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Abstract

The author proposes a test for the parametric specification of each component in the
diffusion matrix of a d-dimensional diffusion process. Overall, d (d-1)/2 test statistics are
constructed for the off-diagonal components, while d test statistics are constructed for the
main diagonal components. Using theories of degenerate U-statistics, each of these test
statistics is shown to follow an asymptotic standard normal distribution under null
hypothesis, while diverging to infinity if the component is misspecified over a significant
range. Our tests strongly reject the specification of diffusion functions in a variety of
popular univariate interest rate models for daily 7-day eurodollar spot rates, and the
specification of the diffusion matrix in some popular multivariate affine term-structure
models for monthly U.S. Treasury yields.

JEL classification: C12, C14, E17, E43, G12, G20
Bank classification: Asset pricing; Interest rates; Econometric and statistical methods

Résumé

L’auteur propose un test permettant de verifier la validité de la spécification paramétrique
des différentes composantes de la matrice de distribution d’un processus de distribution a
d dimensions. A cette fin, il construit d(d-1)/2 statistiques de test pour les composantes
hors-diagonale, et d statistiques pour les composantes de la diagonale principale. En se
fondant sur les théories des U-statistiques dégénérées, I’auteur montre que chacune de ces
statistiques de test suit asymptotiquement une loi de distribution normale sous
I’hypothese nulle, mais diverge a I’infini si la spécification de la composante est erronée
sur une large fourchette. Ses tests invalident clairement la spécification des fonctions de
distribution de divers modéles univariés de taux d’intérét, trés utilisés, lorsque ces
modeles sont appliqués aux taux au comptant pour les dép6ts a sept jours en eurodollars,
ainsi que la spécification de la matrice de distribution utilisée dans certains modeéles
affines multivariés de la structure par terme, également trés utilisés pour les rendements
mensuels des titres du Trésor américain.

Classification JEL : C12, C14, E17, E43, G12, G20
Classification de la Banque : Evaluation des actifs; Taux d’intérét; Méthodes
économetriques et statistiques



Non-technical Summary

Continuous-time Markov process models are powerful analytic tools in economics and finance for
studying issues such as asset pricing, the decision to optimally consume, portfolio choice under a
variety of constraints, game theory and contract theory, etc. As with many model specifications in
economics and finance, since economic theory does not suggest a particular functional form for a
continuous-time model, the specification of a continuous-time model is usually based on analysis,
convenience and the empirical experience of the practitioner. As a consequence, a possibly seri-
ous problem with the specification of a continuous-time model is model misspecification, which
could lead to misleading results flowing from its implications for financial analysis and statistical
inference. A test is thus required to determine whether a continuous-time model can appropriately
capture the dynamics implied by the data.

At the same time, continuous-time models in economics and finance, which until recently have
been largely univariate, now predominantly include multiple state variables. Typical examples in-
clude asset-pricing models with multiple explanatory factors, term-structure models with multiple
yields or factors, and stochastic volatility or stochastic mean reversion models. Motivated by this
trend and the fact that the diffusion matrix in such a model is a crucial factor in modeling the
movements of individual state variables, such as interest rates, asset prices or exchange rates, and
the comovements among state variables, we propose a test for the parametric specification of each
component in the diffusion matrix. Monte Carlo simulations show that our tests have satisfactory
size and power performance.

To highlight our tests, we apply our tests to popular multivariate affine term-structure models,

obtaining many interesting new empirical findings.



1 Introduction

Continuous-time Markov process models (diffusion process models) are powerful analytic tools in
economics and finance to study issues such as asset pricing, the decision to optimally consume,
portfolio choice under a variety of constraints, such as game theory, contract theory, etc. As with
many model specifications in economics and finance, since economic theory does not suggest
a particular functional form for a diffusion process, the specification of a diffusion process is
usually based on analysis, convenience and the empirical experience of the practitioner. As a
consequence, a possibly serious problem with the specification of a diffusion process is model
misspecification, which could lead to misleading results from its implications for financial analysis
and statistical inference. A test is thus required to determine whether a diffusion process can
appropriately capture the dynamics implied by the data.

Much progress has been made in testing a parametric specification of a diffusion process in
recent years. For instance, Chen and Hong (2010); Ait-Sahalia, Fan, and Peng (2009); Thomp-
son (2008); Chen, Gao, and Tang (2008); Corradi and Swanson (2005); Hong and Li (2005); and
Diebold, Gunther, and Tay (1998) proposed tests based on a comparison of a nonparametric esti-
mation of the conditional characteristic function, the density function, the transition density or the
conditional distribution function with their corresponding parametric counterparts assumed by the
null hypothesis. A significant limitation of these tests is that when a misspecified diffusion process
is rejected, they cannot identify whether the model misspecification comes from the drift vector or
the diffusion matrix.! However, in order to check possible sources of model misspecification, such

information is of crucial importance in reconstructing a diffusion model.

I'The properties of a diffusion process are determined entirely by the drift vector and the diffusion matrix. Thus, the
problem of selecting among competing diffusion process models or specifying an alternative diffusion process model
comes down to choosing the drift vector and diffusion matrix.



Li (2007) proposed a test for the parametric specification of the diffusion function in a univari-
ate diffusion process.”> The most important feature of this test is that it can directly detect whether
the diffusion function is correctly specified even if there is no information about the functional
form of the drift function. The limitation of this test is that it applies only to a univariate diffusion
process. In many cases, a multivariate diffusion process is needed to study the dynamic behav-
ior of multiple state variables. For instance, multivariate continuous-time models for the dynamic
term structures of interest rates (Dai and Singleton, 2000; Piazzesi, 2010) and equity returns (An-
dersen, Benzoni and Lund, 2002) have been developed and widely used in pricing and hedging
fixed-income or equity derivatives, managing financial risk, and evaluating monetary policy and
debt policy. Specifically, the diffusion matrix in such a model, as the second moment and the
measurement of the instantaneous volatility of the state variables, is a crucial factor in modeling
the movements of individual state variables, such as interest rates, asset prices or exchange rates,
and the comovements among state variables. > An extension of the test in Li (2007) to multivari-
ate diffusion processes is thus needed to detect the specification of the diffusion matrix because
each component in the diffusion matrix differs fundamentally in its implications for capturing the
stochastic behavior of the state variables.

The objective of this paper is to test the validity of the parametric specification of the dif-
fusion matrix in a multivariate diffusion process without any restrictions on the functional form
of the drift vector. For this reason, we confirm whether a diffusion matrix is correctly specified

by testing whether each component in this diffusion matrix is correctly specified. * For each

2In an univariate diffusion process, the drift vector and diffusion matrix are called the drift function and the diffu-
sion function, respectively.

3 A number of theoretical studies and empirical evidence (Ait-Sahalia, 1996; Durham, 2003) have concluded that
the diffusion matrix plays a very important role in predicting the movements of derivative security prices, determining
optimal portfolio hedging strategies for risk-averse investors, or creating some leverage within a portfolio. A more
intuitive example is that, in the famous Black-Scholes option-pricing formula, the prices of derivative securities are
affected by the price of underlying assets only through its diffusion function.

4 Another potential approach to testing the parametric specification of the diffusion matrix would be to follow the



component in the diffusion matrix of a d-dimensional diffusion process, we propose a test of the
parametric specification of this component based on the comparison between the model-implied
parametric specification of the component and a nonparametric estimator of the component. Since
the diffusion matrix has d(d + 1)/2 different components, d(d + 1)/2 different test statistics are
constructed. Consequently, not only can these tests detect whether the diffusion matrix is specified
correctly, but they can also provide a clear indication of the direction of the misspecification in the
diffusion matrix; that is, which components in this matrix are possibly misspecified and which are
not. It turns out that when the component is on the main diagonal, the test statistic is a natural
extension of the test statistic in Li (2007) even if there exist correlation effects between state vari-
ables; when the component is off the main diagonal, the test statistic is characterized in a different
way.

Using the seven-day eurodollar interest rate data, as in Ait-Sahalia (1996), we apply the test in
Li (2007) to evaluate the specification of the diffusion functions of five popular univariate interest
rate models.” Ait-Sahalia’s test (1996) rejects all linear drift models, but it would not reject Ait-
Sahalia’s nonlinear drift model (1996). In contrast, our test firmly rejects the specification of the
diffusion function in each of these univariate diffusion models. The diffusion function in the Chan
et al. (1992) model has the best performance. Using monthly U.S. Treasury yields, as in Duffee
(2002) and Hong and Li (2005), our tests reject the affine specification of the diffusion matrix in the
three-factor diffusion process of yields, which implies the joint misspecification of the drift vector

and diffusion matrix in the affine term-structure model. Meanwhile, the affine model characterized

methodology that White (1980) and Eklund and Terdsvirta (2007) used to test the constancy of the error covariance
matrix in a regression model by comparing the estimator of a model-implied diffusion matrix with a nonparametric
estimator of the diffusion matrix.

>The Ait-Sahalia (1996) test is based on the comparison between the marginal density implied by a parametric
diffusion process and the density estimated nonparametrically. Although the seven-day eurodollar interest rate data
are used for extensive analysis in many papers (Durham, 2003), empirically testing for the specification of the diffusion
functions in the models for the term structure of interest rates remains an unanswered question.



by the assumption that the volatilities of state variables are determined by two of the three state
variables performs the best.

This paper is organized as follows. Section 2 states the model, hypotheses of interest, and our
test statistic for each component in the diffusion matrix. In Section 3, we derive the asymptotic null
distribution of each of these test statistics, and discuss its asymptotic power property. In Section
4, we assess the finite sample performance of our test statistics using Monte Carlo studies. In
Section 5, we evaluate the performance of the diffusion functions in five popular univariate interest
rate models for seven-day eurodollar interest rates, and the performance of the diffusion matrix in
some popular multivariate affine term-structure models for monthly U.S. Treasury yields. Section

6 concludes. All proofs are provided in the Appendix.
2 Model, Hypotheses and Test Statistics

Suppose that a state vector x; follows the dynamics,

t t
X=Xty + [ u(xs)ds+ | o(xs)dBs,to <t < oo, (1

fo fo

where x;, is a given initial condition, x; = (x/,...,x¢)" and u(x;) = (w1 (%), .-, q(x,))" are d x 1
vectors, 6(x;) = {0;j(x;) }1<i j<a is @ d x d matrix, and B; = (B},....,B¢)" is a d-dimensional vector
of independent standard Brownian motions.® Assume that Xz, 1s independent of B;.

For 1 <i <d, the coordinate xf of the stochastic differential equation (1) can be written as,

. . t
x§:x§0+/t i (xs) ds+2/t Gij(xs st,t0<t<<>o (2)
0 0

Let x = (xl, xd ) € R?, then we define the d x d symmetric and non-negative diffusion matrix

a(x) = o(x)o(x)’ with the general element a;;(x) = Y'¢_, 6(x)01(x),1 <i,j <d.

®Independence is just without loss of generality because any correlation structures between the shocks to the
different equations can be modeled through the inclusion of off-diagonal terms in the 6(-) matrix.
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The dynamic properties of process x; are characterized by its transition density function, which
depends on u(-) and a(x).” In fact, it can be shown that, if there exists a continuum of solutions in
o(+) to equation a(x) = o(x)o(x)’, then the transition probability function is identical for each of
these 6(x) (Ait-Sahalia, 2008; and Remark 5.1.7 and Section 5.3 in Stroock and Varadhan, 1979).

