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ABSTRACT

This paper studies the implications of certain kinds of uncertainty for mon-
etary policy. It first describes the optimum policy rule in a simple model of the
transmission mechanism as in Ball and Svensson. It then examines how this rule
ought to be modified when there is uncertainty about the parameters, about the
time lags, or about the nature of shocks. The paper also discusses the case of a
small open economy such as Canada’s, with particular attention being given to
uncertainty about the weights in a monetary conditions index.

RESUME

L'étude examine les implications de certains types d’incertitude pour la
conduite de la politigue monétaire. Dans un premier temps, I'auteur décrit la régle
optimale de politique dans le cadre d’'un modéle simple du mécanisme de trans-
mission analogue au modele élaboré par Ball et Svensson. Puis il étudie de quelles
facons il faut modifier cette régle lorsqu’on est incertain des parametres, de la
longueur des décalages ou de la nature des chocs. L'étude traite également du cas
des petites économies ouvertes comme celle du Canada et s’attarde tout par-
ticulierement a l'incertitude entourant le poids relatif des composantes d’un indice
des conditions monétaires.






[My] proposal to increase the money stock at a fixed rate month-
in and month-out is certainly simple. . Surely, you will say, it
would be better to “lean against the wind”. . rather than to
stand straight upright whichever way the wind is blowing. We
seldom in fact know which way the economic wind is blowing
until several months after the event, yet to be effective, we need to
know which way the wind is going to be blowing when the mea-
sures we take now will be effective, itself a variable date that may
be a half year or a year or two years from now. Leaning today
against next year's wind is hardly an easy task in the present state
of meteorology.

(Friedman 1960, 93)






1. INTRODUCTION

There is a consensus among central bankers today that the primary role of mone-
tary policy is to promote price stability while at the same time being concerned for the var-
iability of output. Fulfilling that role, however, is not straightforward. Central bankers’
understanding of the workings of the economy in general, and of the monetary transmis-
sion mechanism in particular, is far from precise. Indeed, it is fair to say that uncertainty
accompanies every step of the process that links the instruments of monetary policy with
the variables of interest—from the interpretation of current economic developments to the
expected effects of policy actiolsA key question confronting central banks, therefore, is

how to conduct monetary policy under conditions of uncertainty.

To tackle this problem, it is natural to use the case of certainty (or rather certainty-
equivalence) as a benchmark. One first sets up a core representation of the transmission
mechanism without uncertainty; from this, one derives a basic rule for monetary policy.
Then one asks how this basic rule should be altered in the presence of some type of uncer-
tainty. In this manner, it might be possible to classify the most common types of uncer-

tainty into broad categories and to examine their implications for monetary policy.

The benchmark used in this paper is the closed-economy dynamic model of Ball
(1997) and Svensson (1997a) and the associated optimal rule for monetary policy. The
dynamic character of this model, which consists of a reduced-form demand equation and a
Phillips curve, is intended to capture the fact that it takes time for changes in the interest
rate to affect the economy. The optimal rule is derived on the assumption of a standard
guadratic loss function. It is similar in form to the rule proposed by Taylor (1993),
although the level of the interest rate responses to deviations of current output or inflation
will in general be different. Three kinds of uncertainty are then considered: uncertainty
about the coefficient of an explanatory variable as in Brainard (1967); uncertainty about
the time lag before monetary actions influence the economy; and uncertainty about the
nature of a shock. The paper concludes with a discussion of a specific example of coeffi-
cient uncertainty that has attracted recent attention—uncertainty about the weights in a

monetary conditions index.

1. See Thiessen (1996).



A description of the three main types of uncertainty and their implications follow.

Uncertainty about the coefficient of a variable in the transmission mechanism

This is sometimes referred to as multiplicative uncertainty and can be intrinsic to the econ-
omy or due to econometric estimation. In contrast to uncertainty generated by additive
shocks, it implies that the larger the change in the variable concerned, the greater the
uncertainty about its effects on the economy. It is therefore not surprising to find that this
type of uncertainty induces the policy-maker to attempt to minimize the deviations of the
variable concerned. For example, if there is uncertainty about the elasticity of demand to
the interest rate, then the policy-maker will be reluctant to move interest rates too sharply
in response to shocks. This is the classic result obtained by Brainard (1967) and which, in
some authors’ view, is behind the interest rate smoothing behaviour often attributed to
policy-makers.

In general, it is true that uncertainty about the coefficient of a variable in the trans-
mission mechanism will always induce the policy-maker to try to minimize deviations in
that variable. However, this does not necessarily translate into caution with regard to
movements in the interest rate. For example, uncertainty about the manner in which infla-
tion surprises feed into future inflation would lead the central bank to respud
sharply to inflation shocks, not less, in order to minimize deviations in inflation. Being
“cautious” in this case means taking stronger action to minimize the potential for inflation
to get away from the target.

Consequently, if there is uncertainty about all or most of the coefficients in the
model, one cannot conclude a priori what this entails for the interest rate response. In gen-
eral, whether uncertainty means moving interest rates to a greater or lesser degree depends
on the relative uncertainties of the different coefficients and the structure and dynamics of
the model.

The specifications of the model used in this paper, basically its linear-quadratic
character, imply that the relevant measure of coefficient uncertainty is the standard devia-
tion of the coefficient divided by its average value. Thus one finds that, when the model
fits the data reasonably well, uncertainty about a single coefficient in the transmission
mechanism is likely to have only a small effect on the benchmark policy rule. However, it



is still unclear to what extent uncertainty abaiitthe coefficients simultaneously would
affect the basic rulé.

Uncertainty about the time it takes for one variable to affect anoffieis means

there are random variations that can shift expected effects in the economy from one period
to another. These variations can be inherent in the economy’s process of adjustment to
exogenous shocks or they can be inherent in the shocks themselves. Examples of the latter
are variations caused by labour strikes or changes in weather. Without developing a model
from first principles, these shifts in effects can a priori take many forms. For now, since the
implications of coefficient uncertainty have already been examined, it is assumed that var-
iations in the time lag amount to additive shocks that shift the demand equation or the
Phillips curve in one direction in one period and in the opposite direction the next period.

Thus represented, uncertainty about the time it takes for changes in the economy to
have an effect in the future has no bearing on current decisions. What matters for current
policy is theexpectedime at which the effects will take place. However, the special nature
of lag variations has important implications as far as the response to contemporaneous
shocks is concerned. Indeed, it is shown in this paper that the central bank ought not to
respond to variations in the economy that amount to shifts between periods. These varia-
tions will be automatically offset before any action of the central bank can have an effect.

