of the $100 and 22 percent of the $50
banknotes ever issued by the Bank of Canada do not circulate through financial
institutions (in Canada). Finally, we find evidence that the Lehman Brothers crisis
increased the deposit probability by a factor of 2-3 for the $1,000 banknote for a majority
of the population in Canada.

Bank topics: Bank notes, Econometric and statistical methods
JEL codes: E41, C31, C36

Résumé

Nous utilisons un nouvel ensemble de données de la Banque du Canada pour estimer la
probabilité que les billets de 1 000 $, de 100 $ et de 50 $ soient déposés auprés d’une
institution financiere au Canada. Il ressort des résultats empiriques que les diverses
coupures sont utilisées comme des instruments différents, et des estimations structurelles
permettent d’établir les facteurs sous-jacents qui expliquent cette absence de neutralité.
Des éléments donnent a penser que les codts liés au dépbt de la plus grosse coupure, le
billet de 1000 $, sont importants, mais qu’ils sont négligeables pour les coupures de
100 $ et de 50 $. Les résultats indiquent que 1’élasticité des dépots par rapport au taux
d’intérét est positive pour la coupure de 1 000 $ mais négative pour la coupure de 100 $
et de 50 $. Par ailleurs, 5 % des billets de 1 000 $, 30 % des billets de 100 $ et 22 % des
billets de 50 $ émis par la Banque du Canada ne circulent pas par I’entremise des
institutions financiéres (au Canada). Enfin, nous constatons que, depuis la faillite de
Lehman Brothers, la probabilité de dépdt des billets de 1 000 $ est devenue de deux a
trois fois plus élevée pour la majorité de la population canadienne.

Sujets : E41, C31, C36
Codes JEL : Billets de banque, Méthodes économétriques et statistiques



Non-Technical Summary

To study the undemand for money, we exploit episodes of active currency management by the

Bank of Canada that allow us to measure cash deposits at financial institutions in Canada. On

several occasions since 2000, the Bank of Canada has, with the voluntary participation of the

financial institutions in the Banknote Distribution System, accelerated the withdrawal of certain

series of banknotes from circulation in the economy. Accelerated withdrawal programs require

financial institutions to pass any banknotes of a targeted series deposited or held at their branches
directly to the Bank of Canada. Banknotes targeted by such accelerated withdrawal programs are
labelled unfit. The Bank of Canada redeems these unfit notes and may replace them with a new

series of banknotes of the same denomination. Unfit banknote deposits are observed by the Bank

of Canada, since no unfit banknote is reissued by a financial institution.

As one example of such an accelerated withdrawal program, when the Bank of Canada introduced
polymer $100 banknotes, it simultaneously declared all remaining, ever-issued, paper $100 banknotes
unfit. At the time of the accelerated withdrawal program for the $100 banknotes, there were roughly 312
million $100 banknotes held outside the Bank of Canada. Using data from the Bank of Canada’s currency
processing centres, we construct a novel dataset of cash deposits for three episodes of accelerated
withdrawal programs: from 2000-2015 for the $1,000 banknote, from 2011-2015 for the $100 banknote
and from 2012-2015 for the $50 banknote.

We show how to use a standard inventory-theoretic choice framework to exploit our dataset

to recover estimates of the fractions of outstanding, ever-issued banknotes of a denomination that
circulate, and their probability of being deposited as functions of the opportunity costs. We define
circulation broadly to include any banknote that, ex ante has a non-zero probability of being deposited.
Thus, our definition of circulation does not include banknotes that are hoarded, have been lost, are held
outside of Canada or that may circulate exclusively outside of the formal economy. One nice feature of
our identification scheme is that we do not require individual data from depositors.