We use {a’(x,0) : & € ®}, where © is a subset of R”, to denote the model-implied para-
metric family of diffusion matrix a°(x,0) = c°(x,0)c%(x,8)’ with general element ag j(x.0) =
Y, oY (x,e)cgl (x,0),1 <i,j <d. Supposing that we do not have any information on the func-
tional form of the drift vector, we want to test whether the true diffusion matrix a(x) belongs to the
given parametric family {a’(x,0) : 6 € ®}.

It is obvious that a(x) = a°(x,80) almost everywhere for some 8y € © if and only if there
exists a parameter 8p € O such that g;;(x) = a?j (x,00) almost everywhere for any 1 <i < j<d.
Hence, our approach is to test the parametric specification of the diffusion matrix by testing the null
hypothesis that for any 1 <i < j <d, there exists a parameter 8y € ® such that a;;(x) = a?j (x,00)
almost everywhere, versus the alternative, that a;;(x) # a?j (x,0) with a positive measure for any

0 € O, that is,
Héj taij(x) = a?j (x,00),almost everywhere for some 8y € O, 3)
versus the alternative hypothesis,
Hj‘j cajj(x) # a?j (x,0),0n a subset with a positive measure for any 6 € ©. 4)

Corresponding to a?j (x,09), the parametric specification of the component a;;(x), our test is based
on the integrated squared difference between a;;(x) and a9j (x,00),

iy = E{[(aij () — ai; (51, 80)) f (x) Pw(xn) }, (5)

"The Kolmogorov forward and backward equations characterize the transition density of a diffusion process, and
are determined by the drift vector and diffusion matrix.




where f(x) is the unknown marginal density of x;, and is used to trim the small values of the ran-
dom denominator in the nonparametric estimation of a;;(x), and w(x) is the weighting function. In
the literature on constructing a test for model specification in economics and finance, the distance
measures similar to (5) are used to test for a parametric characteristic function, a parametric transi-
tion density function, a parametric regression function, and a parametric diffusion function by, for
instance, Chen and Hong (2010), Ait-Sahalia, Fan and Peng (2009), Ait-Sahalia, Bickel and Stoker
(2001), and Li (2007). The weighting function in (5) can be used to remove extreme observations
or outliers to obtain asymptotic results, and can allow us to focus on a particular empirical question
of interest and reduce the influences of unreliable estimates.

Note that /;; > 0 and the equality holds if and only if Héj is true. Hence, I;; can serve as a proper
candidate for consistently testing Héj . Although we use the same measure for different components
in the diffusion matrix, it will turn out that the test statistic for a different component in the diffusion
matrix is characterized differently. To get a feasible test statistic, we need to estimate a;;(x), 6o,
and f(x) in (5). Suppose that the process x; is observed at equi-spaced times {t =11,1,...,1,} in the
time interval [tp, T'], where T is a strict positive number. These observations can be expressed as
{xt = Xty LA Xtg+2 05 ""'XZO"‘nAn} at {l‘] =to+Dp,tr =tg+20,,...t, =1 +nAn}, where A\, =
(T —1to)/n is the sampling interval. We use the notation x,; to express the observation on the
process x; at to +t/Ay, i.e., X, = X;41,,- Therefore, the data are given by a triangular array of
random variables {x,,, 1 <t <n}, where x,; = (x,lm, ...,xg’t).g

Under both Héj and Hjj , the true and unknown a;;(x) can be estimated by the kernel method,

8Since the data are given by a triangular array of random variables, after establishing the test statistics, we will
need to use a central limit theorem for degenerate U-statistics of the triangular array of random variables to show the
asymptotic distributions of these test statistics.



which is proposed by Bandi and Moloche (2008),

-1 nt j 1 j j
N _ Z?zl K(x 'Zn x)[xiq t+1 — Xy t][ :1714-1 _xé,t]
al](x) — A Z (xnt X)

where K(-) =12 k(-) is a product kernel function and £, is a smoothing parameter whose proper-

; (6)

ties will be presented in the next section. 8y can be estimated by the minimum contrast estimator,
A . 1 n_l 0 1 0 —1 /
0, = argmlnee@; Z [log det (Cl (xn,ta e)) + A_(xn,t—H _xn,t>(a (xn,la e)) (xn,t—i-l _xn,t) ]7 (7)
=1 n
which is proposed by Genon-Catalot and Jacod (1993), or the minimizing distance estimator,
0, = argmingee Y |4ij(xn;) — a° (xns,0)], (8)

t=1

which is proposed by Bandi and Phillips (2007). Note that both estimation methods can be used
for the estimation of the parameter 6y in the diffusion matrix without any information about the

functional form of the drift vector. The density function f(x) can be estimated by the kernel

method,
N 1=l oy —x
x) = K(———). 9
f)= g ERCH )

Inserting (6), either (7) or (8), and (9) into the definition of /;; given by (5), yields the following
estimator of /;;,

12
mj = _Z az] xnt l](xnh

/\

) (o) 2w (). (10)

3

The test statistic for Héj Versus Hj‘j is an appropriately centered and scaled version of I;,

namely,

Jnij :nhd/Z[ Liij — 1ij(d)]/Vnijs (11)

where

2 n
V%ij - Z[dii(xm)djj(xn,t) ‘f’d%j(xn,t)]zﬁ (%, )W (X, / /K K(v+u)du)*dv, (12)
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and r,,;;(d) is the estimator of the asymptotic bias term, and can be expressed as,
ifd <3,

1 &
rnij(d) nzhd ; dij xnl)ajj(xn t) +azj(xn t) xnt xnt /K2 (13)

ifd >4,

rij(d) = nzlhd il[éii(xn,t)a’\jJ'(xn,t)""&l‘zj(xnt) () f (X / K*(u
m—1 gl n
i L 7 2091010 5 5 5 K )
m—1 1l n
21]1% lzé }lly tzi/[(ulv)l(dizj(xnt)f(xnt))] (Xn,t)Kz(u)du
lhl el . A )
nzhd Z 7 ZZI / (V) (@i (xne) S (o)) (n e )W (X, ) K™ () da

N

mlhl n

=1
where m = [d/2] + 1, [x] is the greatest integer function of a real number x,V = (%, o %), and
(U'V)'g(x) = (ur52r + ... +ugzla) g(x) for [=1,2,...,m— 1 and any [ times differentiable function

g(x). When d > 4, we need to estimate the derivatives of d;;(x). From (6), we have,

1 n,
dd;j(x) aij(x) — et hd“ Yo Ky (x 7 x)
= n
o g Lot K ()
1 nit | [ j j
M Z?zl K Z(XI_,,X)[XZ 1+1 _xln,t][xiz,ﬂrl _xﬁ,t]
- — , (15)
nhd Z ( )
oK (it
where 1 <1 <d, and K, (*—) = (a}]‘” )
n X
In general, for any positive integer L < m — 1, we have,
L1 1 Xny—X o' 1a;;(x)
8L€l,-j(x) B Zl 1 9501 oL [nhd+1 Zt 1 del( ;in )axdl ;, 1]
oxd1 ... oxL o Lot K(52)
( n—1 aLK(Xt;x) i o J o
A, Y20 g g Tt~ Xn) ( xmt), (16)

1 —
LK)



where 1 < d; <d,fori=1,2,...,L.

Note that r,;;(d) in (14) is an estimator of the asymptotic bias term I_,Lz] in (A.22) in the Ap-
pendix, and it is reduced to (13) when d < 3 by ignoring higher-order terms than n=2h¢ in (14).
This is because when d < 3, ignoring these higher-order terms does not impact the asymptotic
distribution of our test statistic, J,;;, under the assumptions in Section 3. Since the diffusion matrix
has d(d + 1) /2 different components, d(d + 1) /2 different test statistics are constructed. Any com-
ponent in the drift vector enters these test statistics; therefore, these test statistics can be used to test
the parametric specification of the diffusion matrix even if there is no information on the function
form of the drift vector. Since the test statistic J,;; does not contain another component, with the
exception of a?j (x,80) in the diffusion matrix ag(x,8), J,;; can be used to test the null hypothesis
Héj even if there exist misspecifications for any other components in the diffusion matrix a°(x, ).
Moreover, when the component, for instance, a;;(x), is on the main diagonal, the test statistic J,;;
only depends on the nonparametric estimator of a;;(x) and the parametric estimator of a%(x,®).
Thus, it is a natural extension of the test statistic in Li (2007) even if correlation effects exist in the
true diffusion matrix. When the component a?j (x,0) is off the main diagonal (i # j), the test statis-
tic J,;j depends not only on the nonparametric estimator of a;;(x) and the parametric estimator of

a?j (x,0), but also on the nonparametric estimators of a;;(x) and a;;(x). As a consequence, the test

statistic Jy;; is characterized in a different way than Jy;;.
3 Asymptotic Distributions

For the purpose of asymptotic analysis, we make the following assumptions.
Assumption 1. Let D = Hle(li,ri) be a product of d intervals, (l;,r;), for i = 1,....d, where

—oo < [; < rj <oo. On D, the functions u(x) and 6(x) are continuously differentiable.

10



Assumption 2. u(x) and o(x) satisfy the following conditions.

(1) There exists a positive constant Cp such that for every x € D,
()P +o(0)? < Cp(1+ ), (17)

where | - | denotes the Max norm for the matrix.
(ii) There exists a nonnegative function p(-,-) such that E[p*(x,,x;,)] < C for any t1,t; € [to, T},

where C is a positive constant, and

u(x) —u(y)| < plx,y)x—yl. (18)

(iii) a(x) is positively definite for all x in the interior of D, and the partial derivatives of a;;(x) up
to the order of r have the first absolute moment, where r is the order for the kernel function that
will be defined in Assumption 5. There exists an 7#”-degree homogeneous polynomial Q; i(y,x) in
(y —x), such that sup,c an|aij(y) — aij(x) — Qij(,x)| /[y — x|* < g(x) for all x € D, where 7 < r and
F<a<7+1,A2={y:|y—x| <b},b > 0. The coefficients of Q;;(y,x) are the partial derivatives
of a;j(x) at x up to the order of 7, and g(x;) has the first absolute moment.

Assumption 3. Let E|x;,|® < oo. The discrete sample {x,,+,n, }'_, is observed at equal sampling
intervals N\, = (T —to) /n and {x,4:p, }1_, is strictly stationary and absolutely regular with the
geometric decay rate.

Assumption 4. The parameter space, ®, is compact. For any given 6 € O, a?j(x,e) satisfies
Assumptions 1-2. 8, is a parameter estimator such that /n(8, —0*) = 0,(1), where 6* = plim,
is an interior element in ® and 0* = 0y under H,.

Assumption 5. The kernel function K(-) is a product kernel of some univariate kernel k(-), i.e.,
K(u)= H?:] k(uj), where k(-) : R— R, which satisfies the Lipschitz condition and is a symmetric,
bounded function with [k(s)ds = 1. |s|k(s) — 0 as |s| — e, and K(-) is of the order r for the
positive integer r.