The policy recommendations above are limited because, more often than not, the
monetary authorities are uncertain about the nature of the shock. For example, an unantic-
ipated rise in output could be due to lag effects or it could signal the beginning of a new
economic expansion. Since different types of shocks require different responses, the pol-
icy-maker is usually bound, until more information becomes available, to follow a middle-
of-the-road course, one that balances the risks of acting too quickly against those of being
too slow.

Uncertainty about the nature of a shodkith this type of uncertainty, the optimal
policy is simply to base the response on the expected nature of the shock. For example, if
it is unknown how long a shock is going to last, then the optimal policy is to base the
response on thexpectedlegree of persistence of the shock. With persistence on average

2. See Sack (1998).



positive over history, and expectations based on past experience, this implies that the opti-
mal response to a new shock of unknown persistence will be larger than the response to a
shock known to be temporary, but smaller than the response to a shock known to be long
lasting. It also implies that the response to a shock of unknown persistence will be read-
justed (and perhaps reversed) over time as one learns more about the shock. Because
learning about the nature of a shock is a gradual process, ex post it may appear as if the
central bank is reluctant to take sharp actions when called for. In fact, what the bank is

doing is following the optimal path, given the information available at the time.

As an application, the case of Canada is examined briefly, with particular attention
paid to the role of the exchange rate in policy formulation. Using a very simple model with
constant coefficients, Ball (1999) shows that the optimal policy rule in a small open econ-
omy is similar to the Taylor rule. However, unlike the Taylor rule, it is not expressed in
terms of the interest rate but in terms of an index that is a weighted average of the interest
rate and the exchange rate. Further, Ball shows that, under reasonable conditions, the
weights are roughly proportional to the coefficients of the same variables in the IS curve.
These results therefore support the Bank of Canada’s use of a similar index as a measure

of monetary conditions in the economy.

One possible objection to Ball's model is that it omits explanatory variables, such
as commodity prices and foreign output, which are key to understanding exchange rate
and output developments in Canada. Not surprisingly, one finds that, when the effects of
these variables are taken into consideration, monetary policy must respond to their fluctu-
ations as well as to fluctuations in demand and inflation. But as long as the new explana-
tory variables are given exogenously, nothing changes in the optimal rule aside from
adding extra arguments (on “the right hand side”). The weights in the index as well as
those on output and inflation shocks are the shame.

The introduction of new explanatory variables, while relatively simple, highlights
the importance of isolating the underlying causes of observed variations in the economy.
In particular, it is important to distinguish between autonomous variations in the exchange

rate and variations that arise from more fundamental sources, such as shifts in commodity

3. This is assuming, of course, that the model’s calibration is not changed either.



prices in the case of Canada. The optimal policy rule indicates, for example, that the inter-
est rate ought to be increased following an autonomous depreciation of the domestic cur-
rency, in order to counteract the ensuing rise in exports. In contrast, the interest rate may
not need to be changed and, in fact, may need to be decreased if the depreciation has its
source in lower commaodity prices. A reduction in the interest rate would be necessary if
the negative effect of lower commodity prices on domestic demand more than offset any
increase in exports of non-commaodities following the depreciation of the currency.

Another possible objection to Ball’s results is that the model’s coefficients are not
known with certainty. In particular, some authors (e.g., Ericsson et al. [1997]) have sug-
gested that the weights in the monetary conditions index (MCI) are sufficiently uncertain
that they render calculated MCls uninformative for monetary policy.

This paper expresses a different point of view. It shows, given the uncertainty
about the coefficients, that the optimal policy rule can still be expressed in terms of an
index such as the one above. Of course, the higher the uncertainty, the greater the expected
costs from error; nevertheless, the rule obtained is the best possible under the circum-
stance$. Moreover, one finds that, if measured by standastatistics, the degree of
uncertainty about the coefficient estimates is likely to cause only small changes in the MCI

weights.

The remainder of the paper is organized as follows. Section 2 reviews the closed-
economy models of Ball and Svensson in some detail. Sections 3, 4, and 5 examine
respectively the implications of parameter uncertainty, lag uncertainty, and uncertainty
about the degree of persistence of a shock. Section 6 provides a brief application to a small
open economy such as Canada’s, and Section 7 concludes.

4. A comparison with alternative choices of policy instruments or targets is outside the scope of this paper.



2. THE BASELINE MODEL

As a benchmark, consider first the following representation of the transmission

mechanism in a closed econthy:

(1) Toq = T+d(y,—yD +& 44
(2) Yier—YH = b(y,—yD—c(r,—rD+n,,,

wherey, is the log of aggregate outpyt] s the log of potential output (assumed for now
to be constant);i,  is the inflation ratg; s the instrument of monetary policy (here iden-
tified with the one-period nominal interest rate), is the real interest rate, i.e.,
=i —Th, 1., Wherem,, , is the expected rate of inflation at time1  conditional on
information available at timg rll is the average real interest rate (assumed for now to be
constant);b, c , andl are positive constants, Witk 1 ;end  @nd are white noise
random shocks. Equations (1) and (2) of course stand for an accelerationist Phillips curve

and an IS curve respectively.

The main feature of this model is that the instrument of monetary policy acts on
inflation through aggregate demand, so that a monetary action can affect inflation only
with a two-period lag. This is roughly consistent with the empirical facts in Canada if

annual periods are chosen.

2.1  The loss function

Following common practice, the policy-maker is assumed to minimize in each
periodt the discounted sum of expected (weighted) deviations of output and inflation from

target,

(3) Et z 6iL(T[t+i’yt+i)’
i=0

where

4) Ly = ay—yD*+(1-a)(n-1)°

5. See Ball (1997) or Svensson (1997a).



O<a<1and0<d<1.Thecloserthe value & to 1, the greater the weight placed on
long-run costs. At the limitd = 1 , only the long-run costs matter, in which case expres-
sion (4) is identified with the unconditional expectatioin(Tr, y,) 6

The standard quadratic form of the loss function chosen above allows tractable
solutions, but it should be kept in mind that it presumes certain facts that are still contro-
versial. For example, under that specification, the inflation rate is presumed to be
strictly better than any other rate and/or there is a benefit to fixing some level of inflation,
such asmJ , as a point-targef\lso, the form of the cost function supposes that positive
output gaps per se are costly, as costly as negative output gaps. This would be of little con-
sequence if the long-run costs are thought to dominate the short-run costs, for the output
gap would be expected to converge to zero in the long run under any reasonable specifica-
tion. However, short-run sacrifices could be relevant, particularly in low-inflation regimes,
when it is unclear whether or not the return of inflation to a preselected target has impor-
tant benefits. In this event, even if there is no long-run trade-off between output and infla-
tion, the short-run trade-off could imply an optimum long-run inflation rate that is higher
thanmid 8

2.2  The optimal rule

The linear-quadratic optimization problem described above satisfies certainty-
equivalence. In other words, minimizing expected deviations as in equation (4) is equiva-
lent to minimizing deviations of expectations as in