Our estimates suggest that, for the $50, $100 and $1,000 denominations, between 5 and 30 per

cent of ever-issued notes that are unredeemed by the Bank of Canada do not actively circulate through
financial institutions (in Canada). As a fraction of the $70 billion currency liabilities of the Bank of
Canada as of 2015, this represents approximately 17% of the total value. Perhaps importantly, we find
that the factors that affect the probability of deposit for a $1,000 banknote are very different than those for
a $100 or $50 banknote. Thus, while monetary value is divisible by construction, the functions of money
appear denomination-specific. We also find that the interest rate elasticity of deposit is denomination-

specific in sign: it is positive for the $1,000 and negative for the $100 and $50. Changes in the price level



matter for the $1,000 in half of the regions (accounting, however, for a supermajority of the Canadian
population) but are mostly insignificant for the $100 and $50.

We also find evidence that the financial crisis increased the deposit probability of the $1,000 by

roughly 200-300% for several regions. The broad flavour of our empirical findings is that denominations

are different monies, and we find evidence in favour of the non-neutrality of monetary denominations.



1 Introduction

One difficulty with the empirical analysis of models of money demand is that the researcher typically
requires individual- or household-level survey data. Survey responses are generally received from
a subset of individuals or households invited to participate in the survey, and those responses are,
in most cases, self-reported. Since one salient feature of money is anonymity, it is unclear whether
individuals who respond to surveys are representative of typical money users and/or whether the
responses they give are accurate or truthful. Using aggregate money data is no less problematic
since one cannot easily identify money demand from flow data on withdrawals and deposits and
stock data on notes in circulation, which is the data commonly reported by central banks. In this
paper, we use unique deposit data from the Bank of Canada to study the complement of money
demand: given outstanding monetary balances, what factors lead to their deposit at financial
institutions? Succinctly, we study the undemand for money.

To study the undemand for money we exploit episodes of active currency management by the
Bank of Canada that allow us to measure cash deposits at financial institutions in Canada (in this
paper we will interchangeably use money, currency and cash to refer to banknotes issued by the
Bank of Canada). On several occasions since 2000, the Bank of Canada has, with the voluntary
participation of the financial institutions in the Banknote Distribution System (BNDS), accelerated
the withdrawal of certain series of banknotes from circulation in the economy.! Accelerated with-
drawal programs require financial institutions to pass any banknotes of a targeted series deposited
or held at their branches directly to the Bank of Canada. Banknotes targeted by such accelerated
withdrawal programs are labelled unfit.? The Bank of Canada redeems these unfit notes and may
replace them with a new series of banknotes of the same denomination. Unfit banknote deposits are
observed by the Bank of Canada since no unfit banknote is reissued by a financial institution. Thus,
the Bank of Canada observes the deposit of every banknote targeted in an accelerated withdrawal
program.

As one example of such an accelerated withdrawal program, when the Bank of Canada intro-
duced polymer $100 banknotes, it simultaneously declared all remaining, ever-issued, paper $100

banknotes unfit. At the time of the accelerated withdrawal program for the $100, there were

!There are nine financial institutions in the BNDS. A brief discussion of the BNDS is presented in Section 2.
2 As we discuss in Section 2, banknotes may also be labelled unfit if they fail to pass a quality screening by banknote
sorting machines at Bank of Canada processing centres.



roughly 312 million $100 banknotes held outside the Bank of Canada. Using data from the Bank
of Canada’s currency processing centres, we construct a novel dataset of cash deposits for three
episodes of accelerated withdrawal programs: from 2000-2015 for the $1,000 banknote, from 2011-
2015 for the $100 banknote and from 2012-2015 for the $50 banknote. These three accelerated
withdrawal programs are similar to the extent that all existing paper banknote series of these de-
nominations were declared unfit. One notable difference is that the $1,000 banknote was declared
unfit and no replacement series of this denomination was issued, whereas polymer banknote series
were issued for the $100 and $50 denominations. The rationales for an accelerated withdrawal
program are varied, but these programs are generally undertaken to ensure that public confidence
in banknotes remains high.