11



Assumption 6. w(x) is a given Borel measurable function and bounded with compact support,
S C D. f(x) is r times continuously differentiable. f(x) and its derivatives are bounded on D, and
f(x) is bounded from zero on S. There exists o > 0, such that [ exp(wYL_,(x))?)f(x)dx < .
Assumption 1 ensures that the coefficients of the stochastic differential equation (1) are lo-
cally Lipschitz, under which a solution to (1) will be unique if it exists (strong uniqueness, The-
orem 5.2.5 in Karatzas and Shreve, 1991). The global growth condition (17) in Assumption 2
ensures the existence of a solution to (1) by preventing the explosion of the process in finite time
(Ait-Sahalia, 2008). Assumption 1, the global growth condition (17), and condition (18) in As-
sumption 2 will be used to provide useful upper bound inequality ((A.1) in the Appendix) on the
higher even-order conditional moments of the solution. The upper-bound inequality will be used
to prove the main asymptotic results in this paper. Assumption 3 requires that the underlying pro-
cess {xn;,1 <t <n} be strictly stationary and absolutely regular with a geometric decay rate. The
absolute regularity is required in order to use the central limit theorem for second-order degen-
erate U-statistics. {x,,,1 <t < n} is a strictly stationary process if positive integers sy, s>, and
ky {513 Xn,s51415 s X5, +k b A0d {Xn 535X 59415 -, Xn5,+k } have the same joint distribution, where
s1+k < n,sy +k < n. The process {xn’,, 1 <t < n} is absolutely regular with the geometric de-
cay rate if the mixing coefficient B, = Supy<nE[Supacmr,  {P(AIM] ((n)) — P(A)}] = O(X),
where M{, denotes the sigma algebra generated by (Xn,55---,Xn;) for s <t and A is a positive con-
stant, 0 < A < 1. Given that x; is a stationary process, to prove absolute regularity with the geo-
metric decay rate of the discrete observations from (1), it suffices to prove that the observed data
sequence is geometrically ergodic (p.312, Mokkadem, 1988), which can be shown by the existence
of a test function satisfying a Tweedie-type inequality (CD3, p. 536, Meyn and Tweedie, 1993).

Following the approach provided by Meyn and Tweedie (pp.537-539, 1993), it can be shown that

12



the observed data sequence from the well-known class of multivariate affine diffusion processes
satisfies the property of absolute regularity with the geometric decay rate.

In Assumption 4, we do not require any specific estimator for 8. Any n'/2_consistent estimator
can be used; for example, the minimum contract estimator in (7) proposed by Genon-Catalot and
Jacod (1993), and the minimizing distance estimator in (8) proposed by Bandi and Phillips (2007).
Assumption 5 imposes regularity conditions on the kernel function used in the nonparametric ker-
nel estimations of the diffusion matrix and marginal density function of x;,. Under Assumption 5,
Assumption 2 in Bandi and Moloche (2008), which is used to show the strong consistency and
asymptotic normality of the nonparametric estimator of the diffusion matrix, is satisfied. Assump-
tion 6 requires w(x) to be bounded by compact support. This assumption will help us to avoid
technical problems in proving the uniform convergence of the nonparametric estimations of the
marginal density function, diffusion matrix, and their derivatives on S. In practice, S can typically
be taken as the indicator function of a compact set related to the empirical question of interest.

With the above assumptions, the following theorem states the asymptotic distribution of the
proposed test statistic J,;; under Héj , and the asymptotic power of J,,;; under the alternative Héj .

Theorem 1. Suppose h, = O(n~'/Y), where % <y< %+2rf0rd <3,and2d+1<y< %+2r
ford > 4. If T is either fixed or T — oo but Thz/2 — 0 and A, — 0 as n,T — oo, then under

Assumptions 1-6, for 1 <i < j<d, we have,

2
nij

(i) under Ho,J,;j — N(0,1) in distribution as n — oo, and with v;; ; as a consistent estimator of
v2, where v} =2 [(a;i(x)a;j;(x) —|—aizj(x))zf“(x)wz(x)dxf[fK(u)K(v+u)du]2dv;

(ii) under Hy,Pr(J,;j > B,) — 1, for any nonstochastic sequence B, = o(nhg/ 2).

Remark 1. Note that from % <Y< ‘—21 + 2r in Theorem 1 there is no need to use a high-order

kernel (r > 2) unless the dimensionality of the diffusion process is greater than or equal to 3.
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. . ) 242
Under the assumptions on the smoothing parameter, we particularly have nh¢ — oo, nhg/ L 0,

asn— oo and r > m= [%]—H.

Remark 2. Compared with the test statistics suggested by Chen and Hong (2010), Thomp-
son (2008), Hong and Li (2005) and Ait-Sahalia (1996), in which each of their test statistics is
shown to follow an asymptotic distribution under a null hypothesis, since the time span of the data
tends to infinity, the asymptotic distributions of our test statistics under null hypotheses are derived
by requiring the sampling frequency to increase; that is, our tests require the sampling interval
A, — 0. The reason for the different requirements is that the marginal density function, the tran-
sition density, and the conditional characteristic function of a diffusion process can be identified
by enlarging the sample size, even if the sample size increases, by letting the sampling frequency
increase or prolonging the time period of the data. In our case, the identification of the diffusion
matrix has to depend on the local dynamics of the diffusion process; that is, the evolution of the
diffusion process for a small change in time.’

To test the null hypothesis H(i)j versus Hj‘j at the level o, we need to compare J,;;; to the critical
value zo from the N(0, 1) distribution, i.e., zg.01 = 2.33, zo.05s = 1.64, and zp.10 = 1.28 because the
test Jp;; 1s one-sided. We reject the null hypothesis when Jy;; > zq.

The standard normal density function will be chosen as the kernel function in our simulation
study and empirical applications. In practice, the choice of 4, is more important than the choice
of k(-). Similar to Ait-Sahalia (2006), we choose h, = cn~ /Y, where Y= 3.5 ford =1 and y= 5
for d = 3, which satisfy the condition in Theorem 1. As with the choice of 4, in the estimation

of the conditional moment in a nonparametric regression model, we choose ¢ for the test statistic

9The diffusion function in the semiparametric diffusion process model of Ait-Sahalia (1996) can be identified
by enlarging the observation period. This is because, given the parametric specification of the drift function in Ait-
Sahalia’s model, the perturbation caused by the diffusion function is actually implicitly identified. As a consequence,
the diffusion function can be identified by enlarging the observation period.
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xil,t] [xj

Jyij by minimizing the estimated prediction error (EPE): EPE = n~! Y~ [ {[x! AR

nt+1

4 Finite Sample Performance

We now examine the finite sample performance of our tests using Monte Carlo simulations. For
univariate diffusion processes, Monte Carlo simulations are reported in Li (2007), and the Monte
Carlo simulation results suggest that the overall performance of the test is satisfactory. For multi-
variate diffusion processes, we focus on three-dimensional diffusion processes. Since the diffusion
matrix is a symmetric matrix, we need only to evaluate the finite sample performance for our tests,
Ja115In12, 013,22, Jn23 and J,33. To examine the size performance, we simulate the data from a
three-factor Vasicek model. Throughout this Monte Carlo simulation, the weighting function w(x)
is set as the indicator function of the set § = [2,2] x [-2,2] x [~2,2] in R>.

DGP1. Three-factor Vasicek model:

X1t bi1 b2 bz Ol —X1¢ cnr 0 O Wit
d X2t = br1 by bys Ol — Xof dt + 0 ox 0 d Wy . (19)
X3 b31 b3y b33 03 — X3 0 0 o33 w3

The diffusion matrix of the three-factor Vasicek model is:

o7, 0 0
a(x) ={aij(x)h<ijes=| 0 o3, 0 |. (20)
0 0 o3

Given the diffusion matrix (20), the null hypotheses are: a;;(x;) = constant, fori=1,2,3, a1 j(x;) =

0 for j = 2,3, and ax3(x;) = 0.

o b1 b bi3
a=| oy | in(20)isthe long-run mean, and the eigenvalues of the matrix | b2; by b23
o3 b31 b3y b33

determine the speed of the mean reversion of this diffusion process. The smaller the eigenvalues,
the stronger the serial dependence in {x,} and, consequently, the slower the convergence to the

long-run mean. As in the univariate diffusion case (Hong and Li, 2005), we are interested in the
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impact of persistent dependence in {x; } on the size of the test statistics J,;;, 1 <i < j < 3. Following
Ait-Sahalia and Kimmel (2010) and Hong and Li (2005), we set (b11,b21,b22,b31,b32,b33,0611,022,033) =
(0.50,—0.20,1.00,0.10,0.20,2.00,1.00, 1.00, 1.00) and (b12,b13,b23,01,02,03) = (0,0,0,0,0,0)

for the low-persistence dependence case, while we set (by1,b21,b22,b31,b32,b33,0611,022,033) =

(0.20,-0.20,0.5,0.10,0.20,0.5,1.00, 1.00, 1.00) and (b12,b13,b23,0, 02, 03) = (0,0,0,0,0,0) for
the case of high-persistence dependence.

The transition density of the vector of state variables is three-dimensional Gaussian. We
simulate 1,000 data sets of the random sample {x,ht,x%’,,xﬁ’t}?:l at a monthly frequency for
n = 240,480,600, and 840, respectively.'? These sample sizes correspond to 20, 40, 50 and 70
years of monthly data. Given the null model DGPI1, the minimum contrast estimators of pa-
rameters, G7,,03,, and 635, are 67, = Y (x} Xpgal — ) JT, 83, =YY" (x %z+1 —x%yt)z/T, and
63, =Y, Lo X4l — J)Z /T, respectively. In this simulation study, we set 7 = 1.1

Panel (a) and panel (b) in Tablel report the rejection rates of Jy,11,J,12, 013,022, Jn23, and Jy,33
under DGP1 with low and high-persistence dependence, respectively, using the asymptotic critical
values at the 1%,5%, and 10% levels. Note that J,,11,J,22 and J,,33 test for model misspecification
in conditional variances (diagonal components) in the diffusion process, while Jy12,J,13, and J;;23
test for model misspecification in conditional covariances (off-diagonal components). Table 1
shows that the null hypothesis is either for a conditional variance or for a conditional covariance
in the diffusion matrix, and that the corresponding test statistic Jy,;; (1 <i < j < 3) has reasonable

sizes at all three significance levels for sample sizes as small as n = 240. Note that the impact

of persistent dependence on the size of J,;; is minimal, suggesting that J,;; (1 <i < j < 3) can

10The initial values are drawn from the normal marginal density of the random sample. We discard the first 500
observations to eliminate any startup effects.

"To consider the impact of the time span on the test performance, we use different values of T to generate data; for
instance, T = 1,5, and T = 10. We only present the simulation results for 7 = 10. The simulation results for 7 = 1
and T = 5 are not presented because they are qualitatively similar to those for 7 = 10, but are available upon request.
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achieve robustness to the persistent dependence. This result can be explained by the fact that the
test statistics are independent of the specification of the drift matrix, which determines the level of
the persistent dependence in the diffusion process.

To examine the power of J,;;, we stipulate that DGP1 is the null model, but the data are gen-
erated from the following four different affine diffusion processes (DGP2-DGPS5), each of which
captures the different direction of misspecification in the diffusion matrix.

DGP2. The three-factor affine diffusion process with time-varying conditional variances is:

1/2
X1t bii b1z b1z o — X1 xlt/ 0 0 Wi
xy | = bu bxn b w—xy |di+| o x* o |d| wa |, @D
X3¢ b31 b3 b33 03 — X3 0 0 x;t/ 2 W3
X1t 0 0
and its diffusion matrix is a(x;) = {a;j(x) }1<ij<3=| O x2r 0 ] .The parameter values are
0 0 X3¢

taken from Ait-Sahalia and Kimmel (2010) and are set as (b11,b22,b33,0,0,03) = (0.5,2,1,2,1,1)
and (b12,b13,b21,b23,b31,b32) = (0,0,0,0,0,0).