(5) ¥ dla(Ey,,,-yD +(1-a)(Em, -],
i=0

In particular, if the central bank is strictly targeting inflation, i.e..= 0 |, then only the
deviations of expected inflation from the target matter. Because the monetary instrument

6. More precisely, under some regularity conditiondim E.L(m,,, ¥;.;) = EL(TL, ;) , hence
e | - o0

) o i g_ )
Bth(l_é)%EtiZoé L(T, i, ym)g = EL(T, Yy

7. O'Reilly (1998) provides an extensive survey of the benefits of low inflation.

8. This would be the case for instance if the loss function includes a linear term in output, e.g.,

L(my) = a(y—yD) —Bly—yD + (1-a +B)(m-1)°.



can affect inflation only with a two-period lag, it follows immediately that the optimal pol-
icy rule in that case involves setting the instrument each period so that the expected infla-
tion two periods later equals the taraet:

(6) Mg = T

From equations (1) and (27[t+2‘t can be expressed as a function of the state variables
and the monetary instrument at titne

(7) T[t+2\t = T[t+1\t+db(yt_yED_dC(rt_r|:b-

Therefore, the policy rule summarized by equation (6) can be interpreted unambiguously
as follows. If the two-period forecast of inflation, as derived from equation (7), is higher
than the target, the instrument will be adjusted upwards so as to constrain next-period out-
put below its potential and to lower inflation the period after. If the two-period forecast of
inflation is lower than the target, the instrument will be adjusted downwards.

Alternatively, if the central bank regards output stability as its sole objective, i.e.,
o = 1, then in each period it will set the instrument so that the expected output next
period equals potential output. In this case, inflation will follow a random walk:

(8) T[t+2:T[t+1+8t+2+dnt+1'

In practice, inflation-targeting countries, such as Canada, are concerned with both
output and inflation variability, i.e., for then<a <1 . In that case, one can show that
the optimal policy rule can be expressed in the form

(9) T[t+2\t—T[D: k(T[t+1\t_T[ED

for some constark between 0 and 1 that increases with'® The interpretation is as fol-
lows. The Phillips curve implies that there is a short-run trade-off between output and

9. x;; is shortforg;x; , the expected value at tinoé the variablex at time;.
10. To see this, notice that the policy-maker’s problem is equivalent to choosing a p"’WJ‘ift that
minimizes the loss function. The solution to this linear-quadratic problem Qy@t@‘t —yQ as a linear

function of i, m—T[D; hence the claim. See Ball (1997).



inflation—Dbringing inflation down requires a temporary negative output gap. If no weight
is placed on output stabilityo( = 0 ), then the policy-maker will seek to achieve the infla-
tion target as quickly as possible & 0 ) but at the cost of large fluctuations in output. If
a positive weight is placed on output stability # 0 ), then following a shock the policy-
maker will bring inflation back to its initial target more slowlig$ 0 ) so as to reduce the
fluctuations in output—the greater the weight  on output stability, the larger the coeffi-
cientk and the more gradual the adjustment of inflation. At the other extreme where the

policy-maker is targeting only outputt(= 1 ), inflation follows a random wddk{ 1 ).

From equations (1), (2), and (9) above, one can easily infer the associated instru-

ment rule,

(10) r—rt= B(y,-yD + C(r, — 1)

1_k+b>0 candC = u<>O
cd

whereB =
or, equivalently,
(11) i,—ill= B'(y,—yD +C' (1, —1)

whereB' = B+d>0,C' = C+1>1,andd= md+rU .

The optimal policy rule therefore has the same form as the one proposed by Taylor
(1993), except of course that the coefficients may differ. It prescribes increasing (decreas-
ing) the real interest rate when current output or inflation are above (below) their targets.

Notice that, as an immediate consequence of the certainty-equivalence property,
the uncertainty in the transmission mechanism introduced by the slapcks n,and  has no
bearing on monetary policy. The reason is that the shocks adtitivelyand areserially
uncorrelatedover time. This means that the magnitude of current shocks gives no infor-
mation regarding future shocks, and monetary actions cannot affect the uncertainty intro-
duced by the shocks. In this sense, this type of uncertainty plays a passive role in policy
formulation. In the sections to follow, the condition of additiveness and that of serial

uncorrelation are relaxed alternatively.
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3. PARAMETER UNCERTAINTY 11

The baseline model assumes that the coefficients of the explanatory variables are
known with certainty. It is more realistic, however, to assume that the coefficients are
known with some degree of uncertainty, whether this is due to measurement errors or
inherent variability of the effects that the explanatory variables have on the economy.

Accordingly, suppose that the model has the form,

(12) T, -1 = e(m—10) +d(y—yD) +¢,
(13) yt+1_yD: bt+1(yt—yEb—ct+1(rt—rEb+r]t+1

whereb,, ¢, ,d; , ande, are mutually uncorrelated and i.i.d. random variables with mean

b, ¢, d, andl respectivel{?

The expected periodic log5L (Tt ,;, ¥;,;) Inperibd can be written as the sum
of two parts: one part due to the variances of output and inflation atttirie , conditional
on information at time; and another part due to the deviation of their (conditional) means

from the fixed target$®

(14) EL(Th 40 Yeai) =
Gvart(yt+i) + O((yt+i\t _y[bz + (1—G)Val’t(Tl't+i) + (1_a)(T[t+i\t _T[EDZ

In other words, the policy-maker has an incentive both to target the forecasts of output and

inflation and to dampen their volatilities.

Uncertainty about the coefficient of a variable in the transmission mechanism
implies that the larger a change in that variable, the larger the uncertainty about its effects
(i.e., the larger the variance of its effects) on the economy. This type of uncertainty there-
fore induces the policy-maker to attempt to minimize the deviations of the variable con-
cerned. For example, uncertainty about the elasticity of demand to the interest rate (i.e.,

11. The implications of parameter uncertainty for policy were first studied by Brainard (1967), and a
number of other authors since then—see, for instance, Estrella and Mishkin (1998), Sack (1998), and
Svensson (1997b). A substantial literature examines parameter uncertainty in relation to learning; see
Wieland (1996) for a review. This paper abstracts, however, from learning by assuming all distributions
to be known. This paper’s presentation follows that of Svensson (1997b).

12. Notice that the uncertainty is attached to the coefficients of variable deviations from steady state rather
than their absolute levels.