We show how to use a standard inventory-theoretic choice framework to exploit our dataset
to recover estimates of the fractions of outstanding, ever-issued banknotes of a denomination that
circulate, and their probability of being deposited as functions of the opportunity costs. We define
circulation broadly to include any banknote that, ex ante, has a non-zero probability of being
deposited. Thus, our definition of circulation does not include banknotes that are hoarded, have
been lost, are held outside of Canada or that may circulate exclusively outside of the formal
economy. One nice feature of our identification scheme is that we do not require individual data
from depositors. We show that the choice, for an individual or merchant, of whether to deposit or
hold a banknote of a given denomination depends only on a wedge driven by the opportunity costs
incurred from not depositing and that this wedge is the same for all individuals and merchants.
Our choice framework yields a standard logit specification for banknote deposits.

The dataset we construct, using Bank of Canada currency processing data, contains all banknote
deposits geographically distributed across Canada (roughly according to provincial boundaries) for
three denominations: $1,000, $100 and $50. Our estimates suggest that, for these denominations,
between 5 and 30% of ever-issued notes that are unredeemed by the Bank of Canada do not actively
circulate through financial institutions (in Canada). As a fraction of the $70 billion currency
liabilities of the Bank of Canada as of 2015, this represents approximately 17% of the total value.
Perhaps importantly, we find that the factors that affect the probability of deposit for a $1,000
banknote are very different from those for a $100 or $50 banknote. Thus, while monetary value

is divisible by construction, the functions of money appear denomination-specific. We also find



that the interest rate elasticity of deposit is denomination-specific in sign — it is positive for the
$1,000 and negative for the $100 and $50. Changes in the price level matter for the $1,000 in
half of the regions (accounting, however, for a supermajority of the Canadian population) but
are mostly insignificant for the $100 and $50. The broad flavour of our empirical findings is that
denominations are different monies, and we find evidence in favour of the non-neutrality of monetary
denominations.

One concern with the comparison between denominations is that the $1,000 denomination may
suffer from survivorship bias as, once deposited, these notes cannot be re-obtained from a financial
institution. In contrast, both the $100 and $50 denominations continue to be issued by the Bank of
Canada, albeit as polymer notes. We conduct a robustness exercise that accounts for survivorship
bias in the distribution of note holdings for the $1,000 and find no difference to our conclusion that
denominations are different monies.

We also find that the probability of deposit is inversely related to the face value of the note:
$50 notes have a deposit probability of roughly 10% per month, $100 notes of roughly 7% and
$1,000 of roughly 2%. We argue that these deposit probabilities pose something of a puzzle,
since the opportunity cost in terms of consumption of holding notes is rising in proportion to the
denomination. Thus, deposit probabilities are inversely related to their opportunity costs, which
appears to stand in contrast to typical predictions from most theoretical monetary models.

The sample period for the $1,000 denomination encompasses a period of legislative changes to
financial regulations governing reporting requirements for large-value cash transactions and also
the financial crisis of 2008/09. The financial tracking changes required regulated institutions (e.g.,
banks, investment brokers, accountants, money services businesses) to report the identities of indi-
viduals making large-value cash deposits to the authorities. Thus while depositing large cash sums
remained a legal activity, such transactions were no longer anonymous. We show that our choice
framework can identify the costs associated with the heightened reporting requirements and loss
of anonymity. We find that, for the $1,000 note, changes to financial tracking laws for large-value
cash deposits had no significant effect for the probability of deposit at a financial institution for any
of the 10 regions. In contrast, our results for the financial crisis, which we proxy by the Lehman
Brothers bankruptcy, suggest that the crisis led to a 2-3 times increase in the deposit probabilities

in 5 of the 10 regions. These regions are also, in almost all cases, the regions in which the inflation



elasticity of deposit for the $1,000 is significantly different from zero.