Given that DGP1 is the null model, DGP2 is used to examine the power performance of J,;;
(i=1,2,3). Since the conditional covariances in DGP2 are correctly specified according to the null
model DGP1, DGP2 is also used to examine the size performance of J,;; (i # j) for conditional
covariances when the conditional variances are misspecified.!?

DGP3. The three-factor diffusion process with time-varying conditional variances and a

conditional covariance(ajs(x;) # 0) is:

12 12
X1t bin bz b3 Olp — X1 X1t x{tz 0 Wi
xy | = ba bn bx w—xy |di+| o x* o |d| wx |, @2
X3¢ b3 b3 b33 03 — X3 0 0 x;t/ 2 W3
2x1 Vxixa 0
and its diffusion matrix is a(x;) = {a;j(x) hi<ij<3 = | VXX X2 0 | . The same val-
0 0 X3¢

12Under DGP1, the on-diagonal components of DGP2 are misspecified, but the off-diagonal components are speci-
fied correctly. As a consequence, DGP2 is not only used to examine the power performance of J,;;, but also to examine
the size performance of J,,;; for i # j.
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ues for the parameters are taken as in DGP2.

Although DGP3 has the same specification of the conditional variance a;;(x;) as DGP 2, the
conditional covariance aj»(x;) in DGP3 is misspecified. Consequently, DGP3 is used to exam-
ine the power performance of J,12 to detect the misspecification from the conditional covariance
ai2(x;), while it is also used to examine the power performance of J,;;, for i = 1,2,3, when there
is a misspecification in the conditional covariance aj,(x;).

In addition, given the null model DGP1, since DGP3 has the correctly specified conditional
covariances a13(x;) (=0) and a3 (x;) (=0), DGP3 is also used to investigate the size performance of
Ju13 and J,23 when there is a misspecification in both the conditional variances and the conditional
covariance.

DGP4. The three-factor affine diffusion process with time-varying conditional variances and

the conditional covariance (aj3(x;) # 0) is:

1/2

1/2
X1t bi1 b b3 X1t xm 0 00 xy Wi
xu | =| ba b b3 Xy |dt+| 0 xét/z 0 |d| wx |, (23)
X3¢ b31 b3 b33 X3¢ 0 0 xét/z w3
2x1; 0 /X1t X3¢
and its diffusion matrix is a(x;) = {a;j(x) }1<i j<3 = 0 X0 0 . The same val-

/X1t X3t 0 X3t

ues for the parameters are taken as in DGP2.

Compared with DGP2 and DGP3, DGP4 is used to examine the power performance of J,13 to
detect the misspecification from the conditional covariance a;3(x; ), and is also used to examine the
power performance of J,;;, for i = 1,2,3, when there exists a misspecification in the conditional
covariance a;3(x;).

Since the conditional covariances a12(x;) (= 0) and a»3(x;) (= 0) in DGP4 are correctly spec-
ified, DGP4 is also used to investigate the size performance of J,12 and J;,23 when there exists a

misspecification in both the conditional variances and the conditional covariance.
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DGPS. The three-factor diffusion process with a time-varying conditional variance and condi-

tional covariance(asz(x;) # 0) is:

1/2
X1t bii bia b1z X1z xlt/ 0 0 Wit
xu | =| ba b b xp |di+| 0 B K2 |d| wy |, (24)
X3¢ b31 bz bz X3¢ 0 0 x;t/ 2 w3
X1t 0 0
and its diffusion matrix is a(x;) = {a;j(x)} = 0  2x»;  /x2:x3 | . The same values for

0 /X2t X3¢ X3¢

the parameters are taken as in DGP2.

DGPS5 is used to examine the power performance of J,23 to detect the misspecification from
the conditional covariance ap3(x;); it is also used to examine the power performance of J,;;, for
i = 1,2,3, when there exists a misspecification in the conditional covariance as3(x;).

Given that the conditional covariances aj2(x;) (= 0) and aj3(x;) (= 0) in DGPS5 are correctly
specified, DGPS is also used to investigate the size performance of J,,;; and J,;;3 when there exists
a misspecification in the conditional variances and the conditional covariance.

Since the closed-form transition densities are not available for these alternative models, we use
1 2 .3

X%, .) Hi | for sample

Milstein’s scheme to simulate 1,000 data sets of the random sample { (x,, ,,X;, ;, %, ,

nits
sizes n = 240,420,600, and 840, respectively. For each data set, we estimate the Vasicek model in
(19) by the minimum contrast estimator.

Panel(a) and panel(b) in Table 2 report the simulation results from DGP2 and DGP3, respec-
tively. Panel(a) shows that the estimated powers of J,;11, /22 and J;,33 increase with the sample size
n and almost reach unity when n = 840, in line with the consistency property of these tests, sug-
gesting that J,,11,J,22, and J,,33 have good power for detecting a misspecification of the conditional
variances in DGP2 against the null model DGP1. Compared with the results in Table 1, panel(a)

shows that J;12,J,13, and J,;»3 still have good size performance even when there exists a misspeci-

fication from the conditional variances (a;;(x;),i = 1,2,3), indicating that the size performances of
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Ju12,Jn13, and J;n3 are not impacted by either the correct specification or the misspecification of the
other components in the diffusion process. Panel(b) shows that J,12 has good power in detecting
a misspecification due to the covariance aj»(x;), while Jy,11,J,22, and J,33 still maintain a good
power performance despite the misspecified covariance a2 (x;). Furthermore, panel(b) shows that
J13 and Jp3 have a good size performance even if both the conditional variances (a;i(x;),i = 1,2,3)
and the conditional covariance aj,(x;) are misspecified.

The simulation results from DGP4 and DGP5 are reported in panel(a) and panel(b) of Table 3,
respectively. Panel(a) and panel(b) show that J,;13 and J,3 are quite powerful against the misspec-
ifications from a;3(x;) and as3(x;), respectively. We observe that the power patterns of J,11,J,22,
and J,33 under DGP4 and DGP5 against DGP1 are very similar to those under DGP2 and DGP3
against DGP1. The size performance of J,12 and J,;»3 in panel(a) and J,12 and J,,13 in panel (b) is
satisfactory in detecting misspecifications from the conditional covariances.

Overall, our simulation study shows that our test statistics J,;;, 1 <i < j < 3 have a satisfactory
size performance even for highly persistent dependent data. In particular, our tests still have a
satisfactory size performance even if there exists a misspecification in the other components of the
diffusion matrix. Our tests perform rather well in detecting misspecifications coming from either

the conditional variance or the conditional covariance.
S Empirical Application

We now apply our tests to the diffusion functions in five popular univariate diffusion models for the
daily seven-day eurodollar deposit spot rate used in Ait-Sahalia (1996) and Hong and Li (2005),
and the diffusion matrix in multivariate affine term-structure models for monthly U.S. Treasury

yields used in Duffee (2002) and Hong and Li (2005). Although these data have been used in ex-
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tensive analyses of the term structure of interest rates (e.g., Hong and Li, 2005), how to use these
data to directly detect the specification of the diffusion function or the diffusion matrix in a diffu-
sion process remains an unanswered question. We reuse these data to examine the specifications
of the diffusion functions and diffusion matrices and to evaluate their performance, which is of
crucial importance in building up a model for the term structure of interest rates because volatility

plays an important role in capturing the stochastic behavior of interest rate dynamics.
5.1 Scalar term-structure models of the spot interest rate

We first apply our test to the diffusion functions in five popular models of short-term interest
rates considered in this literature; namely, the Vasicek model (1977): dx; = k(a0 — x;)dt + 6dwy;
the Cox, Ingersoll, and Ross model (CIR)(1985): dx; = k(o — x;)dt + 6/x;dw;; the Ahn and
Gao model (1999): dx; = x;[k — (6% — xo)x;]dt + (wc;j / 2dw,; the Chan, Karolyi, Longstaff, and

Sanders model(CKLS)(1992): dx; = x(a — x;)dt + fo dwy; and the Ait-Sahalia nonlinear drift

model (1996): dx; = (ot x; ' + g + 0t x; + 0px?)dr + \/Bo +Bix: + Bzx?3dw,.

We use the same data set as in Ait-Sahalia (1996) and Hong and Li (2005): the seven-day
eurodollar deposit rate with 5,505 daily observations from 1 June 1973 to 25 February 1995. The
detailed descriptive statistics of the data are provided in Ait-Sahalia (2006). Both the Ait-Sahalia
(1996) test and the Hong and Li (2005) test firmly reject all five models, but their tests cannot
provide evidence whether the diffusion functions in these models are misspecified. For each of
the five popular models, suppose that we do not have any information on the functional form of
the drift function, and our focus is on testing the parametric specification of the diffusion function
in the model. The parameters in the diffusion functions are estimated by the minimum contrast
method (7). In this empirical application, we use the univariate normal kernel function, and the

smoothing parameter is determined by minimizing the EPE (page 14). The weighting function
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w(x) is chosen as the indicator function of the interval S = [0,0.5].

Table 4 reports the parameter estimations. Table 5 reports the test statistic values for the five
models. The results show that the diffusion functions in all five models are overwhelmingly re-
jected at conventional significance levels, which suggests that the diffusion functions in these mod-
els are severely misspecified. The diffusion function in the Vasicek model has the worst perfor-
mance, with the test statistic value 849.79, followed by the diffusion function in the CIR model,
with 589.69. The diffusion function in the Ahn and Gao (1999) model dramatically reduces the
test statistic value to 108.59, and the performance is further improved by the diffusion function in
the Ait-Sahalia nonlinear drift model (1996), with 96.75, and the diffusion function in the CKLS
model, with 39.36, which performs the best.

While Ait-Sahalia (1996) shows that the Ait-Sahalia nonlinear drift model outperforms the
popular constant elasticity of variance (CEV) models in modeling the daily seven-day eurodollar
spot interest rate, we find that the diffusion function in the CKLS model (1999) (with the CEV
diffusion function) performs better than the diffusion function in the Ait-Sahalia nonlinear drift
model. The difference is that the Ait-Sahalia test (1996) evaluates the performance of the density
function implied by the model, while our test evaluates the performance of the diffusion function
in the model. Therefore, although the Ait-Sahalia nonlinear drift model has better performance
in fitting the density function than the CKLS model, it does not mean that the diffusion function
in the Ait-Sahalia nonlinear drift model has better performance than the diffusion function in the
CKLS model in fitting the true diffusion function. This result suggests that the specification of the
drift is important for capturing interest rate dynamics, and confirms the findings from Ait-Sahalia
(1996) and Stanton (1997) that the nonlinear specification of the drift improves the performance of

the density function in modeling interest rate dynamics, but in contrast to the findings by Durham
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(2003) who finds that allowing for additional flexibility beyond a constant term in the drift provides
negligible benefits.'3

The testing results indicate that none of the diffusion functions in the five univariate diffusion
models adequately captures the dynamics of volatility, but some diffusion functions perform rela-
tively better than others. To show the possible reasons for the rejection of the diffusion functions
in the univariate interest rate models, Figure 1 plots the estimated nonparametric diffusion func-
tion and the parametric diffusion functions for different models. The first noticeable aspect of
Figurel is that the nonparametric diffusion function is an increasing function of the interest rate
between 0 and 0.17. Above 0.17, however, the diffusion function slightly decreases and then in-
creases quickly, which provides strong evidence to reject the constant or flat specification of the
diffusion function in the Vasicek model (1977). The nonparametric diffusion function looks neither
linear nor uniformly increasing, which provides strong evidence to reject the uniformly increasing
pattern specified by the popular CEV models, such as the diffusion functions in the models of
Cox-Ingersoll-Ross (1985), Ahn and Gao (1999), and CKLS (1992). In the Ait-Sahalia nonlinear
drift model (1996), the diffusion function at low interest rates shows more volatility than that in the
CKLS model, which is the major reason why the diffusion function in the Ait-Sahalia nonlinear

drift model (1996) has a worse performance than that in the CKLS model.
5.2 Multivariate affine term-structure models

A multivariate affine term-structure model typically specifies that the instantaneous riskless rate r;

is an affine function of N latent state variables x; = (x/,...,x)’,

r =80+ 8'x, (25)

BOur findings are consistent with the findings in Hong and Li (2005), who develop an omnibus nonparametric
specification test for a diffusion process based on the transition density, which, unlike the marginal density function
used by Ait-Sahalia (1996), captures the full dynamics of a diffusion process.