13. Recall the identityE(x— bez = var(x) + (Ex— xED2 .
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the coefficientc) leads the policy-maker to move the interest rate less in response to
shocks. This is the classic result obtained by Brainard (1967). It is also, in some authors’
view, behind the interest rate smoothing behaviour often attributed to policy-makers. To
see this heuristically, suppose for simplicity that the policy-maker strictly targets inflation
(a = 0), only ¢, is random;n, = 0 , and at timethe policy-maker seeks to minimize
E.L(T,, » Y, ,) rather than the full discounted sulhElementary calculus then shows
that the optimal level of the instrument is

(15) re—rt=B'(y,—yD +C'(m-1)

whereB' = B ,C' = & ,

(1+5) (1+5)

B and C are the response coefficients found earlier when all parameters are assumed
known with certainty, and, is the “relative uncertainty"@fi.e., the ratio of its standard
deviation to its mean. As expected, the larger the relative uncertainty apthet smaller

the interest rate respons&s, C', , to inflation and output.

However, uncertainty about the coefficients of variables other than the interest rate
may cause the opposite behaviour. For example, uncertainty about the effects of inflation
surprises on future inflation (i.e., uncertainty about the coeffiaemtould lead the cen-
tral bank to respondnore forcefully, not less, to inflation shocks in order to minimize
deviations in inflation, hence the variance of its effects. Being “cautious” in this case
means taking stronger action to minimize the potential for inflation to get away from the
target.

For example, consider a positive demand shock at timénich leads to a rise in
inflation at timet + 1 . When all parameters are known with certainty, monetary actions
can affect only the expected deviations of output and inflation from their targets. Policy-
makers respond to the shock by raising interest rates attticgusing a contraction at
time t+ 1. This in turn lowers inflation at timé+ 2 . Subsequently, the interest rate is
gradually returned to its long-run equilibrium, while output rises to its potential and infla-
tion declines back towards its target. When the coefficgeist uncertain, then monetary
actions can also affect the volatility of output and inflation. In this case, there is an incen-

14. Alternatively, one can assume there are only two periods.
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tive to lower inflation more quickly towards its target, for the lower the inflation, the lower
the volatility of inflation in subsequent periods. Consequently, when the coeffigisnt
uncertain, the interest rate is raised more at tirf@nd, typically, is returned more slowly
to its long-run equilibrium) than whexis known with certainty.

More formally, suppose for simplicity that only  is random and the policy-maker
seeks to minimizeE,L(TT , 1, V;+1) T E.L(TL 40 Viso) + E.L(TG L3 Y+ 3) rather than
the full discounted surt® Then, the optimal level of the instrument§s:

(16) ro—rt = B"(y, -yl + C"(m,— 1),

2
ab+ (A+D)dX o o dX g2,

whereB" = > 5
c(a +d"X) c(a +d"X) o+d

> -

As expected, one can verify that the larger the uncertaayty, , abthe larger the inter-
est rate responseB; C; , toinflation and output.

As more parameters are involved, the effects of uncertainty on monetary policy can
add to or offset each other, depending on the trade-offs that exist between the deviations of
the variables involved. If greater stability in one variable implies more variability in
another, then the effects are likely to offset each other. If, on the contrary, it reinforces the
stability of another variable, then the effects are likely to be cumulative. For example,
combining uncertainty on the two parameterande considered separately above would
yield offsetting effects. On the other hand, if the parameters dade random (and
uncorrelated), then one can show, under the same heuristic conditions assumed above
whenc alone is uncertain, that the effects of uncertainty add up. Specifically, the optimal
policy rule is again expressed as in equation (17) but with response coefficients,

1+b(1+05/d%) ) 1

c(1+ oi/c2 + cg/dz) , cd(1+ crg/c2 + oﬁ/dz) ,

15. Alternatively, one can assume there are only three periods. At least three periods are needed in the
example because monetary actions affect uncertainty only three periods later. Also, a positivexweight
on output stability is needed to ensure that the expected inflation two periods later is not zero.

16. See Appendix.
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which typically are smaller, the larger the variances arfidd.1’

The above results imply that the optimal response to uncertainty about how interest
rate changes will affect the dynamic path of output (i.e., uncertainty about the parameters
b andc) and to uncertainty about how changes in output will subsequently affect inflation
(i.e., uncertainty about the paramedieis to move interest rates less, relative to the case of
certainty. On the other hand, uncertainty about how much inflation surprises will feed into
ongoing inflation (i.e., uncertainty about the paramedefeads to larger interest rate
responses. However, except when uncertainty is solely about the direct effect of interest
rate changes on output (i.e., uncertainty about the pararggtsimilar claims may not
hold in more complex models with additional lagged variables or correlated parameters. In
general, whether parameter uncertainty means moving interest rates more or less depends
on the relative uncertainties of the different coefficients and the structure and dynamics of

the model. It is therefore an empirical issue.

In principle, parameter uncertainty may be extensive enough to call for a neutral
policy. For example, if the relative uncertainty,/c , about the effect that a change in the
instrument has on future output is very high, then the best policy practically is a neutral
policy: r,—r0=0.18

However, at first sight, rough estimations of the model seem to suggest that the rel-
ative uncertainties of the coefficients, as measured by estintatadistics, are not large
enough to warrant a neutral policy. (However, this does not necessarily mean that the gain
in welfare from following an optimal policy over a neutral one is significant.) Indeed, as
shown in Section 6, it would seem that parameter uncertainty (at least, on certain parame-

ters) does not substantially alter the benchmark rule obtained under certainty-equivalence.

17. Clearly,C declines witha, ands, , anB declines witho, . HoweveB declines witho, if and only if
b(oi/cz) is less than 1.

18. More precisely, the best policy practically is to accommodatall deviations of output and inflation
from target. However, the same cannot be said regarding very large deviations.

If money is the instrument of policy rather than the interest rate, one should be able to justify
Friedman’s proposal to keep money growth constant in the same manner as above, on the grounds that
the effects of changes in the money supply are highly unstable. In any case, Friedman’s proposal is
much more sensible than keeping the real interest rate constant because a constant money growth acts as
an automatic stabilizer of inflation.