The demand for money has a long and voluminous history in economics. We contribute to
three strands of this research. First, our results appear to be informative for the recently revived
debate regarding measurement of monetary aggregates. Lucas and Nicolini (2015), Belongia and
Ireland (2015), Hendrickson (2014) and Barnett et al. (2013) examine the empirical content of
US monetary aggregates for economic activity and propose alternative measures of money supply
to the simple-sum aggregates typically reported (e.g., M1, M2, etc.). Lucas and Nicolini (2015)
extend the theoretical model of Prescott (1987) and Freeman and Kydland (2000) to define a new
monetary aggregate, NewM]1, using currency, reserves and commercial bank deposits as distinct
elements. Belongia and Ireland (2015), Hendrickson (2014) and Barnett et al. (2013) examine
the recent empirical performance of Divisia monetary aggregates introduced in Barnett (1980).
While the results in this paper are silent as to the relative merits of Divisia monetary aggregates
or NewM1, our findings suggest that even simple sums for currency are misleading measures of
currency liquidity, at least for Canada.

Our paper also provides estimates of regional patterns of money circulation in Canada. The
estimation of regional circulation is typically challenging because econometricians rarely observe
both withdrawals and deposits for a given banknote. Thus, an econometrician is unable to determine
where a note circulates between these two events. Our model, as a by-product of the choice-
theoretical framework, provides an estimate of the stock of existing notes in circulation by the
regional distribution of Bank of Canada processing centres when an accelerated withdrawal program
is implemented. We find some evidence of regional differences in per capita money holdings. There
appears to be no previous research measuring banknote circulation in domestic regions in Canada
(or indeed any other nation). The lack of research does not appear to be due to a lack of interest.
Dow (1982) argues that understanding regional money multipliers is useful for (New) Keynesian
models because such models are often very applicable to regional government spending and because
aggregate dynamics may depend on the aggregation of regional multipliers. Mulligan and Sala-i-
Martin (1992) emphasize the importance of regional (disaggregated) data for the estimation of
money demand. Both of these papers focus on non-cash measures of money such as demand
deposits.

In a partly related, empirical literature, Bartzsch and Seitz (2016) and Bartzsch et al. (2011a,b)



provide estimates for the shares of euros circulating outside of the Eurozone and Doyle (2000) and
Porter and Judson (1996) provide estimates of the foreign demand for US dollars. Our identification
approach, based upon a choice-theoretic framework rather than time-series regressions using mone-
tary aggregates, is fundamentally different from these existing approaches. One potential limitation
of our approach is that we cannot separately identify foreign demand from other non-circulating
notes, e.g., hoarded notes, although in our theoretical model such a distinction is immaterial.?
However, the time-series approach is also limited in that it typically assumes that all domestic
demand in the proxy countries used for identification is in fact domestic, and circulating. At least
for one proxy country often used in this literature, Canada, our results suggest this is untrue. The
time-series approach is also, typically, atheoretic in terms of the specification of money demand,
whereas our model is structural.

A final literature to which our results may apply is the study of the denomination structure of
money. Most attention has focused on the optimal divisibility of monetary instruments, typically in
models in which money is principally introduced as a means of payment. For example, Telser (1995),
Van Hove and Heyndels (1996), Lee et al. (2005), Lee (2010) and Bouhdaoui et al. (2011) consider
the optimal denomination structures of monetary instruments as payment instruments. Our results
would appear to cast some doubt on some conclusions from this literature, particularly for the higher
denomination notes that we study, because these conclusions are based on environments in which
monetary objects circulate for transactional purposes. Our results suggest that monetary units are
not equally likely to circulate and that monetary objects with different nominal face values are
unique monies. An alternative theoretical view from Wallace and Zhu (2004) is that money is a
commodity good. The results we present in this paper are not a formal test of the models proposed
in Wallace and Zhu; however, the non-neutrality results we find for banknotes appear consistent
with the random-matching model of non-divisible money proposed in that paper.

Our estimates are informative for both policy analysis and operational planning by central
banks. Calza and Zaghini (2011) stress the importance of circulating banknotes for the calculation of
the welfare effects of inflation, and Judson (2011) stresses the importance of measuring the quantity

of US banknotes circulating abroad for seigniorage. Rogoff (2014) emphasizes the importance of

3In our model, notes either have a zero probability of deposit in the initial period or a positive probability.
Foreign-held notes and hoarded notes should, almost certainly, have a zero probability of deposit since both are held,
presumably, for future consumption. In this sense, hoarded notes and foreign-held notes are one and the same.



circulating currency for the zero lower bound on the nominal interest rate. Our results also suggest
that the zero lower bound on the nominal interest rate may be particularly important in practical
terms, given the proportions of high-denomination notes that appear to be non-circulating.