23



where 9y is a scalar and 9 is an N x 1 vector, and the state vector x; follows an affine diffusion

process,

dXt = K(G —Xt)dt ‘I—Z\/ S(X;,a, B)dwt, (26)

where K and X are N x N matrices, and S(x;, o, ) is the diagonal matrix with elements
Sii = o + Bi, 27

with o; a scalar and B; an N x 1 vector. Without loss of generality, the matrix X is supposed to be
the identity matrix. This is because if ¥ is not equal to identity, we can construct a new set of state
variables z; = £~ !x;, which is a diffusion process with a diagonal diffusion matrix (Ait-Sahalia and
Kimmel, 2010).

Denote the times to maturity of the yields observed without error as Ty, ..., Ty. Under (25)—(27),
it can be shown that the observed values of yields on zero coupon bonds (y(x;,T1),...,y(x,Tn))’
can be expressed as an affine function of the state variables,

y(x,71) Vi Yo(T1) Y(t1) X}

: S : + : S (28)
y(x,Tw) w Yo(Tw) Y(tw)’ x

where the scalar function Yy(t) and the N x 1 vector-valued function y(t) solve a pair of ordinary

=

differential equations given in Dai and Singleton (2000). Equation (28) can be expressed in matrix

form,

yr =To+Tx,. (29)

We first apply our tests to examine whether the affine specification of the state variable x; can

capture the volatility dynamics of U.S. Treasury yields y;. Using Ito’s lemma to y,, we have

dye = T'k{[T') " To+ 0 — [[') "y}t + T\ /S(IT") [y, — To], o1, B)dws. (30)
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Equation (30) indicates that under (25)—(27), yield y; follows an affine diffusion process. We
empirically test whether the diffusion matrix of y, follows an affine specification.

We use the same data as Duffee (2002) and Hong and Li (2005): monthly yields on zero-coupon
bonds with 6-month, 2-year and 10-year maturities from January 1952 to December 1998. The
zero-coupon bond yields are interpolated from coupon bond prices using the method in McCulloch
and Kwon (1993), whose sample is extended by Bliss (1997) beyond February 1991. A time-series
plot of the data is provided in Figure 2. Due to the shift in monetary policy, the years from 1980
to 1982 are characterized by substantially higher interest rate levels than the rest of the sample
period. Table 6 reports the descriptive statistics. Dickey-Fuller non-stationarity tests have been
conducted, and the presence of a unit root is rejected under the 5% significance level for each of
the three yields.

We suppose that the diffusion matrix in the diffusion process of y; is as follows,

3
0 agl +Z13:1 agllyg 0 Lv3 0 .
i W v LA i v P
a3+ X a3 A Xy A3+ Xis 3y
and that the true diffusion matrix of y; is a(y) = {ai;(y) }1<i j<3. The null hypotheses we are inter-

ested in are :
0 : 0 ./
aij(0n) = dij ) a1 S <J <3 (32
=1

In the empirical application, we use the three-dimensional standard normal kernel function, and
compute the smoothing parameter by minimizing EPE (page 14). The weighting function is chosen
as the indicator function of the interval S = {(x,y,z)|x € [0,0.50],y € [0,0.50],z € [0,0.50]}. We
estimate the model parameters by the methods from the minimizing distance estimator (Eq.(8)).
The parameter estimations and the test statistic of each component in the diffusion matrix a®(y;, 8p)

are reported in Table 7. Compared with upper-tailed N(0, 1) critical values (e.g., 2.33 at the 1%
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level), the statistic Jy;; strongly rejects the affine specification of each component in the diffusion
matrix of the diffusion process of y;, indicating that the linear specification of each component in
the diffusion matrix of y; cannot adequately capture the volatility dynamics in the observed data
of y;, and particularly implying that the joint linear specification of the drift vector and diffusion
matrix in the diffusion process x; is overwhelmingly rejected by the data.

To display possible reasons for the rejection of each component in an affine specification of the
diffusion matrix of y;, the nonparametric estimator of each component is reported in Figures 3 to
8. Given the nonparametric shape of each component in the diffusion matrix, the rejection is not
surprising. The joint linear specification of the drift vector and diffusion matrix in x; constrains
each component of the diffusion matrix in y, to be linearly increasing, while the relative nonpara-
metric estimator looks neither increasing nor decreasing, i.e., it is nonmonotonic. The empirical
evidence indicates that the misspecification of the diffusion matrix of y; is caused jointly by the
linear specification of the drift vector and the diffusion matrix in x;.

Next, we use the test statistics to examine the performance of the popular three-factor affine
term-structure models in Dai and Singleton (2000), A¢(3),A1(3),A2(3), and A3(3), in capturing the
volatility dynamics of y;.!* Hong and Li (2005) use their transition density-based tests to reject all
these models, but their tests cannot be used to evaluate the performance of the diffusion matrix in an
affine model in capturing the volatility dynamics of y;. For each model, we estimate the parameters
in equations (25) to (28) by Quasi-MLE, from which we derive the estimations of the parameters
in the diffusion matrix in (30). Table 8 reports the test statistics for the components in the diffusion

matrixes derived from A;(3),i =0,1,2, and 3. J,;; (1 <i < j < 3) strongly rejects each component

14The three-factor affine term-structure models, Ay(3),A1(3),A2(3), and A3(3), are defined in Dai and Singleton
(2000) by taking different values of the parameters in equations (26) and (27). I'g and I'; in (29) can be obtained
by solving numerically the ordinary differential equations with the initial conditions I'y = 0 and I" = 03 in Dai and
Singleton (2000).
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in the diffusion matrix in each model at conventional significance levels, although some models
have better performance than others. Among the four affine models, A>(3) has the best overall
performance across all components, while Ag(3) performs the worst across all components. For
A1(3) and A3(3), none of the models outperforms another across all components in the diffusion
matrix.

Our empirical finding can be explained by the well-known trade-off between the flexibility in
modeling the conditional variances of x; and the conditional correlation between the components
of x;. Ag(3) assumes that the conditional variances are constant, i.e., none of x; affects the volatility
of x;, although it is more flexible in modeling the conditional correlation of x;. A3(3) is character-
ized by the assumption that the volatility of each state variable is determined by the affine functions
of x;, but the requirements of admissibility (Dai and Singleton, 2000) impose strong restrictions
on the correlations between the components of x;. Dai and Singleton (2000) conjecture that the
models that are able to accommodate both the time-varying volatilities of state variables and their
time-varying correlations, such as Aj(3) and A»(3), are more likely to perform better. Our empir-
ical finding confirms the Dai and Singleton (2000) conjecture by showing that A;(3) has a better
performance in capturing the volatility dynamics in modeling the 6-month, 2-year and 10-year

maturities over the given time periods.

6 Conclusion

This paper focuses on testing the validity of the parametric specification of the diffusion matrix
in a d-dimensional diffusion process. For this purpose, we test whether each component in this
diffusion matrix is correctly specified. We propose a consistent test for the parametric specification

of each component in the diffusion matrix without information on the functional form of the drift
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vector. Consequently, not only can these tests detect whether the diffusion matrix is specified
correctly, but they can also provide a clear indication of the direction of the misspecification.

We apply our tests to evaluate the performance of the diffusion functions of five popular univari-
ate interest rates and the performance of the well-known multivariate affine term-structure models
in capturing the volatility of the diffusion matrix of the diffusion process of yields. As a result, we
obtain new empirical findings for the specification of the diffusion functions and diffusion matrixes

in popular univariate term-structure models.
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Table 1: Percentage Rejection Rates of the True Null Hypothesis

n 1% 5% 10% 1% 5% 10% 1% 5% 10%
Panel(a): Three-Factor Vasicek Model with Low Level of Persistent Dependence
H}!':ay(x) = constant H}? :apn(x)=0 H}? rai(x) =0

Ju11 Ju12 Jui13
240 0.033 0.056 0.084 0.032 0.041 0.130 0.003 0.021 0.054
420 0.036 0.070 0.097 0.027 0.073 0.113 0.004 0.017 0.038
600 0.013 0.062 0.101 0.012 0.053 0.072 0.011 0.028 0.061
840 0.011 0.055 0.122 0.008 0.052 0.086 0.006 0.042 0.065
H}? : ax(x) = constant HP :ax(x) =0 H3? : az3(x) = constant

Jn22 Jn23 Jn33
240 0.017 0.042 0.069 0.024 0.052 0.092 0.024 0.045 0.092
420 0.021 0.055 0.063 0.019 0.060 0.073 0.015 0.058 0.132
600 0.032 0.048 0.062 0.021 0.064 0.121 0.011 0.061 0.078
840 0.008 0.054 0.078 0.013 0.052 0.071 0.009 0.062 0.092

Panel(b): Three-Factor Vasicek Model with High Level of Persistent Dependence
H{' : ayy(x) = constant H{?:ap(x) =0 HP raiz(x)=0

Jnll Jnlz Jn13
240 0.025 0.062 0.111 0.031 0.047 0.121 0.004 0.034 0.075
420 0.030 0.061 0.120 0.025 0.057 0.082 0.007 0.044 0.066
600 0.019 0.041 0.121 0.022 0.059 0.087 0.014 0.053 0.072
840 0.012 0.047 0.108 0.008 0.048 0.091 0.012 0.054 0.096
HZ? : ax(x) = constant HP :ax(x) =0 H3 : az3(x) = constant

Jn22 Jn23 Jn33
240 0.007 0.036 0.043 0.011 0.043 0.051 0.013 0.037 0.058
420 0.020 0.041 0.072 0.008 0.053 0.078 0.020 0.043 0.071
600 0.012 0.045 0.089 0.010 0.054 0.081 0.011 0.048 0.083
840 0.007 0.052 0.087 0.012 0.048 0.092 0.008 0.051 0.090

This table reports the empirical sizes of the test statistics, Jy,11,Jn12, 013,022,023, and Jy,;33. The data are simulated
from the three-factor Vasicek model (E.q. 19) at monthly frequencies for n = 240,420,600, and 840, respectively. For
each data set, we estimate model parameters and compute test statistics J,;; (1 <i < j < 3). We set (b11,b21,b22,b31,
b3y,b33,071 ,(522,(533) = (0.50, —0.20,1.00,0.10,0.20,2.00, 1.00, 1.00, 1.00), and (b12,b13,b23,a1,a2,063) = (0,0,
0,0,0,0) for the low-persistence dependence case; and (by1,b21,b22,b31,b32,b33,611,622,033) = (0.20,—0.20,0.5,
0.10,0.20,0.5,1.00,1.00,1.00), and (b12,b13,b23,011,02,03)" = (0,0,0,0,0,0) for the high-persistence dependence
case.
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Table 2: Percentage Rejections of the False Null Hypothesis or the True Null Hypothesis

n 1% 5% 10% 1% 5% 10% 1% 5% 10%
Panel(a): Three-factor affine diffusion process with time-varying conditional variance (DGP 2)
H{': ay1(x) = constant Hi?:ap(x)=0 HP3 :ai(x)=0
Jnil Jn12 Jn13