14

4, LAG UNCERTAINTY

Uncertainty about the length of time it takes for one variable to affect another
arises from random variations that can shift expected effects in the economy from one
period to another. Such variations can be inherent in the economy’s adjustment process or
they can be due to exogenous shocks, such as weather changes and labour strikes. Without
developing a model from first principles, these variations can a priori take many forms
and, in some cases, are perhaps best expressed as variations about the coefficients of
explanatory variables. However, for simplicity, and to isolate the implications of lag
uncertainty from parameter uncertainty, variations in the time lag are assumed to amount
to additive shocks that shift the demand or the Phillips curve in one direction one period

and in the opposite direction the next period. Specifically considered is the model,

(17) T,y = m+d(y—yD) +6;,,-Kk6 +e
(18) yt+1_yD = b(yt—yD—y)\t)—c(rt—rEb+)\t+1—)\t+nt+1

where 6, andA, are white noise shocks representing variations between peands
t+1;y is aconstant between 0 and 1 that expresses the fact that theshock  is not nec-
essarily transmitted to the future at the same rate as other shockg and is a constant
between 0 and 1 that expresses the fact that the sbock is not necessarily fully reversed
in the future!®

For example, a positive shodk  raises demand at tinye\; above potential and
lowers it the next period by the same amount below potential. The rationale is this: If the
process of output adjustment is slower than usual in one period, it will then be quicker in
the next period as those agents who have not yet adjusted join the regular cohort of agents
adjusting at that time. However, a fractigt —y)A, of the increase in output atttime

19. Perhaps a more realistic scenario can be described as follows:
(19)  Ty,g = mrdly -y +e g

(20) yt+1_yD: b(yt_y[b_(c"')\t.;.l_)\t)(rt_r[D+nt+1
This model incorporates uncertainty specifically about the time lag between a change in the interest rate
and its effect on inflation. IA, , ; turns out to be negative, then monetary action taken at(sae a
100-basis-point increase in the interest rate) does not have its full effect untik tini2e : Demand at
t+1 is higher byA, , ; per cent than expected, while if the increase in the instrument is maintained,
demand att +2 is lower by, , ;  per cent than usual.
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feeds through to the next period (at a rdg)olf y = 1, then the shifts in demand between
the two periods offset each other exactly. In this case, the return of inflation to the initial

target is just delayed one period (other things being kept equafk 1t , then part of the
increase in demand feeds through to time 1 , leading to a higher inflation at time
t+2.20

Similarly, a positive shocld, raises inflation at timéy 6, and lowers it next
period by the same amount. The rationale is that prices may be higher than usual in one
period because, for example, of a variation in the adjustment process or because of a tran-
sitory shock such as a one-time tax. They adjust only a period later (taking the price level
in the previous period as given). However, a fract{dn- k)6, of the inflation increase at
timet feeds into inflation attimé+ 1 . Ik <1 , inflation remains above the target at time
t+1;if kK = 1, then the shifts in inflation between the two periods offset each other

exactly, and inflation returns to the target at timel

Thus introduced in terms of additive shocks, uncertainty about the time it takes for
changes in the economy to have an effect in the future has no bearing on current decisions.
What matters for current policy is the expected time at which the effects will take place.
However, the special nature of lag variations has important implications as far as the
response to contemporaneous shocks is concerned.

More formally, suppose that the policy-maker targets inflation strictly, so the
instrument in1 each periodt s chosen so that m,,, = m , e,
yt+1‘t—yD = —a(T[t+ M—T[ED . Then, the optimal level of the interest rate is

—K)
cd

21  r—r0= 20y _yoay+ L ono-g) + E=VBy (L=K)g
c cd Cc

Notice thaty, —yl—A, andt,—ml-8, denote respectively the output gap and the devia-

tion of inflation at timet excluding the lag effects. As already suggested, lag uncertainty

about the future is immaterial for current policy. Moreover i 1 and 1 , then the

20. Notice that, for simplicity (except for the usual route by which changes in output are transmitted to the
future), the model abstracts from the effects of the shlgck  on demand beyadnd . As it stands, fol-
lowing a positiveA, , demand at time+2  will be below potential, and inflation at time will not
return to its target without further adjustment.
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central bank should pursue a neutral policy with respect to lag variations, i.e., the real
interest rate at timeshould not respond to lag variations at that time, for these variations

will be automatically offset before any action taken by the central bank can have an

effect?! If y <1, then the real interest rate should respond by an am + _Cy)b)\t nec-
essary to offset the fraction of the demand shock that fed through to pefidd . Never-
theless, the response is smaller than the resp(%l%gnt that would be necessary
following a transitory shock; (of equal magnitude). The gasé is similar.

5. UNCERTAINTY ABOUT THE NATURE OF A SHOCK

A critical assumption in the previous scenario is that the policy-maker can distin-
guish between unanticipated variations in output due to lag effects and variations due to
other shocks. The consequences can be significant if that is not the case, as the textbook
example suggests. If it is mistakenly believed that an unexpectedly high output dt time is
due to an exogenous rise in demand, while in fact it is due to past monetary policy taking
more time than usual to affect the market, then the policy-maker is apt to raise interest

rates further, thus compounding contractionary effects on output in the future.

More generally, once any particular shock is observed, several important questions
arise. For example, in the case of an unexpected change in output or unemployment, does
the shock signal a structural change or a cyclical effect? In the case of fluctuations in the
exchange rate, is the effect due to portfolio adjustments or variations in commaodity prices?
Will the shock persist? Is it a shift between periods so that it will be offset in the future by
movements in the other direction, or is it transitory? In brief, what is the nature of the
shock? Clearly, this will determine the direction and the level of action the central bank
needs to take. For example, the longer the shock is suspected to persist, the stronger the
current actions may need to be.

However, more often than not, initially it is uncertain what the nature of the shock
is, and one learns about it only gradually. Under these circumstances, the policy-maker is

bound to follow a middle-of-the-road course, one that balances the risks of acting too

21. Of course, keeping the real interest rate constant requires the central bank to accommodate the expected
inflation rate,, ,; , since the latter is affected by the shock.
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quickly against those of being too slow. To illustrate this point, consider the following
model, which incorporates uncertainty about the degree of persistence of a shock:

(22) T, = M+d(y,—yD) +&,,
(23) yt+1—yD: b(yt—yEb—c(rt—rED+At+1+9tpv2t+r|t+l

(24) At+1: et+1V2,t+1+(:I'_et+1)V1,t+1

where: the shocks, n, vy Vv, am@l are iid. and mutually uncorrelatedry, ,
Vqi» Vor are white noise, whil®, takesthevalueOorldnd equgls v,or  accord-
ing to whether®, equals O or Iy is a constant, positive or negative, which can incorpo-
rate both the degree of persistence of the shagk as well as the degree to which that
shock is transmitted to future demand through the usual channel (i.e., at®. ratio

This is essentially the benchmark model, except that now there are two types of
demand shocks: one,;; , whose effects last only one period and the wiher, , whose
effects last for two periods. If at timig 6, takes the value O, thefy, equalg,  and the
demand shock is transitory. If inste&]  takes the value 1, then  egyals and the
shock shifts demand by,, at timend bypv,, attimet+1 . Moreover, only the mag-
nitudeA, of the demand shock is assumed to be observed at;tthevalues of, v, ,

Vo, andg; , hence the type of the demand shock, are not revealed until one period later.