Our results are also informative for the question of whether electronic currencies, or other
alternative payment instruments, may replace physical specie. It would appear that the answers
to such questions are almost certainly denomination-specific. One may also wonder how feasible it
would be, or how long it would take, to replace circulating physical specie with digital currencies
without some measure of demonetization, given the large proportion of notes that do not circulate
into financial institutions and the relatively low deposit rates for those that do. Indeed, in terms of
operational planning, estimates of the deposit probabilities of actively circulating notes are useful

for planning future accelerated withdrawal programs.

2 The Banknote Distribution System

Together with nine private financial institutions, the Bank of Canada distributes banknotes across
Canada via the BNDS. The BNDS was reformed in 1996 as part of a large-scale overhaul of

4 The BNDS owns two currency processing centres, in Toronto

the payments system in Canada.
and Montréal, from which it distributes banknotes to one of 44 regional distribution centres.
Each regional distribution centre is owned by one of the nine financial institutions that are part
of the BNDS.? The regional distribution centres receive (distribute) banknotes from (to) bank
branches. The regional distribution centres are associated with 10 regional distribution points
(roughly mapped to the provinces of Canada) and at these points the financial institutions ex-
change fit banknotes from their distribution centres using the BNDS. Fit banknotes are notes that
pass a quality-index threshold for redistribution to the economy. The quality score of a note is
determined by factors such as tears, graffiti, folds, stains, colour degradation and other machine-
readable quality measures. Stock and flow data is transmitted to the Bank of Canada through a
digital inventory management program, which records note counts by denomination.

Financial institutions deposit unfit banknotes received by their regional distribution centres

to one of the 10 regional distribution points, where these deposits are processed by the Bank

“Bilkes (1997) provides a comprehensive overview of the changes.

5The nine financial institutions that are members of the BNDS are Banque Nationale, Desjardins, Banque Lauren-
tienne, Scotia Bank, the Royal Bank of Canada, Toronto Dominion, Canadian Imperial Bank of Commerce, Alberta
Treasury Board and the Credit Union Central of Alberta.



of Canada and sent to one of the two processing centres. The regional distribution points are:
Newfoundland, Halifax, Quebec City, Montréal, Ottawa, Toronto, Winnipeg, Regina, Calgary and
Vancouver. During accelerated withdrawal programs, all notes of the chosen denomination received
by a regional distribution centre are deposited though the BNDS system to one of the processing
centres. The data we report in this paper are the deposit data at the processing centres (which are
dated to their arrival at the regional distribution centre). Figures 2, 3 and 4 in the Appendix show
the deposits by region for the $50, $100 and $1,000 denominations, respectively. One feature of the
data, which is expected, is the decay process in banknote deposits. This pattern is largely true for
all denominations in all regions. However, for the $50 denomination, there is a spike in each region
for the initial period after the introduction of the $50 polymer note. This is due to the start date of
the accelerated withdrawal process, March 26th, which means that the initial period is roughly 1/6
of a month, unlike for the other denominations. One complication from this start date is that the
initial unfit notes were unlikely to be processed in the month of March, for two reasons. The first
is the distance from the regional distribution centres to the processing centres. The second is the
delays due to normal operating queues in the processing of notes. As a result, for our estimations

for the $50 denominations we chose April as the start of the accelerated withdrawal program.

3 A Simple Choice Model of Deposits

In this section we propose a simple model that starts in media res — agents in the economy hold notes
that they have already withdrawn from the central bank. Each agent faces the same options, per
period, with respect to the banknotes in his, her or its possession. Banknotes can be (1) deposited
at a Bank; (2) held for future consumption (saved); or (3) passed to a different agent.® Figure 1
illustrates the possible paths that a banknote can take in a given period (the ... indicate that these

7 Crucially for our empirical identification,

may continue for an unobserved number of agents).
each agent holding a banknote of a given denomination faces the same set of choices. The data we
observe are the number of banknotes deposited at the Bank in each period (monthly in our data).