240 0.280 0.369 0.436 0.001 0.017 0.040 0.001 0.023  0.047
420 0.561 0.643 0.706 0.003 0.025 0.058 0.003 0.032  0.066
600 0.791 0.858 0.894 0.002 0.023 0.054 0.015 0.034  0.051
840 0.866 0.940 0.958 0.003 0.041 0.072 0.003 0.039  0.085

H}? : ax(x) = constant HZ :ax(x) =0 H3? : az3(x) = constant

Juo Jn23 Jn33
240 0.211 0.275 0.323 0.001 0.011 0.032 0.301 0.372 0.482

420 0.398 0.402 0.451 0.013 0.025 0.042 0.411 0456  0.523
600 0.710 0.814 0.883 0.003 0.034 0.040 0.753 0.834  0.901
840 0.908 0.921 0.943 0.005 0.036 0.042 0.924 0930 0.943

Panel(b):Three-factor affine diffusion process with time-varying conditional covariance (DGP 3)
H}!'':ay(x) = constant H}? :apn(x)=0 HP? rapz(x) =0
Jn11 Jn12 Jn13
240 0.054 0.072 0.125 0.301 0.382 0.411 0.001 0.020 0.035
420 0.222 0.282 0.401 0.521 0.545 0.581 0.000 0.027 0.048
600 0.549 0.582 0.681 0.742 0.827 0.894 0.012 0.037 0.056
840 0.761 0.813 0.871 0.933 1.000 1.000 0.006 0.043 0.058

H}'': ax(x) = constant H}? :ax(x) =0 H{3 : az3(x) = constant

Jn22 Jn23 Jn33
240 0.291 0.305 0.361 0.005 0.013 0.040 0.142 0.177 0.218

420 0.413 0.446 0.517 0.021 0.043 0.057 0.319 0.341  0.407
600 0.756 0.832 0.911 0.005 0.034 0.059 0.662 0.716  0.743
840 0.833 0.902 0.957 0.013 0.065 0.084 0.805 0.834  0.922

For panel(a) in Table 2, the data are simulated from the three-factor affine diffusion process with time-varying
conditional variances (E.q. 21) at a monthly frequency. Given that DGP1 is the null model, panel(a) reports the
empirical powers of the test statistics, J11,J/22 and J33, while panel(a) also reports the empirical sizes of the test
statistics, J12,J13, and J»3. The parameters are set as (b1, b2, b33, 01,00, a3) = (0.50,2.00,5.00,2.00, 1.00) and
(b12,b13,b21,b23,b31,b32) = (0,0,0,0,0,0). For panel(b) in Table 2, the data are simulated from the three-factor
affine diffusion process with a time-varying conditional covariance (E.q. 22) at monthly frequencies. Given that
DGP1 is the null model, panel(b) reports the empirical powers of the test statistics, Ji1,J12,J22, and J33, while panel
(b) also reports the empirical sizes of Ji3 and J>3. The parameters are set as in DGP2.
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Table 3: Percentage Rejections of Either the False Null Hypothesis or the True Null Hypoth-
esis

n 1% 5% 10% 1% 5% 10% 1% 5% 10%
Panel(a): Three-factor affine diffusion process with time-varying conditional covariance (DGP 4)
H}!'':ay(x) = constant H}? :apn(x) =0 HP? :apz(x)=0

a1t Jn12 Jn13

240 0.201 0.254 0.439 0.023 0.061 0.142 0.159 0.236  0.358
420 0.421 0.583 0.617 0.007 0.038 0.096 0.297 0.356  0.477
600 0.654 0.767 0.809 0.004 0.046 0.115 0.479 0.560 0.733
840 0913 0.928 0.947 0.006 0.043 0.087 0.809 0.921 0.933

HZ? : axn(x) = constant HP :ax(x) =0 H3 : az3(x) = constant

Jn22 Jn23 Jn33
240 0.223 0.254 0.307 0.009 0.035 0.048 0.150 0.220 0.365
420 0.323 0.365 0.389 0.011 0.032 0.052 0.208 0.341 0.421
600 0.420 0.465 0.498 0.006 0.042 0.071 0.416 0.445 0.569
840 0.663 0.703 0.856 0.005 0.056 0.066 0.778 0.847 0.951

Panel(b): Three-factor affine diffusion process with time-varying conditional covariance (DGP 5)
H&l s ay(x) = constant H(%Z tap(x) =0 H(P tap(x) =0
Jn11 Jn12 Jn13
240 0.179 0.205 0.258 0.001 0.022 0.026 0.000 0.007 0.009
420 0.311 0.355 0.401 0.002 0.030 0.041 0.005 0.012 0.055
600 0.457 0.498 0.502 0.006 0.025 0.039 0.006 0.034  0.060
840 0.781 0.835 0.901 0.012 0.030 0.041 0.007 0.043  0.075

HZ : ax(x) = constant HE :ax(x) =0 H3 : az3(x) = constant

Jn22 Jn23 Jn33
240 0.214 0.256 0.311 0.198 0.303 0.355 0.320 0.356 0.411
420 0.447 0.511 0.559 0.400 0.457 0.568 0.431 0.521 0.506
600 0.600 0.634 0.712 0.519 0.589 0.623 0.676 0.700 0.725
840 0.833 0.913 0.955 0.758 0.811 0.876 0.821 0.864 0.914

For panel(a) in Table 3, the data are simulated from the three-factor affine diffusion process with time-varying
conditional variances (E.q. 23)at monthly frequencies. Given that DGP1 is the null model, panel(a) reports the
empirical powers of the test statistics, J11,J13,J22, and J33, as well as the empirical sizes of the test statistics, Ji» and
J23. The parameters are set as DGP 2. For panel (b) in Table 3, the data are simulated from the three-factor affine
diffusion process with time-varying conditional covariances (E.q. 24) at monthly frequencies. Given that DGP1 is the
null model, panel(b) reports the empirical powers of the test statistics, Ji1,J22,J23, and J33, as well as the empirical
sizes of Ji; and Ji3. The parameters are set as DGP2.
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Table 4: The estimations of parameters in the diffusion functions of univariate models of interest rates

Parameter  Vasicek CIR Ahn and Gao CKLS Nonlinear drift
Bo 0.0041 0 0 0 0.0089
(0.0020) (0.0012)
Bi 0 0.0527 0 0 —1.28
(0.011) (0.275)
Bo 0 0 3.196 1.47 1.67
(0.561) (0.185) (0.0123)
B3 0 0 3 2.57 1.13
(0.746) (0.465)

This table reports th
interest rates using t
1995. The diffusion

e estimations of parameters in the diffusion functions in five univariate diffusion models of spot
he seven-day eurodollar interest rates in Ait-Sahalia (1996) from 1 June 1973 to 25 February
function is generally specified as Bg + By 7+ [3er3. Therefore, we have for the Vasicek model:

diffusion function=P; for the CIR model: diffusion function=p;r; for the Ahn and Gao model: diffusion
function=P,7>; and for the nonlinear drift model: diffusion function=Ro + 7+ B2rP3. Parameter estimations are

obtained by the min

Table 5: Tests of

imum contrast estimator method in Eq.(7). Standard errors are given in the parentheses.

the parametric specifications of the diffusion functions of univariate models of interest rates

Diffusion function Reference Test statistic  Critical value Result
Bo Vasicek (1977) 849.79 1.65 reject

Bix CIR (1985) 589.69 1.65 reject

Box? Ahn and Gao (1999) 108.59 1.65 reject

BoxPs CKLS (1992) 39.36 1.65 reject
Bo+PBix+ Bsz3 Ait-Sahalia (1996) 96.75 1.65 reject

This table reports the testing results for the diffusion functions in the five interest rate models using the seven-day
eurodollar interest rates in Ait-Sahalia (1996) from June 1, 1973, to February 25, 1995. We have for Vasicek model:
diffusion function=y; for CIR model: diffusion function=Br; for Ahn and Gao model: diffusion fucntion= B2r3;
and for the nonlinear drift model: diffusion function=By + B;r + Bzrﬁ3 . Parameter estimations are obtained by the
minimum contrast estimator method in Eq.(7).
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Table 6: Summary Statistics of the Data
Frequency Mean Std.Dev Skewness Kurtosis Min  Max JB Test A.D.F. Test

6-month 0.056 0.029 0.57 2.93 0.007 0.165 1269  -2.66
2-year 0.061 0.028 0.81 3.64 0.012 0.161 71.87 -2.40
10-year 0.067 0.027 0.58 2.95 0.023 0.151 3153 -1.71

JB test is the Jarque-Bera test, which tests for the normality of the unconditional distribution of yields. The full

sample is from January 1952 to December 1998. The critical value of the Dickey-Fuller non-stationary test is —1.648
under the 5% significant level.

Table 7: Testing the linear specification of the diffusion matrix in the diffusion process of yields

Duffee’s model (2002): monthly yields on zero-coupon bonds with 6-month, 2-year and 10-year maturities

Hy': all(yf)*all""zl 1“111% Hg? tan(y) =aj, + L1 ayyy Hg’ : am(y,)—aw +Y lal3lyt
Y ajy iy aj3 aj Py ay) s af afyy afs aY3
0.014 0.009 0.008 0.006 0.011 0.007 0.006 0.004 0.005 0.003 0.003 0.002
(0.003)  (0.001)  (0.000)  (0.000) (0.002)  0.002)  (0.000)  (0.000) (0.000)  (0.000)  (0.000) (0.000)
Ju11 = 34 27 Ju12 = 39 17 Ju13 = 39.57
H(%z azn (Yt) = a22 JFZ[ 1 azzz)r ng a ()t) = a23 JFZ[ 1 az%ly ng an () = a}% +Z?:l ag3l>’£
a5 a5 @) a3 s a3 ) 33 a3 a5y a3 a3s3
0.014 0.009 0.008 0.006 0.011 0.007 0.006 0‘004 0.005 0.003 0. 003 0.002
(0.003)  (0.001)  (0.000)  (0.000) (0.002)  0.002) (0.000)  (0.000) (0.000)  (0.000)  (0.000) (0.000)
1,122 =69.56 Jy,23 =64.95 n"ﬁ =106.28

This table reports the parameter estimations in the diffusion matrix of the diffusion process of yields and the test
statistic values of Jy;j,1 <i < j < 3 using monthly 6-month, 2-year and 10-year zero coupon yields from January
1952 to December 1998. Standard errors of the estimators of the parameters are given in the parentheses. The
diffusion matrix has the affine specification:

0 30
a, + Y aj;y
11T =19
0 I 300 .0 30
a(y,0)= a%1+Zé:1a%11y$ a%2+):l3:10(2)21y§ o R
agp X1 a3y AT X a3y A3 T X a3

Table 8: The empirical performance of multivariate affine term-structure models

an(y)  anly)  aiz(n) ax(yr) an(y;)  ax(y)

Jn11 Jn12 Jn13 Jn22 Jn23 Jn23
Ao(3) 93.07 103.49 77.38 153.55 119.52 183.89
A1(3) 41.16 46.86 47.90 88.14.71 89.92 288.57
Az(3) 29.78 32.46 36.83 70.07 81.08 83.94
A3(3) 45.15 40.26 48.49 92.67 108.37 217.42

This table reports the J,,;; statistics for four affine models, Ay(3),A1(3),A2(3), and A3(3) to capture the volatility
dynamics of y, using monthly 6-month, 2-year and 10-year zero-coupon Treasury yields from January 1952 to
December 1998. For each model, A;(3),i =0, 1,2,3, using Ito’s Lemma to y,, we have E.q.(30). We evaluate the
performance of these models to capture the diffusion matrix of the diffusion process y;.
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Figure 3. Nonparametric diffusion estimator of a 11(yl, Yo 0.067)
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Appendix

Let F(x) express the cumulative distribution function of x;, and E/ the conditional expectation
with respect to the o-field generated by {x, : u <to+ jA\,}. Alsolet B(-,-,-) : R x R? xR — Rbe a
Borel measurable function and F,(x, X) be the joint distribution function for (x,;,x,, j), where i # j.
We denote E;[B(Xpi,Xn, j,Xn k)| = [ B(X,Xn, j, Xn k )AF (x), Ex[B(Xn,is Xn, j, Xnk )] = [ B(Xn,isXn,j,X)dF (X),
and E; j[B(xpi,Xn,js Xn k)] = [ B(x,%,xnk)dFy(x,X). h, and K((x, ; —x)/h,) are expressed by h
and K;(x), respectively. The symbol C denotes a generic big enough positive constant. Recall
m= [%] +1.