Suppose again for simplicity that the policy-maker targets inflation strictly; hence

monetary policy is set so thi-q:+2‘t = mJ , or equivalently,
1
yt+1\t_yD = —a(T[Hl\t—T[ED-

From the demand equation (24), it follows that

(1+Db)
c

1 1
(25) ry—rb= (yt_yl:b+éTj(T[[+l\t_T[ED +Eet\tpAt

where@,,; is the probability that the shockiis  conditional on information atttime

If 6, equals O with certainty (henc@m = 0 ), one recognizes the rule found ear-
lier in the basic scenario when shocks are i.i.d}If= 1 with certainty (hépee= 1 )
equation (26) describes the optimal rule under persistent shocks. As expected, the more
persistent the shock, i.e., the larger the valugpof |, the higher the response should be. In
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general,B;; takes a value between 0 and 1, and the optimal rule recommends a level of
the instrument that is an average of the two extremes just mentioned. For example, if the
degree of persistenge is positive, then the instrument response dtiirhegher than

the response to a transitory shock, but lower than the response to a persistent shock.
Accordingly, at timet + 1 , the monetary authority will have to reverse its earlier actions if

it turns out that the shock was transitory, or to increase its action if it was persistent.

As already suggested, the results described above follow from certainty-
equivalence and extend without difficulty to a general context whereby it is uncertain
whether a shock is of one type or another. The optimal response under such conditions is
then the “average” of the respective optimal responses associated with each type of shock.
Expressed differently, the optimal response under such uncertainty is the same as the one
that would obtain under certainty, but where the shock is an average of the two types of
primary shocks weighted by their respective likelihood of realization.

6. APPLICATION TO A SMALL OPEN ECONOMY

This section examines briefly particular instances of coefficient uncertainty and
uncertainty about the nature of a shock in the context of a small open economy such as
Canada’s. Recall Ball's (1999) representation of a small open economy:

(26) Maq = Mrdy—fle—€ 1) *+n,
(27) Y41 = bycri—get+e 4
(28) g = hr +v,

wheree, is the log of the real exchange rate (a greateeans appreciation), argin, v

are white noise shocks. To simplify notation, all variables are now measured as deviations
from their average values (e.g,  measures the deviation of inflation from the té#get )
and all parameters are positiffe> 1)

This is essentially the baseline (closed-economy) model with the exchange rate
added as a new explanatory variable. The exchange rate affects future demand through
exports, while the change in the exchange rate affects future inflation through import

prices, e.g., foreign firms desire constant real prices in their home currencies, but domestic
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prices are adjusted with a one-period lag. The rationale for equation (29) linking the
interest rate to the exchange rate is that a rise in the interest rate makes domestic assets
more attractive. The shock captures other influences on the exchange rate such as shifts
in expectations and investor confidence.

Assuming the unconditional version of the loss function (3) (ike5 1 ), Ball
shows that the optimal rule for monetary policy has the following form,

(29) wri+(1-w)e, = Ay, +B(m, + fe,_;)

for some positive constantg A ,aBd (@<l). The termwr + (1—-w)e can be viewed

as a monetary conditions index (MCI), amt+ fe,_; as a measure of inflation that
excludes the direct, but temporary, effects of exchange rate movements. The optimal rule
therefore prescribes tightening monetary conditions, as summarized by the MCI, in the
event of a rise in the output gap or (modified) inflation, and keeping monetary conditions
constant in the event of a contemporaneous change in the exchange rate.

Ball also shows that, under plausible calibration of the model roughly consistent
with Canadian dat&? the relative weight on the interest rate and exchange rate in the MClI
is approximately the same as (to be precise, slightly smaller than) in the IS equation, i.e., a
ratio of 3 to 1. The intuition for this result is that output and price stabilization is achieved
mainly by controlling demand. Although monetary policy could affect inflation more
directly through the exchange rate, this would necessitate substantial variations in the

interest rate and consequently provoke large fluctuations in output.

6.1  Additional explanatory variables

The results above rely on the assumption that the shocks, as specified, are white
noise. But this is not true in a small economy like Canada’s where variables such as com-
modity prices or foreign output, not represented in the previous model, are known to sig-
nificantly affect both the exchange rate and demand. The extended model is therefore
considered:

22. Forexample¢ = 0.6,g = 0.2b =0.8d =04, f =0.2h=2 , and a weight on output variance relative
to inflation variance close to or greater than 1 in the objective function.
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(30) T[H_lzT[t+dyt—f(et—et_1)+kIJXt+r]t+1
(31) Yor1 = byt—crt—get+<1>xt+et+ 1
(32) e = hri+ QX +v,

whereXis a vector of new exogenous explanatory variables (measured as deviations from
average levels)®, W, Q are coefficient vectors, alg, n, v are white noise. is
known at the beginning of periadbefore any monetary action is taken.

Then, one can show that the optimal rule takes the form:
(33) wr, +(1-w)e, = Ay, +B(m, + fe_;) +CX;

where the coefficients/, A, B are identical to those found earlierGisca constant vec-

tor that depends on the parameters of the model, including , but n@ on . Rather,
the effect ofQ on the MCI is subsumed in the value of the exchange rate. (The formal
proof can be found in the Appendix.)

Thus, the MCI’s optimal response to innovations in output or (modified) inflation
is unaffected by the introduction of the new explanatory varialile&fter all, the effects
of such innovations on future output and inflation have not changed. What is new of
course is that the MCI must also respond to innovationX,isince these do affect the

future path of output and inflation.

If W is assumed to equal O, then it can be shown that the weights on the interest
rate andX in the optimal rule are unambiguously proportional to those present in the IS
curve (e.g.,\cl—:v = %) ). This is not too surprising, forf = 0 , then the effects of changes
in the interest rate oK are witnessed only in the IS equation and the exchange rate equa-
tion. However, their effects in the exchange rate equation are already subsumed in the
level of the exchange rate incorporated in the MCI.

In particular, if X stands for (non-oil) real commodity prices, then, for a net com-
modity exporter such as Canadh, is positive #hd is closétarDwhich caseC will
be positive. Under these conditions, an autonomous rise in the exchange rate, due to a pos-
itive v, requires constant monetary conditions, whereas a rise in the exchange rate that is

23. The results below would also apply#f is positive.
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due to an increase in real commaodity prices requires tighter monetary conditions. The rea-
son is that, in contrast to movementsvn , increases in commodity prices cause an extra
demand expansion. However, since an increase in real commodity prices automatically
raises the MCI through the exchange rate, the direction in which the interest rate needs to
be adjusted in this event, if at all, depends on the relative magnitudés of Qand (as well

as the other parameters of the model): a unit increa¥enmmediately raises the exchange

rate byQ , hence the MCI bj —w)Q , whereas the optimal increase desCedlsis

the MCI should be further increased if and only(if —w)Q <VEV<D , if one approximates

w c : . : .

c by > (see previous paragraph), i.e., ifand onlg® <® | if one approxnnia%\élsv

by g In other words, under the approximations made above, the interest rate should be
raised following an increase in commodity prices if and only if the direct expansionary
effect of the commaodity price change on demand outweighs the offsetting effect caused by

the ensuing rise in the exchange rate.