At the end of every period, any note not deposited at the Bank is assumed to be held by an agent

5Technically, a note could be destroyed; however, we assume that agents do not wilfully do so. In addition, any
damaged (mutilated) notes can be deposited at the Bank of Canada offices for face-value redemption in electronic
funds (which effectively deposits them).

"While we assume that agents do meet and (potentially) exchange notes, we are agnostic about the type of
matching between agents that is implicit in path (3).



Agent 1 with banknote

Bank Agent 3

Figure 1: Banknote Circulation Paths Per Period

in the economy who has made the choice to not deposit the note.

We assume that depositing bank notes is idiosyncratically costly for agents and that these costs
may depend on the denomination being deposited. There are a number of reasons why different
denominations may have different deposit costs. First, the physical costs of cash holdings are
denomination-specific. All else equal, the weight and volume required to store cash in $1,000 notes
is 1/10th that for $100 notes and 1/20th that for $50 notes. Thus the opportunity cost of deposit
may be proportional to the denomination. Second, individuals may be less likely to carry higher
denomination notes in personal wallets, which implies greater transportation costs to banks for
these notes. Third, high-denomination notes are less likely to be passed in trade — particularly the
$1,000 — so the chance that a high-denomination note is traded to an agent with idiosyncratically
lower deposit costs is lower for high denominations. Since our focus is on the deposit cost faced by
a given banknote in a given period, the third point is germane, as we shall argue.

One benefit of depositing bank notes is that agents can earn the market rate of interest. Consider

a banknote of denomination d. An agent n depositing d earns an expected real return:

d(1+4)(1 — Tél)
(1 + E¢[meq1])

where i; is the market nominal interest rate, 7', is the deposit cost for denomination d in period

t for an agent n, and E[m;41] is the expected inflation rate. Similarly, if an agent decides to not

deposit a bill (hold) then the agent earns an expected return:



d(1 +my)
(1 + E¢[me41])’

where m; is the nominal rate of return when not deposited. m; is often assumed to equal 0 in
theoretical work, but there is no reason to assume so here. It is plausible that either informal finance
or informal economies may provide nominal returns for denominations and that these returns may
also be denomination-specific. For instance, money laundering or some avenues of tax avoidance
may provide positive rates of return for participants (and thus for the banknote).

Embedding these rates of return into a simple intertemporal choice problem for an agent with
felicity function wu(c), where ¢ is consumption and w is differentiable, and intertemporal discount
factor 8 implies that for an agent to deposit a note it must be that:

Bd(1+i)(1 —74,)

E > u/(e).
t e u'(ep1)] > ()

Similarly, for an agent to hold a note and not deposit it, it must be that:

,Bd(l + mt) ’

E > u'(cy).
t[ T+ 1o u'(cey1)] > u'(cy)

Inductive reasoning implies that an agent n who deposits a note must prefer depositing to holding

the note; thus,

pd(l +i)(1 —7g) Bd(1 + my)
: > B[ . 1
t T w(cer)] = By el (ct41)] (1)
Rearranging the expectations, we note:
. u’(ctﬂ) u,(Ct+1)
d(1+d)(1 — 734 Ee[————=] > pd(1 + Ef—————]. 2
B(1 0 (L= T Bl ] 2 (L mE )

Since the terms inside the expectation are identical on both the left-hand side (LHS) and the

right-hand side (RHS), for an agent n to deposit a note it must be that:

(I+a) (1= 744) = (14 my). (3)

We assume that the non-market return, my, is proportional to the market return so that (14+my) =
(1+14;)°. This formulation is convenient since o < 1 implies that the non-market return is less than

the market return, ¢ = 0 implies m; = 0 and ¢ > 1 implies that the non-market return exceeds the

10



market return. Taking logarithms, assuming 4; is small and using the logarithmic approximation

and substituting for 1 + m, yields:

In(1 —74) + (1 —0o)it > 0. (4)

Equation (4) is the condition for a note to be deposited by the agent holding the note. We
assume that agents face idiosyncratic deposit costs (such as weather shocks, traffic delays, illness) for
notes held in their possession, although Equation (4) also implies that the threshold Tt for a note
to be deposited is identical across all agents in a given period ¢. Thus, for a note to be deposited an
agent holding the note must have a deposit cost lower than (1 — o)i;. Given technological progress
in the financial sector and general increases in the price level, transaction costs likely change over
time and so the threshold for depositing a note in period ¢ is unlikely to be constant for all periods
t+ k, k > 1. We allow for change over time in the transaction fees such that the deposit cost in

period t is scaled by the change in the price level
1—rqp=(1—-7)(1+11,)°,

where II; is the change in the price level at time ¢ compared with ¢ = 0 and ¢ is a scaling parameter.
This formulation also allows for different trend changes across time in the different regions we
examine empirically because the price level is observed regionally. Replacing 1 — 7, in Equation

(4) yields

In(l—7)+ (1 —o0)it+dIn(1 +1I;) > 0. (5)

Finally, notes can pass between agents and so, at the margin, whether an individual note is
deposited depends on the minimum value of the deposit cost for agents holding that note in a given
period t. Although we do not observe the individual deposit costs, we do observe whether a note
is deposited or not. If a note is deposited, then the (last) agent holding that note must have had a
deposit cost below the threshold for deposit. If a note is not deposited, then the deposit cost for all
agents holding that note in the period must have been higher than the threshold for deposit. Thus,
for each note, the relevant deposit cost is the minimum deposit cost for all agents holding that note
in the given period. We assume that for each note in circulation a deposit cost shock, e, is drawn

from a Type 1 extreme value distribution, with mean x4 (the average of the individual depositors’

11



1 —7}), independently in each period. The Type 1 extreme value, or Gumbel, distribution is well-
suited to this problem. Extreme value distributions are the limiting distributions for the minimum
(maximum) of random observations from the same arbitrary distribution, which is consistent with
notes (potentially) passing amongst many agents in a given period and only being deposited by the
agent with a deposit cost, In(1 — 77'), below the threshold. Given e and assuming that i; is small,

we approximate the threshold decision to deposit a bill or not as:

UP = a4+ (1 —0)ig+6In(1 4+ 1I;) + e.

In our empirical analysis, we assume that agents have rational expectations over i; and that trans-
action fees are known.® The first assumption might appear innocuous because the nominal interest
offered at the time of deposit is typically advertised (although one concern is that agents face inter-
est rates different from those we assume). The second assumption regarding transaction fees may
appear innocuous but our assumption that fees are indexed to the general price level may imply a
potential mismeasurement. In our empirical analysis, we address the concerns over the potential
endogeneity of both ¢; and II; using a control function approach.

Under the assumption that e is distributed as a Type 1 extreme value random variable, we can
write the probability that a note is deposited at a financial institution in region j in period ¢, pj s,

as:

eprj’d+(1_U)it+6 hl(l—‘rHj’t)

Pjt = 1+ exp@iat(1=0)ie+d n(1+11;,,)” (6)

where we allow the deposit probability to vary across regions and over time.

3.1 Determining the Stock of Notes in Circulation

We label the outstanding stock of unfit notes that circulate in region j in period ¢ as M;;. Since
we have defined the probability of deposit, p;;, then it must be that the number of notes deposited
per period per region is p;;M;;. We define unfit note deposits at the Bank of Canada in region j
in period ¢ as UF}; and define M; o as the stock of initial currency circulating in region j at the

time of the unfit policy change. Thus, in the initial period ¢t = 0,

8We note that these are contemporaneous expectations over the current period realizations that an agent faces
once arrived at a financial institution and not expectations over the future evolution of these prices.
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UFjo = M;opjo (7)

which allows us to pin down the initial circulation of notes in region j. In subsequent periods,
t > 1, assuming no new notes of the denomination were added in period 0, expected unfit note

deposits are given by:

t—1
UFje =pjs(Mjo— > UFjm), (8)
m=0

where the term in brackets is the cumulative stock of banknotes remaining in circulation. In
theory, we are free to impose the restriction that M;o = UF}o/pjo; however, in our empirical
application below, we estimate M; as a fixed effect for each region j and sum the total across the
regions j because imposing the restriction directly is problematic when we control for the possible
endogeneity of 1, and II;;. (However, we can report that there is no significant difference (and
typically only a very small quantitative difference) when we impose the restriction in our models
without an endogeneity correction.) We then compare this sum with the Bank of Canada’s record
of the number of notes in circulation in Canada. As we document, our estimates of the total stock of
notes in circulation are typically lower than the number of notes in circulation. Given our definition
of circulation, we conclude that these missing notes have been destroyed or lost; are hoarded; are
held internationally; or circulate in a sector of the economy that does not deposit notes at financial
institutions.

Our first application is to estimate p;; and M; o using data for the $1,000 banknote that was
declared unfit on May 12, 2000. The BNDS data from the Bank of Canada provides the number
of unfit deposits for these notes for each region in Canada. The use of the $1,000 banknote is
particularly useful because the period of the policy change also includes a period when the financial
tracking rule for large-value cash deposits changed and also encompasses the financial crisis. The
change in the financial tracking rule arguably imposed a higher cost for depositing notes by requiring
large-value cash depositors to provide personal information. We are able to quantify how the change
in policy affected the probability of deposit for the $1,000 note by region and find that it had no
statistically significant effect. However, as we show below, the financial crisis affected deposit
probabilities in roughly half of the regions.

As a second application, we estimate the deposit probabilities and the stocks of $50 and $100
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notes in circulation using data from the introduction of the polymer notes for these denominations.
The Bank of Canada introduced polymer $100 bills on Nov 14, 2011 and $50 bills on March 26,
2012 and simultaneously declared existing paper notes of these denominations to be unfit on the
same day (though, unlike the $1,000 note, the Bank of Canada issued polymer notes of these
denominations as replacements).” Unfortunately, for the $50 and $100 notes, the Bank of Canada’s
unfit data do not distinguish between unfit paper notes and polymer notes that have become unfit
because of some type of physical deformation (e.g., creased through use, defaced, torn, etc.). Thus,
the unfit series for these notes are a mixture of paper note deposits and polymer notes and so, by
extension, our empirical identification is less clean.

The unfit $50 and $100 notes deposited at the Bank of Canada in the initial period of polymer
introduction will be all notes currently deposited at a financial institution in region j, so we can

continue to define the initial stock of paper notes in circulation as:

UFj0 = pjoMjp.

However, unlike for the $1,000 note, the number of unfit $50 and $100 notes received by the Bank
of Canada in period 1 is equal to the number of paper notes received by financial institutions plus

the number of new polymer notes that were introduced in period ¢ = 0 that became unfit. Thus,

UFj1 = pja(Mjo = UFjo + Gjo),
where the first element of the RHS is the number of newly deposited paper notes from the total
pool of such notes and the second term, §; o, is the number of unfit polymer notes from the number
of polymer notes introduced in period ¢ = 0. We define ¢;;_1:

.o if £ =0 o
izt = Sl A1 =)D,y i > 1

where ~ is the probability that a polymer note has become unfit in a given period (we ignore
differences across regions in unfitness rates) and @, is the number of polymer notes withdrawn in

region j in period t. This specification assigns the same per-period probability that a polymer note

9Although the Bank of Canada subsequently introduced polymer notes of other denominations, they did not
simultaneously declare existing paper notes unfit for those denominations. Accelerated withdrawal programs require
the voluntary, active involvement and participation of all financial institutions that operate regional distribution
centres and can be logistically challenging, particularly for financial institutions.
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becomes unfit to the population of polymer notes in circulation. Thus §;; is the expected number
of unfit polymer notes deposited with the Bank of Canada given the existing age distribution of
polymer notes in circulation.

We choose to estimate v using auxil