Lemma 1. Suppose that Assumptions 1-6 hold, E(|x;,|*') < e for some positive integer I. Then,
(i) fortg+ jO\, <t < T,
j 121 N, Y
E/(|xy = xn,j[7) < Dp(1 + [xn,j|7) (8 =10 = jOn)', (A.T)

where D, = 22(21—1)C1751€21(2l+1)cg(ﬂ_to—jAn){(t/ o — jAn)l (21— 1)]1};

(ii) let s, (zn1,%,0) = (l/nhdAn)Kl(x)[(xfl’l+1 _xi,l)(xiz,lﬂ —x ) - Anagj(x,e)],where Zng =

I

(xf,xf 41 ,xlj ,x{ 41 ). Then, under the null hypothesis, for x € S, we have,
E[sn(201,%,00)] = O(n ' AY?) + 01", (A.2)
and ford <3:

/ Es?(znj,x,80)w(0)dF(x) = (n2hd)"! / aii(x)aj(x) + & (0)]w(x) £ (x)dF (x) / K(u)du

HO(n 2T L o(n 2 AN, (A3)
ford > 4:

/Es,%(zn7j,x,60)w(x)dF(x)

= (2 [ laux)aji(0) + a0 W) fAF () [ K
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3 m—lhl ,
i Ly [ 1609 @il 0 ) OR @dF )
m—1 1
GO ’j— [ [1609) @3 676w () KPP ()
-1 71
2ty Y 1 ) 1609 ) £ w0 ) o

-1 l
() 12 z'// (VY £(0)]a (0)w () K2 () dF (x)de

+O(n 2 A,l/ A+ 0(n 2hdm), (A4)

where m = [d /2] + 1
Proof of Lemma 1: we only prove (A.3) and (A.4) because (A.1) and (A.2) can be proven by
following a method similar to the one for proving (A.2) in Lemma 2 in Li (2007).

For notational simplicity, we denote |, toj] Krl) "G(u)du by [p G(u)du, where G(u) is any

integrable function. To prove (A.3) and (A.4), applying the Itd formula to

' i \2(J J N2 (i N j j j .
(x271+1 _xﬁu) (xn,l+1 _xn,l) ’(XZJH _xZJ)(xn,m _xn,z)v(xmm _xn,z) and (x; nl+1 xi;,z) ,

respectively, under H(’)] we have,

E [ I50(zot,00) P(3)dF (3
= (0 2) 2E{ [ KRWI0 141 =5 ) Wi = 5h1) — () A Pwl)dF ()
= (2 [ E(KF W) /A 2, ) o 0 i)

ol = 2 =] oy ()b () F (2

200 [ E(RP) [ 10 )+ (5, =5 )l () ()

+ [ BGRR[0 5 ) ey 0) i 5)

o =00 ) a() = @)+ (5= 6,12 5050) = (o) N () F ()

[ EUGW [ [ )+ 40—y e 3 s () ()
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+ [EE) [ [ o) a0 o s ()
R [ [ (a0~ on)an) + (@) = () 31
wdsdu}w(x)dF (x)

12 /E{K, / / " X)) + (6 — ) i) i ()]
xdsdu}yw(x)dF (x)

200 [ EU W) [ (aijr) — i osn1) iy (e ()} F ()

12 / E{K>(x) / /to :A (o)t (o)W (x) dsdus}dF ()

44 / E{K(x / /to s ()dsdu)dF (3

oA, / E{K>(x /A aiy ) (0w ()} dF (3

+07 [ E(RHx)ad (w(x)}aF ()}

= B! +.. +B% (A.5)

From (x/ —xj;l)z < |xy — xn4|% i =i or i’ = j, Schwarz’s inequality, (A.1), and A,h~? =
Thi/? i —2p-d p1/2 ; - i :
-y = o(1), we have B = O(n""h™“A, ) for i = 1,...,8. Now, we consider B, for i =

9,...12.

Using the changing variable u = %, we have,

B = (k) [ E{RE()aun)aji(on ) wix)}aF ()
— (nh?)! / / K2 ()ag(x + hu)a;(x + hut) £ (x + hu)w(x)dudF (x)
— () / aii(x)a;(x) f () w(x)dF (x / K2 (u
+(n2hd) 13// [(6/'V)2 (@i (x)a s (6) £ () w () K2 (u)d F (x)dt + ..
(n2h)~ hm 1 / / (VY™ (i ()t 6) £ () () K2 () dF ()l

+0(n 2h‘d+’"), (A.6)
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where V is the differential operator, which is defined on page 8. To obtain (A.6), we have used the

Taylor expansion of a;;(x+ hu)a;;(x+ hu) f(x + hu) at x. Similarly, we have,

BYY = 20nh") 2 [ E{KP (), (x0) w(x)dF (2

— 2(n?h?)” / / K2 ()2 (x -+ hu) f (x + hu)duw (x)dF (x)

= 2(n?h?)” /aijx xwxde/Kzu u

(n*h4 _1h2// [(W'V)? l-zj [w(x)K?(u)dF (x)du+ ...
zhd lhm : LS [ 169y @ 0 ) (R ) ()
+0(n 2h d+m), (A7)
B = —20)? [ E{R(3)ais (50 i (Ow(x)dF ()

— _o(nhd)! / / i (x4 hut) £ (x4 huas; (x)w(x) K2 () dF (x)du
_ o2y / a2, (x) £ (x)w(x)dF (x) / K2 (u)du
— (2R / / [(6/'V)2 (a3 () £ ()t (x)w () K2 (u)d F (x)dut — ..
CON L // (V)™ (a5 () £ (6)) sy (2)w(6) K2 (1) dF (x)

+0( 2]’1 d-l-m)7 (A.8)

B2 — (2n%)"! / EK?(x)a% (x) w(x)dF (x)
— ()" / / G2 () £ (x+ hue) K2 () w(x)dF (x)du
— ()" /a,.jx xwxde/Kz(u)du
(n2he —1%2 / / (W2 (f ()] () () K () (x)dlue + ...
CON L // WV  ()w()K(w)dF (x)du
+0(n"%h~ d+m). (A.9)

NG

From Bl = O(n 2h~?) A\~ (i =1,...,8) and (A.5) to (A.9), (A.4) holds for any d > 1. However,
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if d <3, we have,

9 10 11 12
Bnl +Bnl +Bn1 +Bn1

= 2 [ [ (@30 + aulx)aj;(0) £ K (0)dF (x)du

+0(n"2h472), (A.10)

B =0 2h~4 L% (i=1,...,8) and (A.5) — (A.10) imply (A.3) and (A.4).
Lemma 2. Under the same assumptions as in Theorem 1, we have,

supxeslaij(x) —aij(x)| = O,(h" + n 242 n(n) + A,ll/z). (A.11)

do'dij(x)  day(x)
Supxes| Oxdt.. xdL  Jxi...oxde

| = 0y ( L+ 0= 20 L4 2 () + AN (AL12)

where L<m—1,and 1 <d; <d,fori=1,2,...,L.

Proof of Lemma 2: to prove (A.11), let v, (x) =n~ "Th= ¢ Y/~ K(® )AL =] -
x{;J] and v(x) = a;;(x) f(x), then we have the following decomposition,
dij(x) = aij(x) = [S1(x) +S2(x) = aij ()S3(x) — ai;(x)Sa ()] (F(x)) ", (A.13)

where S1(x) = v, (x) — Evy(x),S2(x) = Eva(x) —v(x),83(x) = f(x) — Ef(x), and S4(x) = Ef(x) —

f(x). Since f(x) is bounded away from zero on S, it is enough to show that,

supyesS1(x) = 0,(n~2h=42n(n)), (A.14)
supsesSa(x) = O0,(h")+ 0, (A7), (A.15)
supresS3(x) = 0,(n~ 2 2in(n)), (A.16)
supresSa(x) = 0, (h"). (A.17)

The bias terms S3(x) and S4(x) can be treated exactly as in Hérdle and Luckhaus (1984). Therefore

the proofs of (A.16) and (A.17) are omitted and our proofs focus on (A.14) and (A.15). To prove
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(A.15), by using the Itd Lemma to [x ., —xi 1[x/ . —x/ ], we have,
y g n’t+1 n,t n7[+1 n,t

S2(x) = Evp(x) —v(x)

L B n—1 Xns —X )
= L BRI [ E =) ) 5) = (0, i)

t=1

Xngt —

n—1
— p— _ x j
n ! ZE{K( p )/A Et[(xﬁ_xzjo+zA,,)“i(xlo+fAn)]d”}
=1 n

.X:nJ —X

n—1
+n1hdﬂn1;E{K( h )/A E'{(aij(xu) = aij(xige,)) 1t}

n

n—1 Xpt —X
+nth ; E{K(T)aij(xt0+tAn)} —a;j(x) f(x)

t

S21(x) + S22(x) + S23(x) + S24(x). (A.18)

Using the same method for showing B, = O(n_zh_dA,ll/z) in Lemma1,i=1,2,3,4,5, we can
prove that Sy;(x) = OI,(A,I/Z) for i = 1,2,3. We consider Sp4(x).

SM@)::(/KWMU@+th&+thw—mﬂ@f@%wf{/KWWU@+hwf@+hmdu

= 0,1, (A.19)

where we use the Taylor expansion of the function a;;(x + hu) f (x + hu) at x. Therefore, (A.15)

holds from $»;(x) = OP(A,ll/z), fori=1,2,3, and (A.19). To prove (A.14), let Y, , = A X, o —

xf'17,][xf;7t+1 —x{;_‘,] and v, (x) = v (x) + v, (x), where v\ (x) = (”hd)_lZtK(W)YnJIHY"A >

n

In(n)]. Let z,; = exp(aY,,), where o > 0. For the Jensen inequality, Schwarz inequality, and

xi21

P 2LE( 21" < €. Then, (A.14) is

Lemma 1, we have E(z,,) < ef(®n) < e Sa1 ™
shown by using Theorem 3.3.2 (Remark 3.3.4) in Gyorfi et al. (1989).
(A.12) can be shown by following the similar arguments as in proving (A.11). The detailed

proof of (A.12) is not incorporated here, but it is available from the author upon request.