6.2 Parameter uncertainty

So far, the model’'s parameters are assumed to be known and constant. On that
basis, it is shown that the optimal policy rule can be expressed in terms of an MCI whose
weights on the interest rate and the exchange rate, in the case of Canada, are roughly pro-
portional to the corresponding coefficients in the IS curve. Empirical estimates of these
coefficients, however, exhibit a certain degree of statistical uncertainty, so that a wide
range of possible values for the ratio typically cannot be rejected with reasonable confi-
dence. One might then be tempteg to infer that there is an equally wide range of possible
values for the MCI and that, therefore, calculated MCls are uninformative for monetary

policy. Indeed, this is the conclusion of Ericsson et al. (1997).

This conclusion, however, is not altogether correct. No doubt the response coeffi-
cients and any deduced weights in the optimal rule must be adjusted to take into consider-
ation the uncertainty about the parameteamdg. But uncertainty about andg need not
suggest that using an MCI is inappropriate. Indeed, it is shown below that, when there is

uncertainty about the parametersindg, the optimal policy continues to have the MCI
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form. Uncertainty about andg does affect the weights in the MCI, but provided these

parameters are statistically significant at conventional levels, the impact is very small.

To examine this issue more formally, assume the coefficients gand of the inter-
est rate and the exchange rate respectively are i.i.d. random variables with meartvalues ,
0, and standard deviatiors,, Oy - The latter are identified with their empirical estimates
(whatever econometric technique is used to estimate the model), so that it is intuitive to
think of O;CC andgg- as standardstatistics. To simplify the analysis, assume further that
f = 0, that the policy-maker strictly targets inflation, and there are only two pe%kﬂs.
other words, at time, the policy-maker seeks to minimizlét(T[HZ)2 . Then, one can

show that the optimal rule has the form,
2 2
(34) (o +m)r+(hoy+n)e, = py, +am +FX;

for some positive constants, n, p, g andF that are independent of the varianags  and
Oy In other words, except for a constant of proportion,n, p, q andF are identical to

those found under constant parameters.

If the “estimate” C ofc is highly significant in the sense th%i is negligible,
then uncertainty in the parameter can be shown to have only a minor effect on the opti-
mal rule, 0(2: +m=m. The case is similar fog (in factm = “+ cgh and
n = hof +cg).

In general, one can divide both sides of equation (353 by og +m+ hos +n SO
as to derive the normal MCI form:

(35) wri+(1-w)e, = Ay, +Bm, +CX, .

One sees, then, that the effect of uncertaintgin gnd s first to lower the response coef-
ficients A, B, andC by the same constant of proportisnand second to raise the weight
on the exchange rate in the MCI if the uncertaintygon  is roughly greater thanfSthe;

24. Work on the general case is now in progress, but it is conjectured that the results are robust.

25. More precisely, %Tg E? hﬁg%jc%? .
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greater the uncertainty an , the greater the weight on the exchange rate. These results are
consistent with those obtained in Section 3. Deviations of the interest rate or the exchange
rate from their steady state magnify the uncertainty introduced by the pararoetersg and

in the IS curve; hence the variance of output, which in turn raises the variance of inflation.
The policy-maker must therefore respond more cautiously to inflationary shocks by lower-
ing the response coefficiens, B, a@d If the uncertainty regarding the effect of the
exchange rate on output is greater than that of the interest rate, then the policy-maker must
respond more vigorously to fluctuations in the exchange rate, by attaching greater weight
to it in the MCI.

The table below gives some numerical examples using Ball’'s calibrated parameters
for Canada (see footnote 22).

TABLE 1. Effects of uncertainty on the optimal rule

cl/o, g/o, w/(l-w) s

0 0 3 .8

00 1 242 .88
2 2 3.13 91
2 1 2.46 97
2 .25 .46 2.17
1 1 3.42 1.24
1 .25 .65 2.44

The first line in the table corresponds to the case where the parameters are constant: The
ratio w/(1—w) then equals 3 and the factor of proport®equals 0.8. The third line
shows that, if the parameter estimates are significant in the sense that-8tatrstics” are

no less than 2—in the table they are set equal to 2—then the presence of uncertainty has
only a minor effect on the optimal ruf® But even when the estimates are only marginally

significant in the sense that theistatistics are close to 1, one finds that the optimal rule is

26. If one assumes (like Ball) that a 100-basis-point increase in the interest rate lowers output by 1 per cent,

. w
.e. + = =
i.e.,c+gh 1,then1_W

2
9(1+c/tc)
2
g

, where, = < antgj = 9
Y1+g/t Oc Og
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not markedly affected, as is apparent from line 6. Empirically estimatstatistics
(including those employed by Ericsson et al.) are typically found to be close or greater

than 2 forc and greater than 1 fgr’ .

6.3  Uncertainty about the nature of a shock

Another type of uncertainty that is particularly important in practice in open econ-
omies is uncertainty about why the exchange rate has changed. The previous sections have
examined the baseline case where the transmission mechanism is fully determined and the
nature of the shocks is known. It was noted in particular that policy responses ought to be
different according to whether the movements in the exchange rate are due to commodity

price changes or other reasons.

It is more likely, however, that the source of fluctuations in the exchange rate is
unclear. This would be the case, for example, if the effect of commodity price changes on

the exchange rate is not known with certainty,
e = hri+ QX +v,

where X; denotes real commodity prices at titnend Q, is a random variable, unob-
served at time and with mearQ . In this context, given the valuespf afjd , an unex-
pected change in the exchange rate may be due to either an autonomous,shock  or to an

unexpected change in the paraméder

However, as long as the random varialde is serially uncorrelated (and inde-
pendent from the other shocks), this type of uncertainty simply amounts to adding another
white noise shock to the model. The baseline optimal rule derived earlier in Section 6.2 is
therefore unaffected. Under these circumstances, fluctuations in the exchange rate beyond
those expected, following current commodity price changes, should be treated as autono-

mous shocks.

27. See Duguay (1994).
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7. CONCLUSION

This paper examines the implications that certain types of uncertainty have for
monetary policy. To that end, the closed-economy model of Ball and Svensson is used as
well as the associated optimal policy rule as a benchmark. This basic rule is then studied to
determine how it ought to be modified in the presence of uncertainty. This methodology is
particularly well suited to designing a framework for the conduct of monetary policy
based on inflation targeting. Indeed, one can define such a framework as consisting of a
core rule together with a set of guidelines advising how to deviate from the rule under
diverse circumstances.