Lemma 3. Under Assumptions 1-6 and the null hypothesis, I,,;; can be written as

Liij = Luij +0p((nh®?)71), (A.20)
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where iy = [[(ds;(x) — a; () f () Pw(@)dF (x).

Proof of Lemma 3: The detailed proof of Lemma 3 is omitted because Lemma 3 can be proven
by following a similar method to the one for proving Lemma 3 in Li (2007).

Proof of part (i) of Theorem 1: we will complete the proof of (i) of Theorem 1 by showing:

(@) Jnij = nh?[L,ij — raij(d)] — N[0,v?] in distribution, and (b) v, — v? in probability.

nij

Proof of (a): The CLT in Fan and Li (1999) for degenerate U-statistics is extended to the
triangular arrays of random variables {X,;,r < n} in Li (2007); that is, if the Assumptions (Al)-
(A3) in Fan and Li (1999) are satisfied, then v/2U,/(nc,) — N(0,1) is in distribution as n — 0.
Note that the Assumptions (A1)-(A3) in Fan and Li (1999) are said to be satisfied by {X,,, } if the
conditions in Assumptions (A1)-(A3) in Fan and Li (1999) as calculated by every row of {X,}

are satisfied.

). We de-

_ o o . . j j
Let §,(2n1,%,00) = $n(2n1,%,00) — Esn(2n,1,%,00), Where 2,1 = (X, 1,5, 1 1,%, 1%, 141

compose I,; ; according to,

hij =2 ¥ / 50 (21,5, 80) 5 (21, %, 80)w(x)dF (x)

1<I<l'<n

y szn,x,e w(x)dF (x
+ 3 [ Shlans o 80)w()aF ()

+2(n—1) i /s'n(zn71,x, 00)E (s1(2n,1,%,00))w(x)dF (x)
=1

ta(n—1) / [Esn(z1,%, 80)Pw(x)dF (x)

nL+LE+ D5+ 1 (A21)
We will show under our assumptions that I,LIJ is asymptotically normal in distribution, and I,}f]

and I}fj are asymptotically negligible in probability, while I_,sz gives a bias term. First, we prove

that nh?/ 2(1,5] Elrfj) — 0 in probability under the null hypothesis.

var(12) ZW [ $3(anisx B0 w(x)dF ()
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2 E| n.l,X,0 dF (x sﬁn/,x,e w(x)dF (x
#2 T, {ELf s n 0waaF () [ sians o wia)ar (o)

—/Esrzl(zn,l,x,eo)w(x)dF(x)/Es,%(znyl/,x, 00)w(x)dF (x)}

= L) +17(2). (A.22)
Changing the variable in (x,; —x)/h = u and using (A.1), we have,
) <L s n 80w(xdF (o
= E{ [ 0 250) 2RO 1~ 5P K1 — )

— 2a5(x) Ay =) ) (6 — xh ) a0 A2 w(x)dF (x) 1

< ) B ELL [ K501+ ) (5] — ) 0~ 56,)°)
+C((Ph) A )E(] / K2 ()t (g -+ hie)w(ng + hit, 8) f (xng + hut)du]?
X (xi,m _xi,z)z(xfz,m —fo)Z}
+ C?h)2E] / K2(u)a (6 + hie)w (g + ht) f (g + )}
= O(n*n*)~! (A.23)

Under Assumption 3, the observed data sequence {x,, } satisfies the absolutely regular condi-
tion with mixing coefficient B, ; = O(A"), where 0 < A" < 1. Let T = [blog(n)] and k = log\, where
b is a sufficiently large positive constant. Then we have B, ; = O(AY) = O(A~2Kosan) = O(n="%).

For IY}IZJ(Z), we consider two different cases: (a) {|/—1'| >t+1}and (b) {|I—1'| <t+1}. We

use EB, and EBy, to denote cases (a) and (b), respectively. By Schwarz’s Inequality and Lemma 1

in Li (2007), we have,
EB,+EB, < Ch pyi+Ctn 32
= O(h™n7P2) 4+ o(tn3n72). (A.24)

From (A.22)-(A.24) and Chebyshev’s inequality, it follows that nh?/?(I'2, — EI'2) = 0,(1). From

nij nij
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(A.3),(A.4),(A.10) — (A.12), and CLT, we know that nh?/2[[)?. —r,,;;(d)] = 0,(1), which indicates

nij

that I’lhd/2 [I_nij — I’m'j(d)] = (flhd/z) [I_ll- —|—1_13~ —l—I_M

nij nij nij

]4+0,(1). To prove that nhd/zl_%fj =o0p(1), we first

evaluate

[ [ 51(zn1. . 00)E (203,80 (0P () (A25)
— [ [ Elsalznsx.80)5u(zas.: 00)|Elsa (2., 80)

<E[3(20.3. 80) (W) )AF (AP ()

1 1Bz 00) PP ()

= O(n*h 4N, +n P9, (A.26)

which is derived from Schwarz’s inequality, (A.2), (A.3), and (A.4). Because of E§,(z,,,x,00) =0,
it follows that nh?/ 21_:1531' = 0,(1) by (A.26) and Chebyshev’s Inequality.

14

For I; i by (A.2) we have,

nhPIA = g2 (n—1)pd? / [Esn (21, 80)2w(x)dF (x)
= P(n—1DR (072 0,) +0(n2h?T))

= Ok, +0(mh/*+27) = o(1).

According to Lemma 4 in Li (2007), to prove that '}

qij 1 asymptotically normal in distribution,
we will only prove that the Assumptions (A1)-(A3) in Fan and Li (1999) are satisfied under the
conditions in Theorem 1.

Let H(zn,j,2nk) = [ 5n(2n,jsX,00)Sn(2n kX, 00)w(x)dF (x) and {Z, ;}_, be an i.i.d. sequence

having the same marginal distribution as {z,,;}_,. Then we have,

G,% E[H2<Zn,l7xa 907Zn,27-x>90)]

= //E[Sn (Zn,l e e0)”n (Zn,l ' Y5 60)]E[sn (Zn,27xv GO)Sn(Zn,27y7 90)]
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(W OIAF (WA ()
=2 [ [ Elsn(Ea1,%. 80050213 B0 ElsZn2, . B0 Els202,3,60)
(W O)AF (WA ()
[ [ Blsa(Gnr 5. 00) 1Bl (Gt 3. B0)Els . B0 Els(202,3,60)
w(wO)AF (DA ()

= () [lai(x)aj; (0 + P w ) dx

x / [ / K(1)K (w+ )du)®dw + o((n*h) 1), (A27)

The detailed proof of the following results is not incorporated to conserve space, but it is available

upon request.

[ [ ] ] Elsutann 8052015000521 0)50 215,60

Hnda =
XE[§n<Zn727xa90)§n(1n72aia eO)S_n(Zn,Zay? eO)En(Zn,ZJ_]: 90)]
xw(x)w(X)w(y)w(7)dxdxdydy
— 0((n8h3d)71).
Y1l = maxl#s,t’#S’E[H(Zn,ty Zn,s)H(Zn,t’yzn,s’)] = O<n_4h4d/n_4d), (A.28)

where 1 <n = (1-& 171 <4/3, and & is slightly larger than 2.

Va2 = maxiz g 29 EIH (2ngy2ns ) H (20 2ny)] = O(n~SH4/M=64), (A.29)

Vi3 = maxy s 20 E[H (s, 205 H (20gr, 20y )] = O(n Sptd/M=6d), (A.30)
where 1 <1 <4/3.

V2 = maxizy 29 EIH (Zn 1,202 H (Fn1,203)] = O(n~8p24M=4d), (A.31)
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where 1 <n <2.
Y14 = max,zq / {E[H(2,Zn,)H (2, Zy5)|}*dF (z) = O(n~8p>4/M=32), (A.32)

where 1 <1 < 5/3. Summarizing the above results, we have 62 = O(n~*h=4), s = O((n8h34)~1),
Vo = max{Ya11, Y22, Yara} = O(n~*h*/M=3) ‘and v, = max{Y2,Ym3} = O(n 8n*¥/M=6). These
results imply (A1)(i)-(iii) in Fan and Li (1999).

Define G, (x,y) = E[H(Z1,z)H(Z1,z5)]. Then we have,

GZG = E[Gi<Zn,taZn,t>] = 0(”_8h3d/n_4d),

HnG2 = max’?és/GZ(Zn,hZn,s)dQn(Zn,ZaZn,s) = 0(n_8h3d/n_4d),

where 1 <mn < 3/2.

G111 = max{maxs7és/7és// |E[G(Zn,s; Zn,s)G(Zn,s’ ) Zn,s”)] |v
maxs;és’;és” ‘E[G(Zn,Sa st’)G(Zn,s; st")] ’7

maxwés/#s//#sm |E [G(Zn_‘s, st/)G(Zn’S// s st///)] |} e O(n—8h3d/n—4d)’

where 1 <1 < 3/2. Thus, (A2)(i)-(iii) in Fan and Li (1999) are satisfied.

Finally, it is easy to show that M,, in Fan and Li (1999) is bounded by a positive constant.
Also 62 = O(ﬁ) and B, = O(n"%). Hence, we have ‘l:znz[i,i/f/ci = o(1) provided we make
b sufficiently large, which implies nzﬁ,lL/TZ = 0(1). Thus, (A3)(i) and (ii) in Fan and Li (1999) are

all satisfied. Hence, we get I'%./(v/2n6,) — N(0,1) in distribution, which indicates that J,;; —

nij

N[0,v?] in distribution.

Proof of (b): from Assumption 6, Lemma 2, and its proof, we have,

infresf(x) >0, (A.33)

supxes| (i (Xne) f (one ) a5 n g f o)) = [@ii (on ) f (n ) () f ()2 = 0p(1). (A.34)
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From (A.33), (A.34), and Lemma 2, it follows that,

1 1 all Xnt xnt)ajj (xnt)f(xn,t> +aAl‘zj(xn,l)fz(xml)]zwz(xn,t)
" tzi | f(xn,t)
[a,, (X ) f (ne )@ (X ) f (Xne) + aizj (xn,t)fz (xn,t)]zwz (Xn,z)
f(xn,t) |
[Gii () F (x)a (x) f (x) + @2 () F2 ()12 = [ (x) f () () £ (x) + @y () 2 ()],
< supyes| ) w(x)]
4ii(x)a (%) + a3, ()PP () (F(0) = f(%)
+ px€S| f(x)f( ) ( )|
= 01’(1)7
which indicates
1 (G (o) () + @ (o )2 (o )W ()
n t; f(xl’l l)

aii(Xn1)ajj(Xnz) +a (xnt)]zf“(xn,,)wz(xn,,)

f(xn t)
X)) ()

1
/

by the law of large numbers. Therefore, we have v;; = v+o »

[aii(x)aj;(x)

+0,(1)

(x)dx+o0p(1),

(1).

Proof of part (ii) of Theorem 1: given assumptions 1-6, we can show, by using similar argu-

ments to those for the proof of part (a) in (i) of Theorem 1 that, under Héj s i = [[(aij(x) —

ag(x,e*))f(x)]zw(x)dF(x) +0p(1), where 8* € O, and (8, —0%) = 0,,(\/%7). Hence, we have

Jm’j = OP(nhd/z).
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