One finds that, when there is uncertainty about the coefficient of an explanatory
variable, the policy-maker ought to minimize the deviations of the variable concerned in
order to lower the volatility of its effects. This requires weaker or sharper movements in
the interest rate depending on the variables involved. However, if uncertainty affects only
a few variables and is estimated by standastfiatistics, it seems to lead to only small
changes to the basic rule. Lag uncertainty also introduces volatility in the effects of a vari-
able, but its distinctive feature is that it shifts the effects of the variable between periods. In
this respect, it is shown that, to some extent, the policy-maker ought to ignore lag effects
because, by their very nature, they will automatically be offset in the future. Finally, when
uncertain about the nature of a shock, the policy-maker ought to follow a middle-of-the-
road course, one that balances the risks of acting too quickly against those of being too
slow, until more information becomes available. In pracf‘i%dnowever, policy-makers
might be reluctant to respond to the expected nature of the shock, because of the difficulty
in explaining and justifying such an action on the basis of inherently uncertain forecasts.
Instead, they respond only to the perceived shocks at the time. Seen in this light, uncer-
tainty about the nature of shocks may provide another explanation why central banks

appear to be smoothing their actions over time.

A small open economy is also examined, with particular attention paid to the role
of the exchange rate in policy formulation. Ball (1999) shows that, in the context of a
small open economy, the optimal rule can be expressed in terms of a monetary conditions

28. This argument is due to Freedman (1998).
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index analogous to the one employed at the Bank of Canada. But his model assumes con-
stant coefficients and omits certain key explanatory variables such as commodity prices
and foreign output.

It is shown that the optimal policy rule is unaffected when Ball's model is aug-
mented by additional exogenous variables, except of course that it must also respond to
shocks to the new variables. One important implication, however, is that the policy-maker
ought to distinguish between autonomous variations in the exchange rate and variations
arising, say, from changes in commaodity prices. In the former case, the MCI ought to be
kept constant, whereas in the latter case the MCI ought to be allowed to move with com-
modity prices. Whether it needs to be adjusted further, and in what direction, depends on
the model's parameters.

Finally, uncertainty about the coefficients of the interest rate and the exchange rate
in the IS curve is shown to cause monetary policy to respond more cautiously to inflation-
ary shocks. It also typically raises the relative weight on the exchange rate in the MCI
because the exchange rate has the more uncertain effects. However, under reasonable cali-
bration, both these changes are small.

The paper leaves many questions for future investigation. Of most immediate con-
cern is that strong simplifications are used in the paper to allow tractable analysis. The
results need, therefore, to be confirmed by other means, perhaps with the help of numeri-
cal methods and in the context of more structural models. Numerical methods are also

needed to evaluate the welfare implications of different rules under uncertainty.

On a different note, it may be worth documenting explicitly, both historically and
in current developments, examples of different types of uncertainty. Some exploration
regarding the most common types of uncertainty encountered in practice might be useful.
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APPENDIX

In this section, all variables are measured as deviations from their average values.

1. Formal derivation of the optimal rule (16) in Section 3

The optimal rule is derived by backward induction. First, one solves the problem
V(TG 2 Yiso) = MIN(E 5L(TL, 3 Y:43)), given T, ., andy,,, . This amounts to
minimizing Et+2yt2+3, which requiresk, . ,y,,, = 0 , hence,,, = (t—:)sz . An
expression forV(m ., ¥;,,) as a function oft,, ang,, can then be easily

deduced.

Next, one solvesV (Tt , 1, Vi+1) = MINE [L(TT 45 Vis02) T V(T 40 Vieo)]

givenT, ., andy,,, . Using the results above, this amounts to minimizing the expression

2y, 2 2\ 2 ,
E i q1l(2+0 ), ,+(a+dY)y,,,+2dm Y, ,,], givenTi, , andy,,, . Elementary

calculus then shows that the optimal interest rate at tinte-1 is
_ ab+bd +d° d
N+ = C yt+1+ET[t+1'

Finally, one can solve for

MIN(EL(T, 4, Ye+ 1) T EL(TG 0 Viy o) ¥ E;.L(T 4 3, Y; 4 3)) » OF equivalently

MINE[L(T .4, Vi s 1) * V(L4 1, Vi 4 1)] - Substituting the expression &(m, . 4, ¥;,1)
2

[ [
this amounts to minimizingi{ayta 1 t2+ 05— T, Ay, 1)2} , whose solu-
O H

2
a+d

tion then provides the optimal rule:

(16) re—rt=B"(y,-yD+C"(m-1)

2
Gb+(1+123)dx’c,,:—dX2 ,X:1+0§+
c(a +dX) c(a +d"X)

a

B" = :
0(+d2
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2.

Formal derivation of the optimal rule in Section 6

Use equation 32 to substitute foin equation 31

' c C
(31) yt+1:—%"‘ggﬁ"‘byt‘*‘%b"’ﬁfzgxt"'ﬁvt+8t+1-

A.

by, + %D + EQ%Xt + Evt andm, +dy, + fe,_; + WX, can be defined as state variables.

The optimal rule can therefore be written as:

Assume first X,g, n, v are white noise. From equati@is

e = m| by + Hp + FOEK + vy |+ nlm + dy, + fe_y + WX

wherem andn are positive constants independent of the param@te#s Q

Use equation 32 again to substitﬁt(eet —hr,) ﬁmxt +V,)

(33) wry+(1-w)e, = ky, + (1 + fe_;) +CX
_ mch _ h(mb+ nd
where w = h—mc+ mch k= h—mc+ mch
C=— _(mo+nw).
h—mc+ mch

Clearly, if @ and¥ are positive, then so is C (retell 1

1. The subscriptbelow is omitted.

and algebra:

_ nh
h—mc+ mch

w ., C
),%neta WHen 0O

and 30, it follows that
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B. Suppose nowthat ang arei.i.d.,,= 0 ,and, at tintbe policy-maker seeks

to minimize Et(T[HZ)2 . The latter can also be written,
2 _ 2
(36) BT, = (BT, )" +var(m,,),
wherevar,(m,, ,) is the variance af, .,  conditional on information at ime

From equations (30) and (31), one easily derives:

T,o = nt+dyt+th+nt+1+d(—crt—ge[+byt+CDXt+et+1)

+ WXt N2

It follows

Em,, = m+dy, + WX, +d(-Cr,—ge + by, + ®X,)
and

var(m, ,) = (dr)’o; +(de)’os +2,

> a constant. From equations (32), (34), and simple calculus, one then deduces the opti-
mal rule,

(34)  (o-+mr +(ho,+n)e = py,+am +FX,,

where
m = & +cgh n = hif +cg p= C__”dgh
q=(c+gha+b)  F = G4 go)
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